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Abstract

The success of firms engaged in e-commerce depends on tigyr mbun-
derstand and exploit the dynamics of the market. One conmarfethis is the
ability to extract maximum profit and minimize costs in thedaf the harsh com-
petition that the internet provides. We present a geneaahéwork for modeling
the comeptitive equilibrium across two firms, or across a &ind the market as a
whole. Within this framework, we study pricing choices amalgze the decision
to outsource IT capability. Our framework is novel in thaillbws for any number
of distributions on usage levels, price-QoS tradeoffs, @ik and cost structures.

keywords: e-commerce, non-cooperative Nash equilibnuiting, QoS, outsourc-
ing

1 Introduction

The area of e-commerce has evolved from the notion of intesmepping to a much
wider concept, that of the virtual enterprise, and even ttual enterprise networks.
The success of firms engaged in e-commerce depends on thily @mbunderstand
the dynamics of the market and also to efficiently exploitkhewledge for improved
strategic decisions. The decisions range from producingriand capacity planning
to strategic decisions such as outsourcing. Further, tihednction of anon-demand
market paradigm has effectively blurred the distinctiobnsen different time scales
in planning. Enabling this dramatic shift in the way buseés conducted requires
entirely new paradigms for information exchange, as wetlieg mathematical models
to help firms make optimal decisions. In e-commerce, in paldr, the market share
of a firm depends not only on its own price and quality of sex{iQoS) but also on the
price and QoS of its competitors, since the latter’s offeesiastantaneously available
to a prospective client.

In the e-commerce sector, eliminating some of the firms’imi@tion technology
(IT) infrastructure and the corresponding maintenanctsdssn appealing possibility.
Outsourcingpn demands an alternative to maintaining servers and software iasko



Providing a framework to assess in what cases and to whattetiésourcing is prof-
itable for a firm is important to help firms in making strategigsourcing decisions.

To help e-commerce firms make optimal pricing, planning an$aurcing deci-
sions, a comprehensive framework is needed. Such a frarkelvould include models
for customers’ choices and the demand stochastics assdaidth them, models for
understanding the dynamics of competition among firms witth fprice and QoS as
parameters, and models for the firms’ ability to outsoured tttemand to a third party
service provider. The purpose of this work is to present asilibgum framework that
captures the particularities of e-commerce markets ardahdity to outsourceon de-
mand To do so, this framework analyzes their pricing behaviaratilibrium, taking
into account the quality of service of the e-services thediaffer. The motivation is,
as in traditional game-theoretic models of firms, that firiaus adjust their price sched-
ules in response to that of a competitor. Then, the questioarfy one firm is whether
the joint setting of prices by all firms will tend towards aruditprium, and, in the af-
firmative, what are the properties of the equilibrium. Newhis paradigm, in addition
to the stochastic demands and definitions of the goods amitesoffered, is the fact
that firms may outsource any number of their activities. Weparticularly interested
in modeling the choice of outsourcing IT-related actiatigithin e-commerce.

1.1 Related Work

The pricing of electronic goods, and, in particular, e-coenee services, such as web
hosting, has received considerable attention, see, fonpbea [11], [13], [16], [17],
[15], [19], [14], [21]. Some studies into optimal pricing\rabeen viewed from the
perspective of a single firm, or in the context of a monopade($or example, [12, 20]).
This approach fails to model the effect of competitions am$irdecisions. Traditional
equilibrium models used for analyzing optimal decisionsffons in a competitive
environment, such as [1], do not consider the particuéitf e-commerce such as
demand patterns induced by internet commerce, or avafjabfl cost reduction or
e-commerce quality improvements through outsourcing.

Fishburn and Odlyzko [6] explored the Nash equilibrium tvauld result across
two firms competing in an e-service market, one charging afiger-period, fee, and
the other charging on a per-transaction basis, where th&gesaction fee is linear.
The authors concluded that, with the exception of a few gphéaims of the clients’
demand distribution, competitive equilibria of this tygsults in the trivial solution of
each firm’s price tending towards zero. This result may be,seewever, as natural,
given that the two firms in the model of [6] were competiudely on the basis of price,
the capacity of each firm was unlimited, and no product déffiéiation was introduced
In that setting, it can be seen as an instance of a classicaBdrtduopoly, which is
known to result in similar economics to that of perfect cotijmm, the latter leading
clearly to zero profits for all firms in the market.

El Azouzi, Altman, and Wynter [5] analyze the two-firm priaed-QoS equilib-
rium in the context of internet, taking into account diffieréorms of QoS, such as
delay and loss probability. The demand for service of each ffiowever, was defined
by deterministic, linear functions which smoothens thelséstic nature of demand
resulting from heterogeneous customer preferences. @shiddason, and Steinberg



[7], studying product differentiation in the context of tiidernet also consider the two
parameters of price and delay, focusing on a market of twaiceproviders. They
consider in particular the choice of each provider to offee or two QoS classes. We
compare and contrast their results with ours when appkciatthis work. Other work
on the pricing of information goods and services has adealdifferentiated services
and bundling [20], or flat pricing [10, 17], due to its simftycbut have not made use
of an equilibrium framework explicitly in their arguments.

