RC21016 11/01/97 Applied Mathematics: Spectral Analysis: Linear Systems: Delay-Differential Equations: Stability: Poles: Zeros: VLSI Interconnects

IBM Research Report

AN EXTENSION OF PSEUDOSPECTRAL ANALYSIS FOR STUDYING THE STABILITY AND PASSIVITY OF MODELS OF VLSI INTERCONNECTS

Jane Cullum, A. E. Ruehli

IBM Research Division T.J. Watson Research Center Yorktown Heights, New York cullumj@watson.ibm.com ruehli@watson.ibm.com

LIMITED DISTRIBUTION NOTICE

This report has been submitted for publication outside of IBM and will probably be copyrighted if accepted for publication. It has been issued as a Research Report for early dissemination of its contents. In view of the transfer of copyright to the outside publisher, its distribution outside of IBM prior to publication should be limited to peer communications and specific requests. After outside publication, requests should be filled only by reprints or legally obtained copies of the article (e.g., payment of royalties).

IBM^{Research Division}

Almaden · T.J. Watson · Tokyo · Zurich

An extension of pseudospectral analysis for studying the stability and passivity of models of VLSI Interconnects

Jane Cullum^� Al Ruehli^y

Abstract High density layouts and decreasing clock cycle times have amplified the effects of interconnect time delays and electromagnetic coupling, exasperating the possibilities for signal delays and distortion. Simulation software requires realistic stable and passive models of the interconnects in combination with models of other parts of the circuits. In this paper we present a tool for studying the stability and passivity of partial element equivalent circuits (PEEC) models with time delays. This extension, however, is not specific to this particular model or application. It can be used to study other types of problems which can be described by systems of time invariant linear ordinary delay-differential equations.

1 Introduction

High density layouts and decreasing clock cycle times have amplified the effects of interconnect time delays and electromagnetic coupling, exasperating the possibilities for signal delays and distortion. Simulation software requires realistic stable and passive models of the interconnects in combination with models of other parts of the circuits. In this paper we present a tool for studying the stability and passivity of partial element equivalent circuits (PEEC) models with time delays. This extension, however, is not specific to this particular model or application. It can be used to study any problem which can be described by systems of time invariant linear ordinary delay-differential equations.

In section 2 we review briefly PEEC formulations and give a schematic diagram and corresponding equations for a simple PEEC example which is used in Section 7 to illustrate the proposed method. To motivate the discussion, in section 3, we consider systems described by ordinary differential equations with no time delays. We review relationships between system stability and passivity and the poles and the zeros of the associated frequency domain transfer functions, and relationships between pole and zero computations and linear eigenvalue problems.

In section 4 we extend the discussion in section 3 to problems describable by linear time invariant systems of delay-differential equations, expressing corresponding pole and zero computations as nonlinear transcendental eigenvalue problems or as changes in matrix rank. In section 5 we review briefly pseudospectral analysis for linear nonsymmetric eigenvalue problems. In section 6 we define a nonlinear pseudospectral procedure for pole and zero characterizations for linear time invariant

�Mathematical Sciences Department, IBM Research Division, T.J. Watson Research Center, Yorktown Heights, NY 10598, USA, Tel: 914-945-2227, Fax: 914-945-3434, e-mail: cullumj@watson.ibm.com ySubsystems Technologies and Applications Laboratory, IBM Research Division, T.J. Watson Research Center, Yorktown Heights, NY 10598, USA, Tel: 914-945-1592, e-mail: ruehli@watson.ibm.com 1 systems of delay-differential equations. The power of this approach is demonstrated in section 7 where we apply this procedure to pole and zero computations for two PEEC examples. Example 1 corresponds to Fig.1 and Equations(2,3), and Example 2 is a larger PEEC model for three wires and 20 cells per wire. We use the following notation and definitions.

