RC 21710 (97782) 30 March 2000 Engineering and Technology

IBM Research Report

Synchronization in Arrays of Coupled Nonlinear Systems: Passivity, Circle Criterion and Observer Design

Chai Wah Wu

IBM Research Division Thomas J. Watson Research Center P. O. Box 218 Yorktown Heights, NY 10598

IBM^{Research Division}

Almaden � Austin � Beijing � Haifa � T.J. Watson � Tokyo � Zurich

LIMITED DISTRIBUTION NOTICE: This report has been submitted for publication outside of IBM and will probably be copyrighted if accepted for publication. It has been issued as a Research Report for early dissemination of its contents. In view of the transfer of copyright to the outside publisher, its distribution outside of IBM prior to publication should be limited to peer communications and specific requests. After outside publication, requests should be filled only by reprints or legally obtained copies of the article (e.g., payment of royalties). Copies may be requested from IBM T. J. Watson Research Center, Publications, P. O. Box 218, Yorktown Heights, NY 10598 USA (email: reports@us.ibm.com). Some reports are available on the internet at http://domino.watson.ibm.com/library/CyberDig.nsf/home

1 Synchronization in arrays of coupled nonlinear systems: passivity, circle criterion and observer design

Chai Wah Wu

Abstract It has been shown that synchronization between two nonlinear systems can be studied as a control theory problem. We show in this letter that this relation can be extended to synchronization in coupled arrays of nonlinear systems. In particular, we extend several stability conditions to synchronization criteria in arrays: the passivity criterion, the circle criterion and a result on observer design of Lipschitz nonlinear systems.

Keywords Synchronization of chaos, observer, stability, passivity, circle criterion, arrays, nonlinear control.

I. Introduction Since the seminal papers by Pecora and Carroll [1], [2] show that chaotic systems can be synchronized, it has been observed that synchronization between two identical systems can be studied as a control theory problem. For instance, in [3], [4], synchronization is related to asymptotical stability and in [5], [6], synchronization in two systems coupled via unidirectional coupling is related to the stability of observers. In fact, for additive bidirectional coupling, a similar connection between synchronization and observer design can be seen. For example, consider the following two identical systems coupled via additive bidirectional coupling ẋ = f(x, t) + c(x, x̃, t) ˙x̃ = f(x̃, t) + c̃(x, x̃, t) The synchronization problem asks whether e(t) = x − x̃ goes to zero. Consider the corresponding observer problem: ẏ = f(y, t) ˙ỹ = f(ỹ, t) + c̃(y, ỹ, t) − c(y, ỹ, t) If e_2(t) = y − ỹ goes to zero, then ỹ is a valid observer for y. Since the dynamics of e(t) and e_2(t) are identical, it is clear that a valid observer implies that the two coupled systems x and x̃ are synchronized.

The purpose of this letter is to illustrate how such results from control theory can also be used to derive conditions for synchronization in arrays of coupled systems. In particular, we extend the passivity criterion, the circle criterion and a result on observers for Lipschitz nonlinear systems to synchronization criteria on coupled arrays of identical nonlinear systems.

C. W. Wu is with IBM Thomas J. Watson Research Center, P. O. Box 218, Yorktown Heights, NY 10598, U.S.A.

2 II. Synchronization in coupled arrays of identical nonlinear systems Consider the coupled array of identical systems with uniform linear coupling [7]:

ẋ =

0
B
@

f(x_1, t) . . f(x_m, t)

1
C
A^{+ (G ⊗ D)x (1)}

where x = (x_1, . . . , x_m)^T . The matrix G describes the coupling topology between the systems, while the matrix D is the individual coupling between two systems. In many cases, G is the Laplacian matrix of the underlying graph. The goal of this letter is to derive conditions under which the coupled array synchronizes, i.e. ‖x_i − x_j‖ → 0 as t → ∞ for all i,j.

Definition 1: We say V (x) = x^T P x is a synchronizing Lyapunov function for ẋ = f(x, t) if V (x − y) ≥ 0 and V̇ (x − y) ≤ 0 along the trajectories of ẋ = f(x, t), ẏ = f(y, t).