Cachon and Harker [2], studied the effect of outsourcing@myetition in a two-
firm market. They analyze the equilibrium profits of a two-firmarket, and consider
the possibility of one or both firms to outsource to a commaup$iar. Based upon
a particular model for supplier and firm profits with and with@utsourcing, they
conclude that both firms are better off outsourcing. We shothis paper that a very
general model can be introduced that allows one to determiven the outsourcing
decision is profitable, for general forms of demands, antscos

We consider a particular characterization of quality oivger (QoS), namely, re-
sponse time or delay. In our model of competitive equilibriacross two firms provid-
ing e-services, each firm is characterized by the price itggs the quality of service it
offers, and aandomly distributed trade-off paramettirat arbitrates between the two
criteria of price and delay. End-users usage levels areorahddistributed parame-
ters as well, and different forms of the distributions aralgred and contrasted. As
opposed to the model in [2, 5], we consider explicitly thechsstics associated with
end-user usage levels and differentiation across usetsedfrade-off between price
and QoS. However, unlike [5], we do not determine simultaisothe equilibrium in
prices and QoS; rather the decision variable through whiotsfrespond is their price.
In [2], although terms for both price and QoS were includddusers evaluated the
two parameters equivalently to each other and weighteditbgarameters equally as
well. It is well known, however, that the spectrum of IT usersis heterogeneous as
the applications which use IT; arbitrage between high grazed low QoS vary in some
stochastically quantifiable and non-constant manner a¢haspopulation. Not taking
into account this heterogeneity introduces a non-nedédiias into both quantitative
and qualitative results (see [9] for some examples of ths)biwithin this framework
we also study the effect of the outsouricng decision on afttme-market equilibrium.

While we model here customer behavior dispersion due te@i QoS differ-
ences (and their perception thereof), it is possible thihaug framework to isolate one
or the other effect by considering, in the first case, thah Ipooviders offer the same
price structure (then only QoS-dispersion effects arequ®s Similarly, one can set
the QoS of both providers equal, thereby focusing on theeptoucture difference.
Note, however, that in the latter case, our model reducdstaof [6].

1.2 Structure of the paper

In Section 2, we introduce the notion of a value of QoS parantlat varies continu-
ously throughout the population of users, allowing us to eltide universe of choices
made by users with respect to the cost-QoS tradeoff. Depgmnugtion whether this ran-
dom variable is uniformly or exponentially distributed, wlgtain qualitatively different
results. We consider the case where the new entrant to tHeetfers a lower QoS



(along with, presumably, a lower price) as well as the casweBection 2.3 presents the
case of two-tier pricing, composed of a base rate and a higlst-rate price, where
the cut-off between the two prices is defined by the user.

Section 3 introduces in the model the third-party suppli@vigling outsourcing
services. We analyze the effect of outsourcing the IT a@&ivito a common supplier
for one or both of the firms at equilibrium. As in [2] we analythe potential profit
of the supplier given the demand it would attract from one athtof the firms; in
the event that its costs exceed its revenue, no outsouraidpvibe offered. This is
referred to in [2] as &wo-stage negotiation processt the first stage, an agreement is
or is not reached, depending on the potential profitabibtylfoth the client firm and
the outsourcing supplier. Depending on the outcome of tiagfes some competitive
equilibrium is achieved across the firms. A general versifdheresult holding for any
distribution is provided in Section 3.4. Finally we condduid Section 4 and provide
recommendations for further research on this theme.

2 User differentiation and multiple service characteris-
tics

We consider a setting in which potential customers’ usatesyar requested capaci-
ties, are defined by a probability density functigrthat is, [y’ v(x)dx= 1, where the
argumenk is the desired rate of a potential user.

Contrary to the model of [6], We suppose that the e-serviéered by firmi =
1,...nis characterized by a 2-tuplei(x),di), wherep; : 0"} — O is the price func-
tion charged for use of the service, which depends upon tageulevel x, andd; the
quality of service. We know from [6] as well as from classiBairtrand competition,
that competition based only upon price leads to zero prafitalf firms. Service dif-
ferentiation, through a QoS parameter, can remedy thabugiresult.

The quality of service will be taken in the remainder of thégpr to be some mea-
sure of service performance, the delay incurred on a tyjgigadmmerce transaction.
Note that we arenot considering the situation in whiath = d;(x); in this work, we
shall restrict ourselves to the simpler settingishge-independent delays

Each user is then characterized by a particular constdhat models his willing-
ness to pay for a higher quality of service. Thatvisgives the user’s own tradeoff
between price and delay. Note then that in the case of meikigivice characteristics,
wi would provide the user’s tradeoff between price and atteitsyior how much the
user is willing to pay to increase the level of QoS by one unit.

We shall suppose that the user tradeoff parametes not constant for all users,
but rather is described by a random variable, distributegt tive population of po-
tential customers. This feature of our model is critical; ave in effect capturing the
universe of users’ behaviorwgith respect to the cost vs. quality tradeoff. For example,
a user requiring low-priority service, for email or file tsfar operations, would be
characterized by bbw value of tradeoff, wwhereas a job requiring more bandwidth,
faster service, e.g., mission-critical applications eted for which the user is willing
to pay for the better quality, would be characterized by & h@jue ofw. As has been



observed in internet traffic as well as in the population inagal, the percentage of low
values of QoS is much higher than the percentage of high sahaoss users. This
observation has an impact on tteem of the distribution of the tradeoff parametens,
as we shall discuss in this paper.

Then, the probability density on user’s rate levels becoangsnt distribution of
rate levels and cost-QoS tradeoff parameters:

/ / v(x,w)dwdx= 1.
x=0./w=0

Consider one potential user or, equally, one potential eiskgision. Note that a
user may make several decisions, one may interpret eachcati@igision as a single
user, or a single choice, where a user may make several shdiben, given each value
of the tradeoff parametew (for each usage choice), and the desired usage bevied
will optimize, for each choice, his choice of provider, argaghen firms, by choosing
the one that minimizes his combined cost:

" € argmin{p; (x) +wd }. 1)

If prices are exactly equal across providers, then one msynas that the market is
split equally across those providers. Note that not onlysdedave the behavioral
represention of the user’s cost-QoS tradeoff, but, as kjBessed in units of dollars
per time, it permits summing the two criterig(x) andd;.

Up to now, we have not specified the forms of the prices offégedach provider,
pi(-). In order to specify fully the model, we must make some assiomp about the
pricing structuresp;. Suppose that = 2 providers, and thag is continuously differ-
entiable in its arguments. Let furthei(x) = p1 andpz(X) = pox. That is, provider
1 charges a flat (subscription-based) fee while provider&ggs a simple (linear)
usage-based fee.