1.1 Notation A = (a_{ij}) , 1 ≤ i, j ≤ n, n × n matrix A(s) = n × n matrix which is a function of parameter s λ_j (A) , 1 ≤ j ≤ n, eigenvalues of A σ_j(A) , 1 ≤ j ≤ n, {σ_1 ≥ . . . ≥ σ_n} , singular values of A ω(A) , spectrum of A ‖A‖_2 = σ_1(A), spectral norm of A dist(s, ω(A)) , distance of s from the spectrum of A n × n diagonal matrix of singular values of A κ(A) = σ_{max}(A)/σ_{min}(A), condition number of A det(A(s)), determinant of A(s), ‖x‖_2 = √ Σx^2_j z_k, kth vector in any sequence of vectors, s, point in complex plane C, complex plane I_j, j × j identity matrix si/so, single input, single output system mi/mo, multiple input and/or multiple output system

2 Partial Element Equivalent (PEEC) Circuits

Electromagnetic fields and time delays in VLSI interconnects may distort and delay circuit signals. In high density packages with high frequency clocks, two-dimensional transverse electromagnetic wave (TEM) models are not sufficient to characterize this behavior and it is necessary to work with full wave, three-dimensional models [1, 2].

PEEC models are obtained by appropriate discretizations of boundary integral formulations of Maxwell’s equations which describe the electric and the magnetic field at any point in any conductor. The discretization is chosen to enable the generation of equivalent circuit models which are compatible with existing circuit simulators. Approximations to the current, charge, and the potential (voltage) variables are obtained. Charges are assumed to be located on the conductor surfaces. Each conductor is subdivided into cells. Self and partial inductances and capacitances within and between the cells and between the wires are introduced. Time delays which correspond to the free space travel times between nodal points defined by the discretization are included in the model. The continuity equation which connects the charge and the current variables in Maxwell’s equations is replaced by some forms of Kirchoff’s laws applied to the resulting equivalent circuits.

Figure 1 is a schematic of a simple, two wire - two cells per wire configuration . For the self inductance specifications, each wire has been divided into two equal size cells. For the self capacitance definitions it is redivided into one full capacitance cell and two boundary half-size cells. Each mutual capacitance cell is expressed as a capacitor and current source in parallel.

In Figure 1, the parameters p_{jj} , 1 ≤ j ≤ 6 , denote the self capacitances of the three full or half capacitance cells in each wire. The self inductances of each inductance cells are denoted by the parameters Lp_{kk}, 1 ≤ k ≤ 4. To complete the PEEC model we must introduce the mutual

Fig. 1. PEEC Circuit, Two wires: Two cells in each wire.

capacitances and inductances between cells within each wire and between cells in different wires.

A_1(s) =

−1 1 0 0 0 0 sl_1 sl^{τL}_{12} sl^{τL}_{13} sl^{τL}_{14} sp_1 0 0 0 0 0 1p^{τP}_{12} dp^{τP}_{12,13} dp^{τP}_{14,15} dp^{τP}_{15,16} 0 sp_2 0 0 0 0 −1p^{τP}_{21} 1p^{τP}_{23} dp^{τP}_{24,25} dp^{τP}_{25,26} 0 −1 1 0 0 0 sl^{τL}_{21} sl_2 sl^{τL}_{23} sl^{τL}_{24} 0 0 sp_3 0 0 0 dp^{τP}_{31,32} −1p^{τP}_{32} dp^{τP}_{34,35} dp^{τP}_{35,36} 0 0 0 −1 1 0 sl^{τL}_{31} sl^{τL}_{32} sl_3 sl^{τL}_{34} 0 0 0 sp_4 0 0 dp^{τP}_{41,42} dp^{τP}_{42,43} 1p^{τP}_{45} dp^{τP}_{45,46} 0 0 0 0 sp_5 0 dp^{τP}_{51,52} dp^{τP}_{52,53} −1p^{τP}_{54} 1p^{τP}_{56} 0 0 0 0 −1 1 sl^{τL}_{41} sl^{τL}_{42} sl^{τL}_{43} sl_4 0 0 0 0 0 sp_6 dp^{τP}_{61,62} dp^{τP}_{62,63} dp^{τP}_{64,65} −1p^{τP}_{65}

(1)

We use p_{ij} , i ≠ j, 1 ≤ i, j ≤ 6, to denote the partial (mutual) capacitances between capacitance cells which are in the same or different wires and Lp_{km}, k ≠ m, 1 ≤ k, m ≤ 4, to denote mutual inductances between inductance cells which are in the same or different wires. The corresponding system of delay-differential equations, obtained by the usual modified nodal analysis technique, is formulated in terms of the nodal voltages V_j , j = 1, . . . , 6 and the inductance currents i_{Lk} , k = 1, . . . , 4. Therefore, the final PEEC model for Figure 1 has size n = 10 where the unknowns are [V_1, V_2, V_3.V_4, V_5, V_6, i_{L1} , i_{L2}, i_{L3} , i_{L4} ]^T .

