RC 20511 (7/26/96) Computer Science/Mathematics 3 pages

IBM Research Report

Verification of the Equivalence of an Alternate Definition of the Lie Algebra of a Lie Group

Michael A. O’Connor

IBM Research Division T.J. Watson Research Center Yorktown Heights, New York

LIMITED DISTRIBUTION NOTICE

This report has been submitted for publication outside of IBM and will probably be copyrighted if accepted for publication. It has been issued as a Research Report for early dissemination of its contents. In view of the transfer of copyright to the outside publisher, its distribution outside of IBM prior to publication should be limited to peer communications and specific requests. After outside publication, requests should be filled only by reprints or legally obtained copies of the article (e.g., payment of royalties).

IBM^{Research Division}

Almaden � T.J. Watson � Tokyo � Zurich

Verification of the Equivalence of an Alternate Definition of the Lie Algebra Multiplication of a Lie Group

Michael A. O’Connor IBM T.J.Watson Research Center

Abstract

The definition of the multiplication in the Lie algebra of a Lie group in terms of the Lie bracket of left invariant vector fields is completely standard. It is also possible to define a multiplication in more elementary terms by using second partials of the Lie group product. This report provides a verification of the equivalence of the multiplication obtained under these two definitions.

1 Introduction

Standard treatments of Lie groups and their Lie algebras like [1] or [2] take a Lie group as an intrinsically defined smooth manifold and define its Lie algebra as the vector space of left invariant vector fields with the Lie bracket as a multiplication. On the other hand, in [3] a Lie group is taken as a manifold smoothly imbedded in ℜ^n by using a result from [4] and its Lie algebra is defined to be the tangent space at the identity with a multiplication determined by mixed second partials of group products at the identity. In [5] in order to simplify the exposition we followed standard practice by taking a Lie group as an intrinsically defined smooth manifold, but followed the suggestion of [3] in defining the Lie algebra multiplication. Thus we could avoid discussing the possibility of imbedding Lie groups in high dimensional Euclidean spaces, left invariant vector fields, and Lie brackets. Due to the need to consider local charts, the definition of the multiplication became slightly more complicated than in [3].

The identification of the space of left invariant vector fields with the tangent space at the identity is completely standard, of course. However, [3] only provides a sketch of a proof that the algebra multiplication found there yields a Lie algebra, and does not considered whether this multiplication coincides with the standard Lie algebra multiplication. That they do coincide follows from a simple calculation, and so the proofs that the standard definition yields a Lie algebra suffice also for the definition in [3] or [5]. We present this calculation here.

2 The Calculation

We begin by presenting the multiplication used in [5], which is derived from [3]. Let G be an n-dimensional Lie group, and let {ϕ, U} be a local coordinate system for G, such that the identity e belongs to U and ϕ(e) = 0. Since ϕ and group multiplication are C^∞ functions, there is an open set V in ℜ^n containing 0 such that m : (u, v) ∈ V × V → m(u, v) = ϕ(ϕ^{−1}(u)ϕ^{−1}(v)) ∈ ℜ^n is a well defined C^∞ function. Let m_i be the i^{th} component function of m, and define A^i to be the matrix whose jk^{th} entry is^{∂2mi}_{∂uj∂vk} at (0, 0), that is, A^i_{jk} = ∂^2m_i ∂u_j∂v_k fi fi fi fi fi (0,0)

Let ∂_i be the tangent vector in T_e(G), the tangent space to G at e, which operates on a function f, which is C^∞ at e, by ∂_if =^{∂f ∘ϕ} �1 ∂xi fi fi fi 0. Let B = {∂_i}^n_{i=1} be the basis of these tangent vectors, and let T_e(G; B) be T_e(G) represented in the basis B. Now define [, ]^∗ : (u, v) ∈ T_e(G) × T_e(G) → [u, v]^∗ ∈ T_e(G)

by defining its component functions in basis B as

[, ]^∗_i : (u, v) ∈ T_e(G; B) × T_e(G; B) → [u, v]^∗_i = u^t(A^i − (A^i)^t)v ∈ T_e(G; B) .