In this case, a user characterized by two-tupmlev) chooses provider 1 if

p1+wdp < paX+Wdbp, (2)

and chooses provider 2 otherwise.

Let us suppose initially thgt; > pz andd; < dy; that is, the supplier offering the
flat rate offers a better quality of service (lower delay) a&lw

Itis clear then that there are thresholds andw for which one or the other supplier
is cost-effective for a user. Specifically, fofw) > p1/p2, supplier 1 is cheaper. Since
in this example, supplier 1 also has a better QoS in that they deoffers is lower,
users withx(w) > pz1/pz will choose supplier 1 for alv. Similarly, whenx < p1/p2
andw > W = (p; — p2X)/(d2 — dq), supplier 1 is chosen. Supplier 2 is chosen for all
other values ofv, x.

For succinctness, let us refer to the vedtpt, p2) as p, henceforth. Then, the



revenues of providers 1 and 2 can be expressed by:

00 o0 El 00
Ru(p) = p1 ﬁ / V(X w)dwdx+ / P2 / V(X w)dwdx| | @3)
2 Jo 0o Jww
S—; W(X)
Re(p) = P2 [ [ xvix wydwalx (@)
where,
~roy _ PL— P2X
W(X) - d2—d1 . (5)

In that case, we can write out the first order conditions fostiNaquilibrium, that is,
0Ry(p)/0p1 = 0 anddRx(p) /dp2 = 0.
While we do not include a fixed portion of the usage-based favsprovider 2,
it is clearly the case that one could add such a cost, in whisle,cthe revenue for
provider 2 would have two integrals, where the limits wouddtbe same, but only the
second one would include the varialde The constants would be the fixed fee and
p2, respectively. The interpretation would be then that, ideorto have service from
provider 2, one needs to pay some upfront fee, and thereafissige-dependent price.
Then, the question of interest is whether this system hastivial solution, that
is, one in whichp; £ 0,i = 1, 2 for different assumptions on the forms of the distribution
v(x,w), and, if so, what are the properties of that equilibrium.

2.1 Simplified model: homogeneous usage levels and uniforynl
distributed values of QoS

We may first consider a simplified model in which we do not maiima distribution of
usage levels, but rather examine the equilibrium in which all users aréingel by a
unique, constant, usage levelj.e.,v(x,w) = v(w).

To further simplify, let the distribution of delay-cost tt@off constantsy, be uni-
form on the interval0, 1]. Then, assuming still thak — d; > 0, provider 1 will obtain
1—wW(x) of the market whermp; > pox. Note that if p; < pyx, provider 1 obtains
the entire market, since both price and delay are less ttedroffered by provider 2.
Therefore, consider the former setting; we have that

Ri(p) = pa(1-w(0) = pa | 1= PP, ©

Ra(p) = PaxW(X) = pox {pl_dpzx} . (7)

Solving, we obtain that the equilibrium prices are

p1=2d/3, (8)
pox =d/3, (9)



whered = dy — di. The equilibrium thresholdy*7x), for choosing provider 2 is
W (x) =1/3.

The two prices are equal only in the case where the two provid#er the same
QoS, that isd; = dp, and, indeed, both would be zero. Provider 1, offering thie fla
subscription-based price structure always has the largekehshare, with 2/3 over
provider 2's 1/3.

However, we observe here that the use of a uniformly-disteith value of QoS pa-
rameterw, can lead to misleading conclusions. By taking the distidoy v(.,w) to
be uniform, we assume that there are as many economicalechingers as there are
'big-spending’ users. High values @f signify a high willingness to pay for an im-
proved QoS. Common knowledge, and empirical data, tell lisratise, however — the
proportion of users who opt for cheaper, lower QoS, servicdigurations is generally
much larger than the proportion who pay highly for the besEQkypically, an expo-
nential, or log-normal distribution should be used to maziaih tradeoff parameters
over the population. Through the example, we see that theligication of uniformly
distributed parametew may lead to the misleading conclusion that the market share
for provider 2, appealing to users wishing for cheaper, lo@eS, service, would al-
ways be fixed at 1/3. For more realistic non-uniform distiidnu, as we shall see, this
conclusion may no longer be true.

Remark 1 [Both providers offer flat, subscription-based services] Note further that this
result is unchanged if both providers charge flat, subs@ipbased fees. In that case,
the equilibrium prices are simply;p= 2d/3, p, = d/3, where provider 2’s price is now
flat rather than multiplied by the usage level, x, and thegshmdw* (x) = Ww* = 1/3.

This type of result contrasts with that of Gibbens, Masoud, &teinberg [7][Prop.1],
who consider two service providers, each offering one tyfigervice, defined by price
and delay, and, as in this example, a uniformly-distribwigde of QoS parametew;,
In their model, delay is linear in usage for both providens prices for both providers
are flat (subscription- rather than usage-based). Theyluwdet¢hat the unique equi-
librium in this case occurs when both providers’ prices areaé However, the as-
sumption that both providers offer services with the sant@devel is clearly a strong
one; we saw from the equilibrium we computed in our above Enegample, that,
if delays of both providers are equatl; (= dz, so thatd = 0), then prices are indeed
equivalent for the two providers, but they are also zero.tHarmore, the use of a
uniformly-distributed QoS parameter, as we shall confieadk to biased results.

2.1.1 New Entrant with Better QoS

Let us return again to a market situation in which providetharges a flat fee and
provider 2 a usage-based fg@x. We now consider the scenario where provider 2's
offered QoS is better than that of provider 1, i@z,< d;. Then a usefx,w) will
choose provider 2 i1 > p2x, or if p1 < po2x andw > W(x), wherew(x) is given by
(5). In the latter setting, provider 1 will then getx) of the market whemp; < pox.



