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ABSTRACT
As tec hnology scales the pow er supplyVdd is being low ered
in order to low er operating pow er and to meet device reli-
abilit y requirements. Because of the increase in noise and
leakage, ho wever, the threshold voltage VT is not being low-
ered at the same rate as Vdd. This results in an increase in
the sensitivit y of circuit dela y to power supply noise, and
underscores the need to perform detailed analysis of the on-
chip pow er distribution for noise, robustness and reliabil-
ity. A common technique applied in the analysis of on-chip
pow er grids is to separate the linear and non-linear com-
ponents of the problem and treat them separately (see for
example [2], [4] and [7]). With the increasing sensitivity of
delay to pow er grid noise, this arti�cial separation can lead
to subtle errors, especially for otherwise marginal designs.

This paper describes a technique to improve the accuracy of
pow er grid analysis by improving the coupling betw een the
linear and non-linear parts of the pow er analysis problem
while maintaining the eÆciency and scalability required for
full chip analysis.

Categories and Subject Descriptors
B.7.2 [Hardware]: Integrated Circuits|Design Aids

General Terms
P ow er Grid Analysis

1. INTRODUCTION
With the advent of deep sub-micron technologies, w e are
observing a rapid increase in operating frequency and power
dissipation (see for example [1]). Much of this progress is
ow ed to aggressive technology lithography scaling whereby
device and interconnect dimensions are reduced [8]. With

�(Produces the permission block, cop yrigh t information and
page numbering). For use with A CMPROC ARTICLE-
SP.CLS V2.0. Supported by ACM.
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Figure 1: Delay in ps vs. power supply voltage.

MOSFET channel length reduction, how ever, the prevailing
constan t-�eld scaling theory [3] requires a reduction in the
pow er supply voltage (Vdd) in order to meet device reliability
requirements.

Because of concerns about excessive bac kground leakage cur-
rents and cross-coupling induced noise, the threshold voltage
VT is not being reduced at the same rate as the pow er sup-
ply voltage Vdd. This means that the maximum over-drive
Vdd � VT is decreasing as a percentage of Vdd. This causes
an increase in the sensitivity of circuit delay to pow er sup-
ply uctuations. Figure 1 shows the delay of a bu�er with a
fanout of 3 (i.e. loaded by three copies of itself) as a func-
tion of pow er supply. It is clear that the sensitivity of dela y
to Vdd increases as the over-drive is low ered.

Consider the circuit shown in �gure 2 which can be thought
of as a canonical model of a pow er grid and loading circuit.
In the �gure, L models the package inductance, Rg models
the grid resistance, Rd and Cd model the local decoupling
capacitance, and Iload models the time dependent current
w aveform of the load.We model Iload as the follo wing peri-
odic triangular waveform (whereT denotes the period):

Iload =

8>><
>>:

0 : t < 0
�t : t < tp

�(2tp � t) : t < 2tp
0 : 2tp < t < T

(1)

We use data from the International Technology Roadmap
for Semiconductors [8], summarized in table 1 to predict the
dependence of the maximum voltage drop Vdrop on the var-
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Figure 2: Canonical pow er circuit.

Y ear Leff fmax Vdd Size P ow er Densit y
nm MHz V mm2 W W=mm2

1999 140 1200 1.8 450 90 0.2
2000 120 1321 1.8 450 100 0.22
2001 100 1454 1.5 450 115 0.26
2002 85 1600 1.5 509 130 0.26
2003 80 1724 1.5 567 140 0.25
2004 70 1857 1.2 595 150 0.25
2005 65 2000 1.2 622 160 0.26

T able 1:T echnology Roadmap Parameters.

ious circuit parameters in order to predict trends in pow er-
grid-induced noise with technology scaling. It was recently
shown [6] that the maximum noise for this circuit can be
w ell appro ximated by:

Vmax = �L+ �Rgtp � �CdR
2

g(1� e�tp=� ) (2)

where:

� = (Rg +Rd)Cd (3)

We note that tp / freq�1, and that power density P2 /

Vdd�tp thus � / P2freq=Vdd. Based on the trends in table
1 tp will decrease by 0.6X and � will increase by 3.21X. In
order to keep Vmax constan t(i.e. keep the same amount
of noise as a percentage of Vdd) w e need to dramatically in-
crease the decoupling capacitance term in Eq. (2): CdR

2

g(1�

e�tp=�). This can only be accomplished by careful analysis
and design of the pow er grid and by judicious placement and
sizing of decoupling capacitance[10]. This also means that
the accuracy of pow er estimation and power grid analysis
becomes more critical with technology scaling.

2. FULL-CHIP POWER GRID ANALYSIS
P ow ergrid analysis requires modeling the grids and the
pow ersources and drains. P ow er distribution within an in-
tegrated circuit starts from the top-level metal layer which
is connected to the package, connects to low er level of metal
through inter-layer vias, and terminates at contacts to the
activ e devices. The metal wires and vias are modeled as a
linear, passive time invarian t netw ork consisting of resistive,

capacitiv e and inductive elements. P ower sources are mod-
eled as ideal voltage sources connected to the pow er grid
either directly or through a linear network of parasitic ele-
ments.

P ower drains are more diÆcult to model because they need
to account for (a) the complex interaction between the power
grid, the underlying non-linear circuit, and (b) the time-
varying signals propagating across the integrated circuit.
Current designs, however, ha vepower grids with millions
of nodes and tens of millions of elements and w ewill see
below that such large netw orks can be solv ed m uch more
eÆciently when they are linear; hence the prevailing prac-
tice of modeling the pow erdrains as time-varying current
sources. The complete pow er grid model is composed of a
linear net w ork of RLC elements excited b y constant voltage
sources and time varying current sources. The behavior of
such a system is described using an MNA formulation as the
following ordinary di�erential equation:

Gx+ C _x = u(t) (4)

Where x is a vector of node voltages, and source and in-
ductor curren ts;G is the conductance matrix; C includes
the capacitance and inductance terms, and u(t) denotes the
time varying sources modeling the sources and drains.

Due to the large size of typical pow er grids, general circuit
simulators suc h as Spice [5] are not adequate for pow er grid
analysis because they use general purpose solution methods
meant to be robust in the face of sti� systems of equations.
By contrast, po wer grids are well behaved spatially (nearly
regular) and temporally (damped). This motivates special-
purpose simulation tools for power grids which can make use
of these properties[4, 9].

If we apply the Backw ard Euler integration formula to Eq.
(4) w e get a system of linear equations:

(G+ C=h)x(t+ h) = u(t+ h) + C=hx(t) (5)

which can be readily simpli�ed to Ax(t+ h) = b with A =
G+ C=h and b = u(t+ h) + C=hx(t).

The solution of Eq. (5) requires the factorization of the ma-
trix G+C=h whic h is independent of x, time-invariant, large
and sparse. If we hold the time step h constant then only one
initial factorization is required, with a forward/backw ard
solve at each time step. This results in dramatic computa-
tional e�ort savings that make full-chip power grid analysis
possible.

Our purpose in this paper is to improve the accuracy of this
analysis technique by modeling the nonlinear dependence
of the drain currents (u(t) in Eq. (4)) on the local values
of supply voltage x, while at the same time preserving the
extraordinary eÆciency of the single-factorization scheme
outlined above.

3. DRAIN MODELING
Our objectiv e is to come up with a �rst order model for
the dependence of drain current (the components of u(t) in
Eq. (5)) on the corresponding value of power grid voltage.
For a drain connected to nodes a and b, the local power
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Figure 3: Idd current waveform for a CMOS bu�er.

grid voltage is simply xa � xb. We de�ne the usual drain
incidence matrix A.