In this paper we focus on frequency domain formulations of PEEC models. The Laplace transform of the system matrix A(s) for the PEEC model for the circuit in Figure 1 is given in Equation(1) where we have used the equivalences defined in Table 1. The equations are constructed using a condensed modified nodal analysis approach. Table 1. Notation used in Equations(1).

Notation Expanded Equivalent sp_j s/P (j, j) sl_j sLp(j, j) sl^{τL}_{ij} sLp(i, j)e�^{sDL(i,j)} dp^{τP}_{ij,ij+1} (P (i, j)/P (i, i))e�^{sDP (i,j)} − (P (i, j + 1)/P (i, i))e�^{sDP (i,j)} 1p^{τP}_{ij} 1 − (P (i, j)/P (i, i))e�^{sDP (i,j)} In Table 1, P, Lp, DP, DL denote respectively, the matrices of capacitance, inductance, capacitance time delay, and inductance time delay. Columns 1 − 6 in A_1(s) correspond to nodal voltages, and columns 7 − 10 correspond to inductance currents. We observe that A_1(s) is not sparse. Columns corresponding to inductive currents are full because we have assumed complete coupling of the fields between all of the cells. If all of the time delays are set to zero, then the resulting matrix would have the same nonzero form as A_1(s) with all exponential terms set to 1.

The time delay matrices are constructed by dividing the centroid distances between appropriate cell nodes by the speed of light. For typical PEEC models there are many different time delays and these delays are not negligible or even small. Furthermore, from Equation(1) it is apparent that these delays are associated with both state variables and derivatives of state variables. Therefore PEEC models do not possess any special properties which might simplify the analysis.

3 PEEC Models with Zero Time Delays

To provide motivation and to make the paper self-contained, we first consider models with no time delays. In section 4 we extend these ideas to systems with time delays. We can analyze any linear, time invariant system described by ordinary differential equations by analyzing the corresponding frequency domain transfer function [3]. The poles of the transfer function characterize the stability of the system. The zeros of the transfer function provide information about the passivity of the system.

Consider any physical system described by a linear, time invariant first order system of ordinary differential equations, Cẋ = Gx + Bu, y = Ex. (2) The matrices C and G are n × n where n is the order of the system. B is n × q where q is the number of input variables, and E is p × n where p is the number of output variables. If q = p = 1, then the transfer function H(s) satisfies y(s)/u(s) = H(s) = E(sC − G)�^1B, (3) and H(s) is a rational functions of s. In general, H(s) is a p × q matrix whose entries are the si/so transfer functions for each possible input and output pair [3].

A linear system is stable if and only if all of the poles of the system are in the closure of the left-half complex plane. Poles, the natural frequencies of the system, correspond to solutions of equation(2) corresponding to zero system input. If we define A(s) = sC − G, then poles are values of s such that A(s)x = 0 for nontrivial x,

detA(s) = 0 or equivalently Gx = sCx. (4) The zeros correspond to nonzero system inputs u which yield zero system outputs y. They are values of s for which there exist nontrivial x and u satisfying equation(5). F (s) ≡ [ (sC − G) −B E 0 ] [ x u ] = 0. (5) If B and E^T have the same dimensions, p = q, the computation in equation(5) can be expressed as the following generalized eigenvalue problem. [ G B E 0 ] [ x u ] = s [ C 0 0 0 ] [ x u ] (6) For more details see [3]. Therefore, if p = q, we can compute poles and zeros of systems defined by linear, time invariant ordinary differential equations by solving related linear eigenvalue problems.

We note that for large systems, variants of Lanczos methods can be used to obtain approximations to transfer functions of such systems [4]. A nonsymmetric Lanczos procedure applied to system(3) yields simultaneously approximations to dominant poles and to dominant zeros of the original system. Those approaches do not however extend directly to systems with significant time delays. For an extension of those ideas to problems with time delays see [5].