Therefore, when assuming all users have a single usagexdebe revenue of the
two providers are respectively,

P2X— p1

Ri(p) = p1W(X) = p1 , (10)
d—do
~ X—
Re(p) = pax(1—W(x)) = pax |1 - P2 PLI. (11)
d—dp
Solving, we obtain that the equilibrium prices are

pi=—d/3= @ >0, (12)

psx = —2d/3= 2@1173—0@ >0, (13)

since, as before = d, — dp, which is now negative, and
W (x) =1/3.

That is, provider 2, now having a better QoS, will get 2/3 @&f tharket in equilibrium.

2.2 Exponentially-distributed usage levels and value of (® pa-
rameters

Suppose now that both the usage leveland the values of Qo$y, are distributed ac-
cording to exponential distributions, each with its own melgaand 1/b, respectively,
wherea,b > 0. Thenv(x,w) = g(x)h(w), with g(x) = ae® andh(w) = be .

For usage levels, this hypothesis is a well-motivated oimegesit represents the
usual Poisson arrivals into the system. For describingigpedsion of the value of QoS
parameter over the population, the exponential distdiouseems also well-justified
since it possesses a shape in which a higher concentratiba pbpulation has a lower
willingness-to-pay.

The system (3)-(4) then simplifies due to the separabilitthefdistributions orx
andw. Evaluating the expression f&i(p), we obtain

apl

Ri(p) = Qple*b% +(1-Q)pe "2,

where
a
Q pu—

bp -
a-=q

The expression for provider 2's revenue is less compact. M



p1/p2 _[a_br2
Rz(p)zapZ/ x[e‘a"—e‘%ﬁbe 2 T]X} dx, (14)
0

apy/p - a2
- E/ “xeXdx— 2P ° 5 /[ Ek xe *dx, (15)
a Jo a_b%} 0

()
a P2

b
ape T o[, bR\ -%]a-"2
- ———1-(1+ = a——=| |e LT TI]. (16)
a_ be P2 d
d

Now, defining dummy variablea and z and lettingu = ap;/pz andz= [a—

bpz/d](p1/p2) = u—bpi/d, and then noting that/dp, = (du/dp2)(9/du) = —(apy/p5)(9/du)
and thatz/ou = 1, we obtain in terms af andz

oRy u U u U

a2 (1+z—ue "+ (1 z) (1-u)e 7)

R, 1 u? 20\ L., , 20 @2 ud u?
(18)

21 u 2.7

Figure 1: Zeros of each derivative functiodRlL anddR2 in the space of dummy
variableg(u, z)

It is not possible to solve the system (17)—(18) analytjcdlbwever, we may ex-
amine the system numerically for simultaneous solutioms {(nterior solutions). The
Figure 1 provides a graphical illustration of the zeros crfremnction,aglp(lp), which
we shall denotalR1, andagz—p(zp), denoteddR2. In the figure, wherdRL or dR2 is

9



2.1 u 2.7

Figure 2: The two plots of Figure 1 super-imposed to illusttae interior Nash equi-
librium solutions in the space of dummy variablesz)

negative, at a poinfu,z), the corresponding point in the spagez) is black. When
dR1(u,z) > 0, then the pointu, z) is colored dark grey, and wheiR2(u,z) > 0, the
point (u,z) is colored light grey. The Figure 2 then illustrates those graphs super-
imposed, providing the simultaneous zero of the two equatio

Two equilibria were identified by exploring a large feasitdgion in this manner;
that is, two points in théu,z) plane were found at which black, and the two shades of
grey meet (i.e., simultaneous zeros of bdfRl anddR2). The first point, shown in the
figure, can be shown to exist @t,z) = (2.5701 1.96) and another solution found by
examining a different region of the space was foun@liat) = (2.133 —2.64).

In terms of extremal, solutions, we would not expect inténgssolutions in which
eitherp;y or p2 were zero.

Solving then for the equilibrium priceg; and p5, when(u,z) = (2.57011.96),
we obtain:

pi = o.am%, (19)
D)= O.24dg. (20)

When(u,z) = (2.133 —2.64), we obtain:

10



m:47m}, (21)
a
5

Analyzing the revenue of the two providers at this solutiee,consider a contin-
uum of values for the two means of the exponential distrdnyt, the mean on client
usage levels, andthe mean value of users values of QoS, and two possible QoS dif
ferencesd = d, — d;. The revenues depend upon the QoS differences, and increase
asd increases, as can be seen for the case of Provider 1 fromeF&gyuHowever,
the ratio of R, to Ry stays constant at around 1.1; that is, provider 2, who clsaaige
usage-based price, always has a higher revenue than thedvofigr 1, who charges
a flat fee. This contrasts with the results obtained when isteilalition governing the
value of QoS parameter was uniform, illustrating that tHfeatfof using a more re-
alistic, non-rectangular probability distribution forthvillingness-to-pay parameter is
significant.

ps = 2.23d (22)

100 -

provider 1, low Value of d
provider 1, high value of d -

90 #
80 ,
ol
60 —

50 fi

Revenues

40}

30 Y

Means of exponential distribution

Figure 3: Revenues of provider 1 and provider 2lascreases on the x-axis

2.2.1 Both providers charge flat fees

Suppose now that both providers 1 and 2 choose to chargaittest;isption-based fees.
Then, assuming still that, > d; and p, < ps, the revenues of the two providers are
given by

Ri(P) = pu [ viwdw

Rip) = P2 viwydw

11



0.4

0.3 q

0.25 q

0.2 q

exp(Z-1)*(1+2)

0.15- 4

0.1 4

0.05 B

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Z = p2*bid

Figure 4: There is no equilibrium solution in the case of botbviders offering flat
prices

With exponentially distributed value of QoS parametershaee that
N _p( P1=P2
Ri(p) = pe™=npe (%),
P1—P2

Ro(p) = p2 (1—efbw) =p <1—eb(T>> ,

Solving, we have

ORt  1-bpr s
30: = (=g )e™=0 (23)
aRZ o o _ bW bp2

—apz =1-e™(1+ e ) (24)

Then, as opposed to the case in which provider 2 chooses-bsagé pricing, when
both providers choose flat pricing, there is no positive tsofuto the system. Indeed,
we have thap; = d/b and, settingZ = bp,/d, p, solvese? 1(1+Z) = 1. However,
as we see from Figure 4 there is no solution to that systenheafutiction does not
equal 1 for any set of positive parameter values. This psathe finding of Fishburn
and Odlyzko [6] that price wars would result from price cottiten in the sector.