Existence of a synchronizing Lyapunov function implies that all trajectories of ẋ = f(x, t) converge towards another. This property is also known as the unique steady state property [8] or asymptotical stability [9].

In [10], [11] the following result is proved:

Theorem 1: Let P be a symmetric positive definite matrix such that V (x) = x^T P x is a synchronizing Lyapunov function for ẋ = f(x, t) + Dx. Let G be an irreducible symmetric matrix with zero row sums and only nonpositive off-diagonal elements. If P D + D^T P is negative definite and the nonzero eigenvalues of G are larger than or equal to 1, then the coupled system (1) synchronizes.

In the remainder of this letter, we will assume that G is an irreducible symmetric matrix with zero row sums and only nonpositive off-diagonal elements.

Application of Theorem 1 includes solving the following problem: does there exist a symmetric positive definite P such that V (x) = x^T P x is a synchronizing Lyapunov function for ẋ = f(x, t) + Dx and P D + D^T P is negative definite. There are several stability results in the literature that give conditions under which such a P exists. We will illustrate a few of these results: The passivity criterion, the circle criterion and a theorem by Rajamani. By applying them to Theorem 1, we extend these results to synchronization criteria for an array of coupled systems.

A. Passivity and Circle Criterion

Definition 2 ([12]) A function ϕ : R^n → R^n is increasing if (x − y)^T (ϕ(x, t) − ϕ(y, t)) ≥ 0 for all x,y, t.

Consider the passivity theorem [13]:

Theorem 2: Let ϕ be an increasing function and A be Hurwitz. Let H(s) be defined as C(sI − A)^{−1}B. Suppose that (A, B, C) form a minimal realization of H(s) and H(s) is strictly positive real^1, then there exists a symmetric positive definite matrix P such that V (x) = x^T P x is a synchronizing Lyapunov function of ẋ = Ax − Bϕ(C^T x, t) and P A + A^T P is negative definite.

1H(s) is strictly positive real if inf!2R λmin(H(jω) + H�(jω)) > 0.

3 For Single-Input-Single-Output systems, the above result reduces to the circle criterion [13]:

Theorem 3: Let ϕ be a function such that 0 ≤ (y − z)(ϕ(y, t) − ϕ(z, t)) ≤ k(y − z)^2. Let h(s) be the scalar transfer function defined as c(sI − A)^{−1}b. Suppose that A is Hurwitz and (A, b, c) form a minimal realization of h(s) and ℜ(1 + kh(jω)) > 0 for all ω, then there exists a symmetric positive definite matrix P such that V (x) = x^T P x is a synchronizing Lyapunov function of ẋ = Ax − bϕ(c^T x, t) and P A + A^T P is negative definite.

Combining Theorem 1 and 2 we obtain the following synchronization criteria for arrays of coupled systems based on passivity:

Theorem 4: Let f(x, t) be of the form μD − Bϕ(C^T x, t) where ϕ is an increasing function. Let D be Hurwitz and let H(s) be defined as C(sI − D)^{−1}B. Suppose that (D, B, C) form a minimal realization of H(s). If H(s) is strictly positive real and all nonzero eigenvalues of G is larger than −μ, then the coupled system (1) is synchronizing.

Proof: Let α > 0 be the smallest nonzero eigenvalue of G. Note that G ⊗ D =^1_δ G ⊗ δD for a nonzero scalar δ. This trivial observation will be used throughout this letter. It’s clear that if C(sI − D)^{−1}B is strictly positive real, then C(sI − (δ + μ)D)^{−1}B is strictly positive real for all δ ≠ 0 if δ + μ > 0. By setting δ = α, the nonzero eigenvalues of^1_δ G are all larger than or equal to 1.

Corollary 1: Let f(x, t) be of the form −Bϕ(C^T x, t) where ϕ is an increasing function. Let D be Hurwitz and let H(s) be defined as C(sI − D)^{−1}B. Suppose that (D, B, C) form a minimal realization of H(s). If H(s) is strictly positive real, then the coupled system (1) is synchronizing.