4 PEEC Models with Time Delays

Consider a physical system described by a time invariant linear system of ordinary differential equations with time delays. The PEEC models considered in this paper have the following time domain formulation. Cẋ(t) + ∑M k,m=1 C̃k,mẋ(t − τ L k,m) = Gx(t) + ∑J i,j=1 G̃i,j x(t − τ P i,j) + Bu(t) + ∑L l=1 B̃_lu(t − τ^{L,P}_l ), y = Ex(t). (7)

Each matrix C, C_{k,m} and G, G_{i,j} is n×n where n is the order of the system. Each B, B_l is n×q where q is the number of input variables, and E is p × n where p is the number of output variables. The time delays terms in B_l(s) may involve time delays associated with capacitances or inductances. We note, moreover that the procedure described in section 6 is not specific to this particular description. The corresponding transfer function H(s) is defined by equation(8).

y(s)/u(s) = H(s) = E(s)(A(s))�^1B(s) where A(s) = sC + ∑M k,m=1 Ck,m(s) − G − ∑J i,j=1 Gi,j (s), B(s) = ∑L l=0 B_l(s), and E(s) = E. (8)

The poles of this system are the values of s such that

detA(s) = 0. (9) Equation(9) is, however, no longer a simple linear eigenvalue computation. This equation is nonlinear and transcendental in s. Similarly, if p = q, then zeros of system(7) correspond to nontrivial solutions of the nonlinear transcendental equations(10), F (s) ≡ [ A(s) −B(s) E(s) 0 ] [ x u ] = 0.

(10)

Equations(10) do not reduce to a linear generalized eigenvalue problem. Therefore, we must consider alternative mechanisms for studying such systems. We present such a mechanism in section 5. The development uses ideas from linear pseudospectral analysis [6, 7].

We note that if A(s) were a polynomial function of s, then we could reduce Equations(9) to a larger linear eigenvalue problem [8]. That type of relationship is used in [5] to develop a model reduction procedure for PEEC and other systems with time delays.

5 Pseudospectral Analysis of Nonsymmetric Matrices

We review briefly linear pseudospectral analysis. A matrix K is normal if and only if it has a complete set of orthonormal eigenvectors. If a normal matrix K is perturbed by a matrix δ, then the eigenvalues of K̃ = K + δ can differ from those of K by at most ‖δ‖_2 [9]. If, however, K is nonnormal, then small perturbations in K may cause large changes in the eigenvalues, in which case eigenvalue computations become imperfect tools for analyzing the behavior of K. Trefethen [6, 7], Chatelin [10] and others [11, 12, 12, 13] have constructed many examples of the peculiar behavior which can occur when highly nonnormal matrices are subjected to perturbations.

To characterize this type of behavior [6] proposed studying the behavior of the ‖(K − sI)�^1‖_2 as s is varied. When K is normal,

‖(K − sI)�^1‖_2 = 1/dist(s, ω(K)),

(11)

and the distance of s from the the spectrum of K controls the size of this norm. If K is nonnormal, then this relationship does not hold. Trefethen has focussed on the computation of pseudospectra Φ_ϵ(K) [7] where

Φ_ϵ(K) ≡ {s|‖(K − sI)�^1‖_2 > 1/ϵ} for ϵ > 0 and small ϵ.

(12)

He proposed plotting Φ_ϵ(K) sets for many values of ϵ > 0 and using the plots to study the nonnormality of K. His idea was to use the relative sizes and shapes of the Φ_ϵ() sets as indicators of the influence of different parts of the spectrum of K upon the behavior of various iterative methods when they are applied to K. [10, 11, 14, 12] scale the quantities in equation(12) by ‖K‖_2.

Since ‖K − sI‖�^1_2 = 1/σ_n(K − sI) where σ_n(K − sI) is the smallest singular value of K − sI, pseudospectral computations may be performed by computing appropriate singular values of K −sI. Therefore, we could replace Definition(12) by the sets

Λ_ϵ ≡ {s|σ_n(K − sI) ≤ ϵ} for ϵ > 0 and small .