2.2.2 New Entrant with Better QoS

Assume now thadl, < dp, that is, provider 2, who charges a usage-based fee, offers a
better QoS. Then a uséx,w) will choose provider 2 ifp; > p2x, or if p1 < pax and

12



w > W(x), wherew(x) is given by (5). The corresponding revenues of providersdl an
2 can be expressed by:

plﬁl/ v(x, w)dwdx (25)

= p2 [/ / XV(X, W) dwdx+/ / V(X, W dwdx} (26)

wherew(x) is given by (5).

Again, suppose that both the usage levels and the valuesdefdff are distributed
according to exponential distributions with means and 1/bwherea,b > 0. Then,
v(x,w) = g(x)h(w), with g(x) = ae"®> andh(w) = be P, Evaluating the system (25)-
(26) at the given exponential distributions, we obtain

Ri(p)=(1-Q) ple‘%, (27)

ap
Ra(p) = % l / " xe Xdx+ Qze‘%‘ a " e de} (28)
0
P2
where, as befora] = d; — dy (but now negative) an@® = :‘ﬁ@.

7
Define, as before, dummy variablesindz and lettingu = ap;/p2 andz= [a—
bpz/d|(p1/p2) = u—bpi/d, we obtain in terms ol andz

Ry
T~ a-Ha-uwe",

a; 1--)1-ue

R 1 u o 20\

Solving the above system then gives the equilibriwmh:= 1, andz* = 2.5227,
which is the only real solution a3 — €)22 —z—2=0.
The equilibrium prices of the two providers are thus
p; = —1.5227d% >0,
P2 = ap.

Note that both equilibrium prices are therefore non-negastince hered =d; —d; <
0.

2.3 Two Tier Pricing

Let us now consider the question of two-tier pricing, thatdsusage-based pricing
structure with two different unit costs: lower if the usagedl is below a threshold,
and a higher unit cost above that threshold. Suppose theitder® now charges using
a two-tier, i.e., burst-rate, pricing structure, with

f opx, ifx<ZT,
pZ(X)_{ 2%, otherwise,
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andgy > po. Thatis, provider 2 still charges a (linear) usage-basecfé the burst
rate will be higher when the usage level is above a given hioldS .

For exampleT here may represent the 95 percentile of total period usetprred
to asa for an particular user.

Assume that provider 1 still charges a flat fpg, and that the delays are the same
as in the previous section, i.d, — d; > 0.

For a user characterized by two-tuglew), his strategies can be summarized by
the following three cases:

)T > %, a user would choose provider 1 if eithep % orx < % andw >
W(x), wherew(x) is given by (5) as before. In this case, the revenues of the two
providersR; andR; are the same as in (36) and (37), and are independept of

2) If % >T > %, users would choose provider 1 if eithee> T or x < T and
w > W(x). Then, the corresponding revenues are

o oo T o

R1<p>=p1[/T [ woxwdwaxs [ [ (X)mx,w)dwdx] (29)
T WX

Re(p)= P2 [ [ xuix w)dwax (30)

3) If % > T, users would choose provider 1 in one of the following thrg®e sases:
i) x> £1;ii) T > xandw > W(x); and iii) T < x < §1 andw > Wq(x), where

Wi (x) = P2 _dqzx. 31)

The corresponding revenues are given by

0 oo P1 o
Ri(p) = p1 /p / H(X,W)dwdx+/q2/ H(x, w)dwdx
q% 0 T W (X)
T 00
+ / / u(x,W)dde}, (32)
0 JW(x)

T R0 & [0
Ra(p) = pz/ / XHU(X, w)dwdx+ qz/ / XHU(X, w)dwdx
0 0 T 0
(33)

2.4 Uniformly-distributed QoS

As before, we begin with the simplest model based on a sirggellevely, and as-
sume that the distribution of delay-cost tradeoff constamtis uniform on the interval
[0,1]. Assume still thatl, — d1 > 0.

Note that wherx < T, the user strategy is independentipf By checking through
the three cases introduced above, one can easily identtyptiovider 2 will obtain
the portionw{x) of the market whem; > p2x, and 0% of market otherwise. In this
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case, the revenues of the two providers are the same as inrs2ct, hence the same
equilibrium exists as before, namely,

p; =2d/3, and p5=d/3x

andw* = 1.

Whenx > T, however, the unit price charged by provider 8is So provider 2 will
obtain the portionvg(x) of the market whem; > gox, and 0% of the market otherwise.
Hence

R = pa(1 i) = pr [1- P (34)

N — QX
Ry = QoXWg(X) = X {%] , (35)

which can be easily solved to obtain
p; =2d/3, and g;=d/3x

andw* = 1.

That ig, assuming the delay-cost tradeeffs uniformly distributed, the multi-tier
pricing structure does not change the Nash equilibrium.

This implies the following, perhaps counter-intuitive uts it may not be worth
the effort for a firm to engage in convincing users to subsctibtwo-tiered prices, if
customer willingless is already low, since equilibrium fi®will not be higher with
that more complex price structurdNaturally, if there are other reasons for using the
burst-rate structure, such as obtaining a priori estimaftesistomer usage levels, e.g.
for capacity planning, these would have to be weighed wigsimplicity gained from
eliminating the two tiers. Other customer preference-aing methods may also exist
without resorting to a two-tiered structure, as well.