We wish to show that the multiplication given by [, ]^∗ on T_e(G) coincides with that obtained by identifying T_e(G) with the space of left invariant vector fields and using the standard Lie algebra multiplication given by the Lie bracket. Since each multiplication is bilinear, it suffices to show that the two multiplications agree on the vectors of basis B. Moreover, we need only consider components of the products in basis B. To begin, let v_i be the left invariant vector field whose value at e is ∂_i. Left invariance implies that for any g ∈ G and any function f, which is C^∞ at e,

v_i(g)f(h) = dl_g ∘ ∂_if(h) = ∂_i(f ∘ l_g(h)) = ∂_if(gh) = ∂ ∂v_i f(gϕ^{−1}(v)) fi fi fi fi fi v=0 , where l_g denotes left multiplication in G by g, h and v are dummy variables, and v_i is the i^{th} component of v. If we let x_i = v_i ∘ ϕ, then ∂_jx_i =^∂_{∂vj} v_i ∘ ϕ ∘ ϕ^{−1} fi fi fi v=0 = δ_{ij}. It follows that v(x_i) = a_i for any v = Σa_j∂_j ∈ T_e(G), so that v(x_i) is i^{th} coordinate of v in basis B. Thus using the standard identification of T_e(G) with the space of left invariant vector fields and the Lie algebra multiplication given by the Lie bracket

[∂_j, ∂_k]_i = ([v_j, v_k](e))_i = [v_j, v_k](e)x_i

= ∂_j(^∂_{∂vk} v_i ∘ ϕ(gϕ^{−1}(v)) fi fi fi v=0) − ∂_k(^∂_{∂vj} v_i ∘ ϕ(gϕ^{−1}(v)) fi fi fi v=0)

=^∂_{∂uj} (^∂_{∂vk} v_i ∘ ϕ(ϕ^{−1}(u)ϕ^{−1}(v)) fi fi fi v=0) fi fi fi u=0 −^∂_{∂uk} (^∂_{∂vj} v_i ∘ ϕ(ϕ^{−1}(u)ϕ^{−1}(v)) fi fi fi v=0) fi fi fi fi u=0 =^∂_{∂uj} (^∂_{∂vk} m_i(u, v) fi fi fi v=0) fi fi fi u=0 −^∂_{∂uk} (^∂_{∂vj} m_i(u, v)^fi_{v=0}) fi fi fi fi u=0 =^{∂2mi}_{∂uj∂vk} fi fi fi (0,0) −^{∂2mi}_{∂uk∂vj}^fi_{(0,0)} = A^i_{jk} − A^i_{kj} = (A^i − (A^i)^t)_{jk} = (∂_j)^t(A^i − (A^i)^t)∂_k = [∂_j, ∂_k]^∗_i ,

so that [, ] and [, ]^∗ agree on B component by component, which implies that [, ] and

[, ]^∗ coincide on all of T_e(G).

References

[1] Frank W. Warner. Foundations of Differentiable Manifolds and Lie Groups. Scott,

Foresman, and Company, Glenview, Illinois, 1971.

[2] A. Sagle and R. Walde. Introduction to Lie Groups and Lie Algebras. Academic

Press, New York, 1973.

[3] J. Belinfante and B. Kolman. A Survey of Lie Groups and Algebras With Appli-

cations and Computational Methods. SIAM, Philadelphia, 1972.

[4] C. B. Morrey. The analytic embedding of abstract real-analytic manifolds. Ann.

of Math.(2), pages 159–201, 1958.

[5] M. O’Connor, V. Srinivasan, and A. Jones. Connected lie and symmetry subgroups

of the rigid motions: Foundations and classification. Technical Report RC 20512,

IBM Research, 1996.