(13)

Singular value computations are numerically stable. For very large problems, a Hermitian or a real symmetric Lanczos procedure can be used to compute approximations to the required singular values of K − sI, [14, 12, 15, 16]. We can make the following definitions,

K̃_1(s) ≡ (K − sI)^H (K − sI) and K̃_2(s) ≡ [ 0 (K − sI) (K − sI)^H 0 ] . (14)

The eigenvalues of K̃_1(s) are the squares of the singular values of K −sI, the desired eigenvalues are on the extremes of the spectrum, but for very small σ_n(K −sI), squaring may result in complete loss of numerical accuracy. The eigenvalues of K̃_2(s) are ± the singular values of K − sI. Therefore, the relative sizes of the singular values do not change under this transformation. However, the smallest singular values of K − sI are the most interior eigenvalues of K̃_2(s), and thus may be difficult to compute iteratively. A variant of bidiagonalization and the real symmetric Lanczos recursion without reorthogonalization can be used to compute the singular values required for linear pseudospectra computations [14, 12, 15]. For the pole and zero approximations discussed in sections 4 and 6, we need only to determine that the smallest singular value is smaller than some tolerance.

In the PEEC model application and in other applications involving time delays, we do not obtain linear eigenvalue problems. However, using the observation, that the pole computations, and if p = q, also the zero computations, can be viewed as nonlinear, transcendental eigenvalue computations, we can extend pseudospectral ideas to such problems. This approach leads us to a procedure for obtaining approximations to poles and zeros of such systems within user-specified boxes of interest in the complex plane.

6 Procedure for Approximating Poles and Zeros of PEEC Models

We want to be able to incorporate very large PEEC models into VLSI interconnect circuit simulations. We will do this by constructing reduced order models for the interconnect portions of the circuits, and then connecting these models together with reduced order models for other portions of the circuits.

It is well-known that when coupled, models which are stable individually, may yield a model which is not stable [17]. It is also known, however, that if the individual models are not only stable but also passive, then the coupled model will be stable[17]. Therefore, we would like to be able to create PEEC models which are both stable and passive within the frequency ranges of interest. In this section we describe a tool which can be used to study stability and passivity properties of various PEEC models. This procedure, however, is not specific to this application and can be used on other problems described by linear systems of time-invariant, ordinary delay-differential equations with transfer functions expressed as in equation(8).

We make the following definitions. Let W (s) be any m × m matrix function of s. Define

Φ^{nl}_ϵ (W (s)) ≡ {s|κ_2(W (s)) ≡ ‖W (s)‖_2‖(W (s))�^1‖_2 > 1/ϵ} for ϵ > 0 and small .

(15)

Any s with detW (s) = 0 is included in each Φ^{nl}_ϵ (W (s)). Such an s is an eigenvalue of the associated nonlinear eigenvalue problem, determine a value of s and a nontrivial vector z such that W (s)z = 0.

In practice, we will not try to directly compute or identify the subsets, Φ^{nl}_ϵ (W (s)). The pole and the zero computations can also be viewed as determining points s at which the rank of a matrix W (s) changes. Therefore, in practice, we are interested in determining regions in the complex plane where the specified matrices incur changes in rank. In fact, since the F (s) in Equation(10) corresponding to zero computations need not be square, the zero computations cannot always be viewed as nonlinear eigenvalue problems, and it is necessary to work within the more general framework of singular value computations.

We can track changes in rank by tracking singular values of the A(s) or F (s) matrices. The procedure assumes that these matrices are rank deficient only at values of s which correspond to the desired poles or zeros. We require the B(s) and the E(s) matrices to have full rank for all s considered.

We have the following nonlinear pseudospectral procedure. Lmax denotes the base 10 logarithm of the largest computable number on the computer being used.

Pseudospectral Poles/Zeros Procedure:

1. Specify a region Ω in the complex s-plane which includes all frequencies s of interest in the application.

2. Construct a two-dimensional grid (x_i, y_j), 1 ≤ i ≤ I, 1 ≤ j ≤ J on Ω, and define s_{i,j} = x_i + √ −1y_j. 3. Set W (s) ≡ A(s) defined by equation(8), if poles are desired. Set W (s) ≡ F (s) defined by equation(10), if zeros are desired.