We have looked at the competitive equilibrium when the twmdiare maintaining
all the offered service capability in-house. The option efsourcing, typically iron-
demandousiness pardigm has given the firms the flexibility to outsetheir loads to
some outsourcing service provider (third -party) by payseme price and thus free
itself from maintianing the capacity and other resourcesdnse to meet the demand.
We next supplement our model with an outsourcing servicgiges and investigate
the effect of outsouricng on market equilibrium and on theildsrium revenue of the
firms.

3 Third-Party Supplier: Outsourcing

Recall that the revenues of providers 1 and 2 can be expregsed

R = /Ooo oo)pl(x)g(x)h(w)dwdx

W(X

R — /0 ; /0 " p(g()h(w)dwdx

15



The profit functions of each firm then take into account thenexe accrued less the
cost of providing the necessary IT services. Keeping venega forms of the firms’
IT costs, we can express the two firms’ profit functions as:

mo- [ /wfx)ml(x)—q(x))g(x)h(w)dwdx (36)
Mo = [ [ a0~ cot)g0om s 37)

We are interested in modeling the possibility of each firmutsource its IT needs
to a third-party supplier and determining the effect thathsa choice has on the firm’s
profit. As in [2], we suppose that the supplier gives no peféal treatment to either
firm, and therefore proposes the same price structure ta each

Suppose that a single IT outsourcing supplier charges lmaspdce functiorps(x).
That is, the fees may be different at different usage lexel$lere ps(x) may be a
concave increasing function &f or a discretization of a concave increasing function,
as typically the case in practice.

In addition, we assume that if a firm decides to use the outsmgisupplier, it
offloadsall its IT needs to that supplier. Therefore, firm = 1,2, will face IT cost

ps(x) if firm i outsources
Gi(x) = { ci”((x)) if firm i insources (38)

Thatis, a firm’s IT cost will be either the fee it pays to a sugs, ps(x), if it decides
to outsource or its own cosf(x) if it decides to insource.

Given above cost functions, the firms compete in this gamengisdly on the pric-
ing structure, each deciding whether to insource or outsits IT provision. The first
guestion of interest is whether this system has a nontswialtion, that is, one in which
pi # 0,1 = 1,2 for different assumptions on the forms of the distribusig(x), h(w),
and, if so, what are the properties of that equilibrium.

3.1 Uniformly Distributed Usage-levels and Trade-off Paraneters

We first consider a simple model in which the distributionsuefge levels and the
price-QoS tradeoff are uniform on interal X] and [w, W] respectively. To avoid bias
due to specific pricing policies (usage based, flat etc. ) ésder the scenario where
the prices as well as delays are usage-independent and din&tdr in usage level for
the two firms. In other wordspi(x) = pi, Gi(X) = cix anddi(x) =d;, i =1,2. As

a result of these assumptions(xf = W; that is, the critical value of the price-QoS
tradeoff parameteny, which determines what portion of the usage-level distiiu

will choose which firm, is also independent of usage. Wwet W— w thenh(w) = Wir

Evaluating (36) and (37) with these uniformly-distributeshdom variables and

solving for equilibrium pricesp;, i = 1,2, by putting% = ‘3,”722 =0, we obtain (with
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I><

o

X
<

[d(2W — W) +Xm (2¢1 + C2)] ,

Wl Wl

[d(V_V— 2V_V) + Xm (Cl + 202)] .

By substitution ofp;", i = 1,2 in (36) and (37), we obtain the profits of the two firms at
their equilibrium prices:

., _ d (@-c)\?
ny = o ((ZV_V—V_V)—Xm g ) ; (39)
Lo d [ (a—c2))?
n; = o ((w—Zv_v)+xm g ) . (40)
Thus the difference of equilibrium prices is
1
P1— P2 = 3 [(WH+wW)d +xm(c1 —c2)], (41)

and at the equilibrium prices, the profit difference is

1
ni—ns= 3
That is, the equilibrium price difference is linear in theatjty difference and cost
difference. Therefore, the higher firm 1's IT cost s, thehagits equilibrium price will
be, which would in turn negatively impact its profit in a lim¢ashion, when demand
and price-QoS tradeoff parameters are found to be unifedhdributed. Clearly, a
similar analysis applies to firm 2. Thus from (39), (40) theiggrium profits under
insourcing and outsourcing for two firms are:

[(W+w)d — 2Xm(c1 — C2)].

n" = %r ((m—v_v) L ;Cizn)>2’ (42)
g~ %r ((v—v_zv_v)erm@)Z. (43)
e = S mewp?, (a4)
L (45)
From (42)-(43) we observe that
nyn -y = 3iv\/r(v_v—v_v) <w+ PN C i ) ;Ci?n)) . (46)

We conclude from (46):
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o If ¢ <, then > M3, i.e., provider 1 with higher price, better quality and
less in-house cost has higher profit than provider 2 with lopéce, poorer
quality and high in-house cost in a uniform market

o If ¢ > ¢, then if @8 - ¢n _¢n provider 1 will have higher profit then

Xm

provider two and vice-versa.

Further, from (44)-(45) we observe that°" > M>°" always, i.e.,when both
firms decide to outsource all their loads, the higher pricettér quality firm makes
more profit than the lower price, low quality firm in a unifornarket

Next we analyze the profit of the IT supplier to determine Wkebr not outsourc-
ing is profitable in this market, and in the affirmative, weedgtine the equilibrium
profit levels of the two firms with outsourcing. This followset approach undertaken
by [2] who suppose that the provision of IT by the third-pastypplier is profitable if
his revenue less his costs is positive. The IT supplierrredto by the indexs, charges
using a (usage independent) prizgand has a linear cost structuzgx) = Xcs.