Combining Theorem 1 and 3 we obtain the following synchronization criteria for arrays of coupled systems:

Theorem 5: Let f(x, t) be of the form μD − bϕ(c^T x, t) where ϕ is a function such that 0 ≤ (y − z)(ϕ(y, t) − ϕ(z, t)) ≤ k(y − z)^2 for some k > 0. Let h(s) be defined as c(sI − D)^{−1}b and suppose that (D, b, c) form a minimal realization of h(s). Let β = inf_{ω∈R} ℜ(h(jω)). Either of the following two conditions implies that the coupled system (1) is synchronizing. • μ < min(0, kβ) and −D is Hurwitz, • All nonzero eigenvalues of G are larger than max(−μ, −μ − kβ) and D is Hurwitz.

Proof: Again note that G⊗D =^1_δ G⊗δD. Let α > 0 be the smallest nonzero eigenvalue of G. If the first condition is true, then −μ > 0 and −μ + kβ > 0 and we can choose δ > 0 to be less than min(α, −μ, −μ + kβ). It can be shown that^{kβ}_{|δ+μ|} > −1.

If all nonzero eigenvalues of G are larger than max(−μ, −μ − kβ), choose δ = α. Again it can be shown that^{kβ}_{|δ+μ|} > −1.

Since δ ≤ α, all the nonzero eigenvalues of^1_δ G are larger than or equal to 1 for either choice of δ. Furthermore, ℜ(1 + kc(jwI − (δ + μ)D)^{−1}b) ≥ 1 +^{kβ}_{|δ+μ|} > 0 for all w ∈ R.

B. Stability of observers

Definition 3: f(x, t) is Lipschitz with Lipschitz constant γ if ‖f(x, t) − f(x̃, t)‖ ≤ γ‖x − x̃‖ for all x, x̃.

4 Consider the following nonlinear system: ẋ = f(x, t) and the observer ˙x̃ = f(x̃, t) + D(x − x̃) (2)

In [14], sufficient and necessary conditions are given for the stability of such observers for Lipschitz nonlinear systems. The following theorem can be derived from [14].

Theorem 6: Let f be Lipschitz with Lipschitz constant γ. If D has all its eigenvalues in the open left half plane and all singular values of D−jωI are larger than γ for all ω ≥ 0, then there exists a symmetric positive definite matrix P such that V (x) = x^T P x is a synchronizing Lyapunov function of ẋ = f(x, t) + Dx and P D + D^T P is negative definite.

Using Theorem 6 and Theorem 1, we have the following theorem which describes a synchronization criteria based solely on properties of G, D and the Lipschitz constant γ.

Theorem 7: Define β = inf_ω σ_{min}(D − jωI). Assume β > 0. System (1) synchronizes if • f(x, t) is Lipschitz with Lipschitz constant γ, • D has all its eigenvalues in the open left half plane, • all nonzero eigenvalues of G are larger than^γ_β .

Proof: The proof is similar to that of Theorem 5. Let α be the smallest nonzero eigenvalue of G. Choose δ = α > 0. All singular values of δD − jωI are greater than δβ > γ while the nonzero eigenvalues of^1_δ G are larger than 1.

The following result can also be derived from [14]:

Theorem 8: Let g(x, t) be Lipschitz with Lipschitz constant γ. If the following conditions are satisfied:

• (A, D) is observable, • A + D has all its eigenvalues in the open left half plane, • all singular values of A + D − jωI are larger than γ for all ω ≥ 0, • all singular values of A are smaller than or equal to γ, then there exists a symmetric positive definite matrix P such that V (x) = x^T P x is a synchronizing Lyapunov function of ẋ = Ax + g(x, t) + Dx and P D + D^T P is negative definite.

Proof: In [14] a symmetric positive definite matrix P is constructed such that (A + D)^T P + P (A + D) + γ^2P P + νI = 0, where ν > 1. It then follows that −(D^T P + P D) = A^T P + P A + γ^2P P + νI = (^1_γ A + γP )^T (^1_γ A + γP ) + (νI −^1_{γ2} A^T A) which is positive definite if σ_{max}(A) ≤ γ.

This translates into the following synchronization criteria: Theorem 9: System (1) synchronizes if • f(x, t) is of the form Ax + g(x, t) where g is Lipschitz with Lipschitz constant γ, • (A, D) is observable, • all singular values of A are smaller than or equal to γ, • A + D has all its eigenvalues in the open left half plane, • all singular values of A + D − jωI are larger than γ for all ω ≥ 0, • all nonzero eigenvalues of G are larger than or equal to 1.