4. Do the following for 1 ≤ i ≤ I, 1 ≤ j ≤ J :

(a) Compute the largest and the smallest nontrivial singular values. σ_1 and σeff, of W (s_{i,j}).

(b) Define Cond_{W (si,j )} = log_{10}(σ_1/σeff), if σeff ≠ 0. Label s_{i,j} as a pole(zero) of the system and set Cond_{W (si,j )} = Lmax, if σeff = 0,

5. Construct two or three dimensional color plots of the values of Cond_{W (si,j )} in Ω.

6. Examine the plots and using the changes in color, identify areas in the plot corresponding to significant and large changes in the values of Cond_{W (si,j )}. Label such regions as regions containing poles of the original system if W (s) = A(s), or as regions containing zeros if W (s) = F (s).

If W (s) is m×k, then σeff denotes σ_{min (m,k)}, the smallest singular value of W (s). This procedure tracks the effective condition number of W (s) in the user-specified region Ω as we vary s in the region.

For mesh points s_{i,j} which surround a pole or zero, the values of Cond_{W (si,j )} will systematically increase as these mesh points get closer to that pole or zero. Since we are only identifying areas of sensitivity, and not specific values for a pole or zero, it is not necessary for the mesh to be very fine. However, users should run the procedure using at least two mesh sizes to check that they have identified all pole and zero areas in the specified region. To control the scaling in the plots, we use base 10 logarithms of σ_1/σeff.

In two-dimensional plots over Ω, the changes in color correspond to the changes in amplitude of Cond_{W (si,j )} and are used to identify regions of interest. In three-dimensional plots Cond_{W (si,j )} is available directly and through the coloring, and both can be used to identity areas containing poles or zeros of the underlying system.

6.1 Important Observations

This procedure does not require or make any approximations to the original pole matrix, A(s), or zero matrix, F (s). All approximations are confined to the choice of the grid used in the pseudospectral computations. Typically, a relatively crude mesh identifies interesting regions in the complex plane where, if desired, the user can rerun the procedure, using a finer mesh restricted to that region, to achieve better locality of the poles or zeros in that region. By making the grid finer in smaller regions of interest, we can obtain increasingly more accurate approximations to the desired poles or zeros of PEEC systems. Those types of computations were used in [5] to test the validity of approximations being made in the reduced order modeling algorithm presented there.

This procedure makes no restrictions on the sizes of the time delays within the original system in equation(8). It also makes no restrictions upon the types of time delays. Delays may correspond to state variables or derivatives of state variables.

This procedure can be used to study poles and zeros of other systems which can be modeled by linear time invariant systems of ordinary differential equations with or without time delays.

We note also that this procedure can be used to track changes in the locations of the poles and zeros of models which contain various parameters, as we vary those parameters. Plots obtained using various values of a parameter can be compared to determine the sensitivity of the given model or system to different choices of these parameters, and to determine the effect of that parameter on the stability or passivity of the model or system. These types of analyses are very important in understanding the behavior of PEEC models [18, 19, 20].

In the next section we apply this procedure to the PEEC example described in section 2, and to a larger version of that type of example.

7 Numerical Tests: PEEC Models

We consider two PEEC models. Example 1 corresponds to Equations(1) with the parameter matrices defined in Equations(16,17). Example 2 is a larger PEEC model for three wires with 20 cells per wire.

P_1 =

5.344 1.459 0.605 0.361 0.279 0.225 1.458 3.672 1.458 0.528 0.368 0.279 0.605 1.459 5.344 0.918 0.529 0.361 0.361 0.528 0.918 5.344 1.459 0.605 0.279 0.368 0.528 1.459 3.672 1.459 0.225 0.279 0.361 0.605 1.459 5.344

Lp_1 =

.0041 .0012 .0004 .0003 .0012 .0041 .0007 .0004 .0004 .0007 .0041 .0012 .0003 .0004 .0012 .0041

(16)

DP_1 =

.0 .033 .067 .083 .117 .150 .033 .0 .033 .050 .083 .117 .067 .033 .0 .017 .050 .083 .083 .050 .017 .0 .033 .067 .117 .083 .050 .033 .0 .033 .150 .117 .083 .067 .033 .0

DL_1 =

.0 .033 .083 .117 .033 .0 .050 .083 .083 .050 .0 .033 .117 .083 .033 .0

(17)

Since PEEC models correspond to physical systems, there exist physical limits on the system response times. Therefore, we can restrict our considerations to well-chosen boxes in the complex plane. Of particular interest are regions near the imaginary axis, since if we set all the time delays to zero, the poles and the zeros of the resulting systems will lie on the imaginary axis.