If firm 1 decides to use the IT outsourcing supplier, we asstiragit offloads all
its IT needs to that supplier. Therefore the contributiothi supplier’s profits from
firm 1 would be given by

ni= " [ (psxegmhiw)cwex (@)

w

and the contribution to its profits if firm 2 uses its servicesild be:
2 ® W
ne :/o /o (ps — XCs)g(x)h(w)dwdx (48)

3.1.1 Supplier-feasible price set

We need to look at those valuesmffor which ML is positive. We have from (47) and
(48):

—W

=

I'I% = (Ps—CsXm) W (49)
W—w
I'Ig = (Ps—CsXm) Wr_' (50)

ForM} > 0 we need eitheps > CsXm andw > W, or ps < CsXm andw < W. ForMZ >0
we need eitheps > csXm andw < W, or ps < CsXm andw > W. When ps < CsXm,
offering IT outsourcing will not be profitable for the supglisincew’c [w,W]. That
is, the supplier would have positive profit for any outsongcservice only if its cost is
lower than the flat priceps, as expected. Now suppope> csXm. Observe that when
both firms choose to outsource, at price equilibrium, frorh) (ghe corresponding ~
equals%v asc; = ¢z = ps. Thus forM} > 0 we needv > %V which is always true as
W > w; and forM2 > 0 we needw > 2w. Thus wherw > 2w, it shall be profitable for
the supplier to provide outsourcing services to both thediamd wherw < 2w, it is
only profitable to provide outsourcing to firm 1.
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3.1.2 Firm-feasible costs for outsourcing

It will only be profitable for a firm to outsource if its profit der outsourcing is greater
than that under insourcing. We shall next look at feasiblapeter set of the two
firms when it will be profitable for both of them to outsourceor firm 1 we need
M3 < M7°" which implies that

. . in __ Ain
o (T2 w) <o
2d
If M — ¢l < 0 the inequality is never satisfied ds- 0. For firm 2 we nee@ll! < Mgt
which implies, in turn, that:
&l — cMxm

(cf —c5) <(T +(W— 2v_v)) <o.

3.1.3 Feasible parameter set for outsourcing

e Observe that wheps > csxm andw > 2w then it will be profitable for the sup-
plier to outsource to both the firms. Thepandc; should satisfy the following

inequalities:
— Firm 1: It will be profitable for firm 1 to outsource if & ¢! —ci <
2d(2w-w)
e,
— Firm 2: Itwill be profitable for firm 2 to outsource iFXGET < df —clp <

0.

e Whenps > csXm andw < 2w then it will be profitable for the supplier to outsource
to firm 1 and not to firm 2. Thed andc} should satisfy the inequalities in the
caseFirm 1 above.

3.2 Exponentially Distributed Usage-Levels and Tradeoff Rrame-
ters

We next consider the case where the usage levels and theQui8dradeoff have

exponential distributions with meangd and /b, respectively and thus, = <. For

the tradeoff parameter the exponential distribution seesikjustified as it poassesses
a shape close to the commonly used log-normal distribution.

When both firms decide to in-source their IT needs, the Nasiililequm profits
(N7, M5"™) can be solved for using (36) and (37), which in the settingipb@entially-

distributedx andw gives:

. ~ Cin

- e (p-%), 6D
. . Cin

My = a-e)(p-2). (52)
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The Nash equilibrium prices can then be solved for:

ebw(l—g<pl—i£)> = 0 (53)

e‘bw(l—i—g(pz—%)) = 1 (54)

From (53) and (54) we have:

§ d o
P, = 54_;1, (55)

c in
ed(P-3) <1+g (p;_ %)) —e (56)

3.3 Equilibrium under outsourcing
When both firms decide to outsource, the profit functions arengoy:

N = (pr—poe ™, (57)
ng = (p2—py)(l—e™) (58)
The Nash equilibrium price;, p5) can then be solved frorﬁ‘zb'l?—lUt = ag‘g:t =0:
5 b
e bW (1— a(pl— ps)) = 0,
—bw b
e (1+ g(Pe— ps)> = 1
which then gives ug;" as a function ofs:
. d
P1=Ps+ b’ (59)
5(psp) (142 (s _
ed\2 1+ 4(P2—ps) | =€ (60)

Similar to the uniform case we are interested in studyingthssitivity of the equi-
librium prices and profits to quality and cost. From (55) abél) we have by rearrang-

ing:

in __ Ain b(p% — p5)
2_9<pi_p»§_u>_e—d—"l 2 _ o (61)
d a
and for the outsourcing case from (59) and (60):
b, . . b(p]—p5)
2—a(p1—p2)—e =0 (62)



From (61) and (62), we observe that the equilibrium pricéediéince depends only on
the difference in quality and costs of two firms (when both firmsource) and only
on the difference in quality of the two firms (when both firmg¢smurce) similar to the
uniform case. We next study this sensitivity through an gxam_etb =1 and%L — C—g
varies from 01 to 10 andd varies from 01 to 10. The variations in equilibrium price
and profit differences are shown in Fig. 5 for the insourciagec We observe that the
price difference increases with the increase in cost diffee and with the increase in
quality difference (better the quality offered by a firm masehe equilibrium price
charged by the firm). Also as the cost difference increasegthbfit difference de-
creases for a given quality difference. The sensitivitynia non-linear fashion though
the general trends are same as for the uniform case.

PP

co Now ~ o o N

-

Figure 5: The sensitivity of the equilibrium price diffei@nto quality and cost differ-
ences for the insourcing case.