Consider a simple CMOS non-inverting bu�er formed from
the cascading of two CMOS inverters. Based on observing
the waveform of the pow er supply current Idd under a variety
of conditions we choose to model the waveform as:

Idd =

8<
:

0 : t < 0
Ipt=Tr : t < Tr

Ip�e
Tr�t : t > Tr

(6)

An example of a simulated and �tted waveform is illustrated
in �gure 3. For this example we used transistor model pa-
rameters from a 0.25� CMOS process running at a voltage
supply of 2.5 volts and the pow er supply current waveform
model parameters were Tr = 0:212 ns, Ip = 21:905 mA and
� = 12:351 ns�1.

Our goal is to examine the dependence of Idd on Vdd in
order to �nd a suitable model to incorporate into the linear
system Eq. (5). T o explore this dependence we sim ulate the
bu�er over a supply voltage range of �20% and model the
dependence of the Idd model parameters (Tr, Ip and �) on
Vdd. We �nd that all three parameters are well predicted by
simple linear functions of Vdd with correlation coeÆcients in
excess of 0:96.

We collect the individual load currents (Idd components de-
noted by I) into the righ t-hand-vector of Eq. (5) via the
standard nodal incidence matrix Z, thus u(t) = Z

T
I(t).

We then simply rewrite 5 as:

(G+ C=h)x(t+ h) = Z
T
I(t+ h) + C=hx(t) (7)

Unfortunately, the dependence of I(t + h) on the values of
the current system variables x(t+h) invalidates the constant
system matrix property. In order to regain it, we choose to
delay the dependence of I on x by rewriting the system as:

(G +C=h)x(t+ h) = Z
T
I(t) + C=hx(t) (8)

thus regaining the constant G + C=h system matrix. This
can also be thought of as a mixing of implicit and explicit
integration methods.W e have deteremined emipirically that

VDD

GND

B1 B2 B3

B4 B5 B6

B7 B8 B9

Figure 4: Example power grid.

for suÆciently small time step h (in the range of 1% of the
clock period), the relatively w eak dependence ofI on x does
not play a part in the stability of the o verall solution method.

4. EXAMPLE 1
We construct a simple pow er grid composed of two vertical
and 9 horizontal wire segments with a single connection to
pow er supply and ground.We place nine bu�ers connected
to the grid as illustrated in �gure 4.

We perform three sim ulationsof the system illustrated in
�gure 4:

1. We use a full Spice [5] sim ulation to solve the linear
and non-linear parts together. The waveforms for this
case (which we denote A) are shown in �gure 5.

2. We use Eq. (8) to simulate the pow er grid with load
curren t dependence onVdd. The Idd w aveform model
parameters were modeled as linear functions of the lo-
cal supply voltage. The equations were: Tr = 0:5 �
0:11Vdd ns, Ip = 18:9Vdd�25:3 mA and � = 4:28Vdd+
1:72 ns�1. The waveforms for this case (which we de-
note B) are shown in �gure 6.

3. We assume that the bu�er current does not depend on
Vdd and that the Idd w aveform model parameters were
Tr = 0:218 ns, Ip = 21:589 mA and � = 12:351 ns�1.
The waveforms for this case (which we denote C) are
shown in �gure 7.

Table 2 shows the minimum Vdd value at eac h of the bu�ers,
the maximum voltage drop at each of the bu�ers, and the
error (from case A) in the predicted drop for cases B and C.