We also know a priori that s = 0 is a pole of the system. Therefore, we select grid points to avoid s = 0. Furthermore, we know from other considerations that any poles or zeros must occur in conjugate pairs so that we need only consider the behavior in a region in the upper half of the complex plane. For the tests described here we selected the box [−20, 10] × [−5, 100] in the complex plane. All computations were done using Matlab [21]. The resulting computations are depicted in Figures 2 - 7. In each case, using the colors, it is easy to discern the pole and zero locations.

We consider pole computations first. The poles of a system are independent of the choice of the input and output matrices. For Example 1, we use A(s) defined in equation(8). The results of applying Procedure 6 to Example 1 using A(s) are depicted in Figure 2. This system is stable for the frequencies considered in the computations.

For Example 2 we used a larger version of A(s) generated automatically using a modified circuit simulation code. The results of applying Procedure 6 to A(s) for Example 2 are depicted in Figure 3. This system appears to be unstable for the frequencies considered in the computations. To verify the instability, we reran Procedure 6 using only the region [−.5, .5]×[44.5, 46.5]. The results of these computations are depicted in Figures 4, 5. Figure 4 clearly illustrates that indeed there is a pole in the right-half plane. Figure 5, which is a rotated image of a three-dimensional plot, pinpoints the troublesome frequency.

Using Example 1, we consider two examples of zero computations. These are both for si/so systems. However, the procedure as currently programmed handles arbitrary mi/mo with p = q. The zeros of a system, see Equation(10) depend not only upon A(s) but also upon the choice of the input matrix B(s) and the output matrix E(s). In both cases, B(s) is defined by Equation(18). This input corresponds to a unit current source at node 1 in Figure 1 with all time delays in B(s) set equal to zero. Case 1 corresponds to E_1 in Equation(18), selecting the second nodal voltage V_2 as the output. See Figure 6. Case 2 corresponds to E_2 in Equation(18), selecting the first inductance current I_{L1} as the output. See Figure 7.

B(s) = (0, 1, .397, 0, .113, 0, .067, .075, 0, .042) E_1 = (0, 1, 0, 0, 0, 0, 0, 0, 0, 0) E_2 = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0)

(18)

If a system is passive, all of the zeros must lie in the left half plane. We observe that the zeros for both of these systems satisfy that condition.

8 Summary

We have presented a computational procedure for studying the stability and the passivity of PEEC models in specified regions of the complex plane. These examples clearly illustrate the capabilities of this tool. This tool is not specific to PEEC applications, and can be used for studying the stability and passivity of other systems which can be modeled using linear, time-invariant systems of ordinary differential equations with or without time delays. This procedure uses the actual system, no approximations to the system are required. All approximations are confined to the grid constructions used in the computations.

References

[1] A. E. Ruehli. Inductance calculations in a complex integrated circuit environment. IBM J. of Res.

and Develop., 16(5):470–481, September 1972.

[2] A. E. Ruehli. Equivalent circuit models for three dimensional multiconductor systems. IEEE Trans.

on Microw. Theory and Techn., MTT-22(3):216–221, March 1974.

[3] Alan Laub. Numerical Linear Algebra Techniques, Eds., Rajini V. Patel, Alan J. Laub, Paul M. Van Dooren. IEEE Press, Piscatway, N.J, 1993.

[4] Roland Freund and Peter Feldman. Efficient linear circuit analysis by Pade’ approximation via the Lanczos process. IEEE Trans. on Computer-Aided Design, 14:639–649, 1995.

[5] Jane Cullum and A. E. Ruehli. Model reduction of full-wave PEEC circuits with time delays using a combination of complex frequency hopping and a PVL algorithm. IBM Research Report, IBM Research Division, T.J.Watson Research Center, Yorktown Heights, N.Y., 10598, November 1997.