3.4 Equilibrium with Outsourcing: General Results

In this section, we shall present results that summarizeganéralize the results for
competitive equilibrium in presence of outsourcing by deg the formulae that hold
regardless of the distributions employed. Recall that 8age levelsX, and the user’s
tradeoff between price and delaly, are modeled as two independent random vari-
ables, with probability density functiorgx) andh(w) respectively. For convenience,
letd(x) = (—d1(x)) — (—d2(x)) denote the QoS difference across the two firms. The
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Figure 6: The sensitivity of the equilibrium profit differemto quality and cost differ-
ences for the insourcing case.

profits of the two firms are then given by

n, — /0 /W:’X)[pl—q(x)]g(x)h(w)dwdx (63)
e = [ /OW(X)[pz—Cz(X)]g(X)h(W)deX (64)

LetH(w) = P[W < w], andH (w) = 1— H(w). From (63) and (64), we have:
M = E[(p1—cu(X))HMW(X))]
M2 = E[(p2—Cc2(X)H(W(X))]
We then have the following:

Proposition 1 Suppose priceéps, pz) of the two firms are given. Then firtnwould
prefer to outsource if and only & [¢"(X)H (W(X))] < E [ps(X)H(W(X))] . Similarly,
firm 2 would prefer to outsource if and only if
E [c"(OH (W(X))] < E[ps(X)H (W(X))].
The following corollary simply serves to confirm one’s irttan.

Corollary 2 If cI"(x) > ps(x) for all , then it is optimal for firm i to outsource.
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Recall that the price schedules and in-house costs may beleomonlinear func-
tions of usage. The next corollary is immediate when perforoe is usage indepen-
dent i.e.,di(x) = dj,i = 1,2. This could be the case, e.g. some sector where quality
is independent of the usage, or if the total capacity is lafdete that we then have

W(x) = F5-&, which is independent of

Corollary 3 Suppose performance is usage independent i) ¢ d;,i = 1,2. Un-

der arbitrary prices(p1, p2), firm i,i = 1,2 would prefer outsource IE [c}”(x)] >

E[ps(X)], and insource otherwise. The optimal IT cost of firm=; 1,2 is given by
¢’ =min(E [¢"(X)],E [ps(X)]).

Based on above proposition, once the outsourcing pricetsteips(-) is given,
each firm will know immediately whether it should insourcepotsource its IT provi-
sion, thus the optimal IT cost will also be known.

Denotec’ to be the optimal IT cost of firm The Nash equilibrium price®j, p5)

can then be solved fror%% - ‘;'_'Tzz =0

~Sh() [p )+ FI(R) = 0 (65)

S [p2 5]+ H (W)

0 (66)

Recall that if firm 1 decides to use the IT outsourcing supplie assume that it
offloadsall its IT needs to that supplier. Therefore the contributiothi® supplier's
profits from firm 1 would be given by

= [ [ (a0 ) g s

Wi

and the contribution to its profits if firm 2 uses its servicesild be:

2 o rW(X) B
nZ= [ [ (ps9 — cs() g h(w)dwelx
Given that, it follows immediately that
Mg = E [(ps(X) — cs(X))H(W(X))] (67)
M3 = E[(ps(X) — cs(X))H (W(X))] (68)
We then claim the following:

Proposition4 1. If ps(x) > cs(X) for all X, then the supplier’s business is always
profitable, and it will be advantageous for s to provide outsing services.

2. If G(x) > ps(x) for all x, then firm i would prefer to outsource its IT provigito
the supplier.

23



3. IfG(x) > ps(X) > cs(X), then outsourcing is advantageous both for firm+,1, 2,
and for the supplier, s. Ifi¢x) > cs(x) for i = 1,2, then the optimal pricing
structure for the supplier is to set{x) = min{c1(x),c2(x)}.

The following is for the case when performance (QoS) is usadependent i.e.,
di(x) =dj,i=1,2.

Proposition 5 Suppose performance is usage independent (&), ¢ d;,i = 1,2. The
supplier will be willing to provide outsourcing service grif E[ps(X)] > E [cs(X)].
Giventhere is no other, different, outsourcing suppliethie competition (i.e. a monopoly,
or oligopoly with price-fixing), the optimal strategy of tisepplier is to set p=
min(E [c]'(X)] ,E [¢(X)]) in order to attract both firms.

4 Conclusion and Perspectives

We have proposed a model for analyzing markets for electrpmods, that takes into
account the stochastic nature of user demand, as well agribesdsof tradeoffs between
cost and quality of service across the population of endsug&s a by-product of our
general model of a firm selling electronic services, we destrated that the pricing of
e-services need not resultin a ruinous game, as suggestéf e also demonstrated
that the nature of the market equilibrium, in terms of boticgs and of market share,
depends heavily on the assumptions made on user behaviersifiplified model of
uniformly-distributed value of QoS parameters, for exampdads to a fundamentally
different conclusion than the better-motivated exporadigtdistributed value.

Within the frameowrk of our model we studied the effects ofsourcing on the
equilibrium profits and obtain conditions on the values afapaeters (in-house cost,
supplier price, user tradeoff distribution, offered qtyglivhen outsourcing is profitable
for the supplier and/or the firm(s). We also studied the s$eitgiof the equilibrium
prices and profits of competing firms to quality and insougfutsourcing cost differ-
ences.

An interesting topic of future study would be incorporatirsage-dependent values
of QoS parameters, as the resulting model is significantiseraomplex, both theoret-
ically and numerically, but would allow sensitivity anally$n terms of demand (and
profitability) increases as a function of improved (or diisired) QoS.

Finally, it is of substantial interest to develop more coexpdiefinitions of QoS in
this framework. One such effortin this direction is the mgagork [4], which considers
delay as a function of provider capacity, through expliciégeing relationships. How-
ever, the complexity introduced by the capacity-delay depacies renders difficult
the modeling of the price structure complexities studiethis work. That is, prices
in the latter references are flat, or subscription-baséderahan usage-dependent. On
the other hand, as suggested in [4], the additional contplean be handled through
a bilevel, or Stackelberg, framework that optimizes capatécisions for a particu-
lar supplier, when prices are determined by Nash equilil®er more sophisticated
definitions of QoS are envisageable as well: loss probghiétiability, delay variance
(rather than expected value, etc.)
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