We �nd that the average error in predicted maximum volt-
age drop for case C is 27:80% while the average error for
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V(A) V(B) V(C) �A �B �C err B err C
2.314 2.295 2.259 0.186 0.205 0.241 10.2 29.6
2.329 2.312 2.280 0.171 0.188 0.220 9.94 28.7
2.331 2.313 2.283 0.169 0.187 0.217 10.7 28.4
2.347 2.331 2.304 0.153 0.169 0.196 10.5 28.1
2.361 2.347 2.321 0.139 0.153 0.179 10.1 28.8
2.370 2.355 2.336 0.130 0.145 0.164 11.5 26.2
2.380 2.368 2.347 0.120 0.132 0.153 10.0 27.5
2.386 2.374 2.357 0.114 0.126 0.143 10.5 25.4
2.420 2.411 2.398 0.080 0.089 0.102 11.3 27.5

T able 2:Analysis of waveforms for Example 1.
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Figure 5: Waveforms from Spice.

case B is only 10:53%, a reduction in error of a factor of 2.6.
The only computational di�erence betw een cases B and C
w as the ev aluation of the linear equation relating the supply
curren tw aveformmodel parameters to Vdd the impact of
which was too small to measure in comparison to the com-
putational e�ort required to perform the matrix operations
required at each time step.

5. EXAMPLE 2
For this example we use a real pow er grid consisting of �ve
levels of metallization and encompassing an area of approxi-
mately 8mm by 8mm. At the lo w est level, the grid has 5403
horizon tal wires.A t the topmost level the grid is connected

2.3

2.4

2.5

(volt)

0 0.2 0.4 0.6 0.8

time (ns)

1

Figure 6: Waveforms with delayed Idd dependence.
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Figure 7: Waveforms with noIdd dependence on Vdd.
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Figure 8: Example pow er grid (top level metal).

to the power supply via 210 ground C4s and 64 Vdd C4s.
The top level metal of the grid is illustrated on �gure 8.
The sim ulation model forthe grid con tains approximately
66000 nodes, making it impractical for simulation in Spice.
T ypical sim ulationtimes with a specialized internal IBM
tool w ere about 60 seconds on a modest personal computer
running Linux.

We populate the grid with 5000 latches, each of which is
modeled in a manner similar to the model for the bu�er in
the previous example. We also included a uniform back-
ground decoupling capacitance to model the non-switching
circuitry .We performed two simulations:

1. We use Eq. (8) to simulate the pow er grid with load
curren t dependence onVdd. The Idd w aveform model
parameters w ere expressed as linear functions of the
local supply voltage: Tr = 1:21 � 0:268Vdd ns, Ip =
7:42Vdd � 10:46 mA and � = 3:28Vdd � 2:36 ns�1. We
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denote this simulation by case D.

2. We assume that the bu�er current does not depend on
Vdd and that the Idd w aveform model parameters were
Tr = 0:54 ns, Ip = 8:09 mA and � = 5:84 ns�1. We
denote this simulation by case E.

For each of the simulations, w edetermined the maximum
voltage drop at each of the latches. Figure 9 shows the
di�er encebetw een the maximums for cases D and E vs. the
value of the maximum for case D. We note that the di�erence
can be up to 20mV in a total drop of 100mV, an error of
20%.

For case D, in order to further understand the impact of time
step on this mixed explicit/implicit integration mtehod, we
performed the same time domain simulation with a variety
of time steps from 0:002 ns to 0:02n. We measured the
percentage error in the integral of the voltage droop at each
latch node in the circuit and compared it to the result with
the smallest time step. The Y-axis of Figure 10 plots the
average percentage error of those nodes with respect to the
time step choses. The errors shows a linear relationship
between average error and time step, with error values in
the range of 1%.

6. CONCLUSION AND FUTURE WORK
In this paper w e ha vepresented an algorithm to improve
the accuracy of pow er grid analysis by accounting for the
coupling between pow er grid v oltage and the loading on the
pow er grid.The algorithm is very computationally eÆcient,
but requires that compact analytical models of the depen-
dence of the loading on the pow er supply voltage be a vail-
able. We show examples of how suc h models can be gener-
ated and used with a signi�cant improvement in accuracy
over the case where such dependence is ignored.
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Figure 10: Error versus time step.

The next challenge is to include the impact of pow er supply
noise on the overall timing of a complete chip. This will
require modelling the power supply current and the dela y
as a function of local power supply voltage.
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