[6] L. N. Trefethen. Pseudospectra of matrices, In Numerical Analysis 1991, D. F. Griffiths and G. A.

Watson. Longman Scientific and Technical, Harlow, UK, 234-266, 1992.

[7] L. N. Trefethen, A. E. Trefethen, S. C. Reddy, and T. A. Driscoll. Hydrodynamic stability without eigenvalues. Science, 261:578–584, 1993.

[8] L. Rodman I. Gohberg, P. Lancaster. Matrix Polynomials. Academic Press, New York, 1982. [9] G. W. Stewart and Ji–guang Sun. Matrix Perturbation Theory. Academic Press, Inc., New York, 1990.

[10] F. Chaitin-Chatelin and V. Frayssé. Lectures on Finite Precision Computations. SIAM Publications, Philadelphia, PA, 1996.

[11] V. Frayssé, Michel Gueury, Frank Nicoud, and V. Toumazou. Spectral portraits for matrix pencils: a physical application. Tech. Rep. TR/PA/96/19, CERFACS, Toulouse, France, 1996.

[12] O. Marques and V. Toumazou. Spectral portraits computation by a Lanczos method, augmented matrix version. Tech. Rep. TR/PA/95/05, CERFACS, Toulouse, France, 1995.

[13] Jos L.M. van Dorsselaer. Pseudospectra for matrix pencils and stability of equilibria. Tech. Rep. NR.

954, Department of Mathematics, Universiteit Utrecht, 1996.

[14] O. Marques and V. Toumazou. Spectral portraits computation by a Lanczos method, normal equation version. Tech. Rep. TR/PA/95/02, CERFACS, Toulouse, France, 1995.

[15] J. Cullum, R. A. Willoughby, and M. Lake. Lanczos algorithm for computing singular values and vectors of large matrices. SIAM J. Scient. Comp., 4:197–215, 1983.

[16] G. H. Golub, F. T. Luk, and M. L. Overton. A block Lanczos method for computing the singular values and vectors of large matrices. ACM TOMS, 7:149–169, 1981.

[17] E. A. Guillemin. Synthesis of Passive Networks. John Wiley and Sons, New York, NY, 1959. [18] A. E. Ruehli, H. Heeb, E. Bracken and R. Rohrer. Three dimensional circuit oriented electromagnetic modeling for VLSI interconnects. In Proceedings of the Packaging, Interconnects, Optoelectronics for the Design of Parallel Computers Workshop, March 1992.

[19] A. E. Ruehli, U. Miekkala, A. Bellen, H. Heeb. Stable time domain solutions for EMC problems using PEEC circuit models. In Proc. IEEE Int. Symp. on Electrom. Compat., pages 371–376, Chicage,Ill, August 1994.

[20] A. E. Ruehli, U. Miekkala, and H. Heeb. Stability of discretized partial element equivalent EFIE circuit models. IEEE Trans. on Ant. and Propag., 43(6):553–559, June 1995.

[21] MATLAB Reference Guide. the MathWorks, Natick, MA, 1992.

Fig. 2. Example 1: PEEC Model, 2 Wires, 2 Cells per Wire: n = 10. Pole approximations in the complex box [−20, 10] × [−5, 100]

Fig. 3. Example 2: PEEC model, 3 Wires, 20 Cells per Wire: n = 123: Pole approximations in the box [−20, 10] × [−5, 100]

Fig. 4. Example 2: PEEC model, 3 Wires, 20 Cells per Wire: n = 123: Pole approximations in the box [−.5, .5] × [44.5, 46.5]. Matlab (90,90) view of three-dimensional plot.

Fig. 5. Example 2: PEEC model, 3 Wires, 20 Cells per Wire: n = 123: Pole approximations in the box [−.5, .5] × [44.5, 46.5]. Matlab (90,0) view of three-dimensional plot.

Fig. 6. Example 1: PEEC model, 2 Wires, 2 Cells per Wire: n = 10: Case 1 zero approximations in the box [−20, 10] × [−5, 100]

Fig. 7. Example 1: PEEC model, 2 Wires, 2 Cells per Wire: n = 10: Case 2 zero approximations in the box [−20, 10] × [−5, 100]