5 In [14], the test on the singular values of A + D − jωI is replaced by a test on the eigenvalues of A + D and the conditioning of its eigenvectors.

As G describes the coupling topology of the array, for fixed D and f the results in this letter give synchronization criteria that depends on the least nonzero eigenvalue of G, a parameter that describes the connectedness of the underlying graph[15].

III. Conclusions

Synchronization between two nonlinear systems is related to stability and observer design. We show that this relation can be extended to arrays of coupled identical nonlinear systems. In particular, we show how several results in nonlinear control can be used to derive synchronization criteria for arrays of nonlinear systems.

References

[1] Louis M. Pecora and Thomas L. Carroll, “Synchronization in chaotic systems,” Physical Review Letters, vol.

64, no. 8, pp. 821–824, Feb. 1990.

[2] Louis M. Pecora and Thomas L. Carroll, “Driving systems with chaotic signals,” Physical Review A, vol. 44, no. 4, pp. 2374–2383, Aug. 1991.

[3] Rong He and P. G. Vaidya, “Analysis and synthesis of synchronous periodic and chaotic systems,” Physical Review A, vol. 46, no. 12, pp. 7387–7392, Dec. 1992.

[4] Chai Wah Wu and Leon O. Chua, “A unified framework for synchronization and control of dynamical systems,” International Journal of Bifurcation and Chaos, vol. 4, no. 4, pp. 979–998, 1994.

[5] Henk Nijmeijer and Iven M. Y. Mareels, “An observer looks at synchronization,” IEEE Transactions on Circuits and Systems{I: Fundamental Theory and Applications, vol. 44, no. 10, pp. 882–890, 1997.

[6] Giuseppe Grassi and Saverio Mascolo, “Nonlinear observer design to synchronize hyperchaotic systems via a scalar signal,” IEEE Transactions on Circuits and Systems{I: Fundamental Theory and Applications, vol. 44, no. 10, pp. 1011–1014, 1997.

[7] Chai Wah Wu, “Synchronization in arrays of coupled chaotic circuits and systems: Theory and applications,” in Controlling Chaos and Bifurcations in Engineering Systems, Guanrong Chen, Ed., chapter 23. CRC Press, Boca Raton, FL, 1999.

[8] L. O. Chua and D. N. Green, “A qualitative analysis of the behavior of dynamic nonlinear networks: Steadystate solutions of nonautonomous networks,” IEEE Transactions on Circuits and Systems, vol. 23, no. 9, pp. 530–550, Sept. 1976.

[9] Taro Yoshizawa, Stability Theory by Liapunov’s Second Method, The mathematical society of Japan, 1966. [10] Chai Wah Wu and Leon O. Chua, “Synchronization in an array of linearly coupled dynamical systems,” IEEE Transactions on Circuits and Systems{I: Fundamental Theory and Applications, vol. 42, no. 8, pp. 430–447, Aug. 1995.

[11] Chai Wah Wu and Leon O. Chua, “Application of Kronecker products to the analysis of systems with uniform linear coupling,” IEEE Transactions on Circuits and Systems{I: Fundamental Theory and Applications, vol. 42, no. 10, pp. 775–778, Oct. 1995.

[12] L. O. Chua and D. N. Green, “A qualitative analysis of the behavior of dynamic nonlinear networks: Stability of autonomous networks,” IEEE Transactions on Circuits and Systems, vol. 23, no. 6, pp. 355–379, June 1976.

[13] M. Vidyasagar, Nonlinear Systems Analysis, Prentice-Hall, New Jersey, 2nd edition, 1993. [14] Rajesh Rajamani, “Observers for Lipschitz nonlinear systems,” IEEE Transactions on Automatic Control, vol.

43, no. 3, pp. 397–401, Mar. 1998.

[15] Chai Wah Wu and Leon O. Chua, “Application of graph theory to the synchronization in an array of coupled nonlinear oscillators,” IEEE Transactions on Circuits and Systems{I: Fundamental Theory and Applications, vol. 42, no. 8, pp. 494–497, Aug. 1995.