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Abstract

In this paper we study the network design arc set with variable upper bounds.
This set appears as a common substructure of many network design problems and is
a relaxation of several fundamental mixed-integer sets studied earlier independently.
In particular, the splittable flow arc set, the unsplittable flow arc set, the single node
fixed-charge flow set, and the binary knapsack set are facial restrictions of the network
design arc set with variable upper bounds. Here we describe families of strong valid
inequalities that cut off all fractional extreme points of the continuous relaxation of
the network design arc set with variable upper bounds. Interestingly, some of these
inequalities are also new even for the aforementioned restrictions studied earlier.

Introduction

We study the network design arc set with variable upper bounds defined as

where a; > 0 for i € N and ag > 0. The network design arc set with variable upper
bounds This set appears as a common substructure of many network design problems.

P:{xGRf, yely, zE{O,l}N : Zaixi <a+y, = < z},
1EN

For a multicommodity network design problem with either fixed charges or combina-
torial restrictions on the paths, x; denotes the fraction of commodity ¢ with demand a;
flowing along an arc with capacity ag +y. The binary variables z;’s are used for modeling
combinatorial restrictions on the paths, such as cardinality, disjointness, etc. as well as
fixed charges. Alternatively, this model arises also when ag + ¥y is used to model a hub
capacity with flow and fixed-charge variables (z;, z;) for each incoming arc 7 € N into the

hub. We will refer to the following inequality as the capacity constraint:

Zaiazi < ap+y.
iEN



An interesting feature of the set P is that it is a common relaxation of four fundamental
sets that received significant attention in the literature. As such, P links these four sets
that have been studied independently from each other. The first set is the splittable flow
arc set [16]

Q:{xeRf, Yy ELy : Zaz‘iﬂi < a+y x < 1}7
1EN
which is obtained from P by restricting z = 1. The second relevant set is the unsplittable
flow arc set [9]

R = {y €7y, z € {O,l}N : Zaizi < ao—i—y},
1EN
which is obtained from P by restricting = z. The third set of interest is the single node
fized-charge flow set [20]

T = {1: € ]Rﬂ\:, ze {01}V : Zaixi < ag, z < z},
1EN
which is obtained from P by restricting y = 0. Finally, the fourth set is the binary knapsack
set [6, 13, 23]

K= {z € {0,1}N : Zaizi < CLO},
1EN
which is obtained from P by restricting x = z and y = 0.

The set Q is the simplest one among these four sets and an explicit linear description
of its convex hull description is known. Optimization over the other sets is NP-hard and
only partial descriptions of the corresponding convex hulls are known.

Note that the convex hulls of @, R, 7, K are faces of the convex hull of P. Thus P
has the characteristics of all these four sets and one can obtain strong inequalities for them
from P. We shall observe in the later sections that the seemingly unrelated inequalities
given independently for Q, R, 7, and K are just special cases of the valid inequalities for
P when they are restricted to the appropriate faces of the convex hull of P.

In the remainder of this section, we review some of the basic results known for the
related sets Q, R, 7, and K so that we can show the connections between the inequalities
for P and those known for the others. We also review the basic mixed-integer rounding
procedure as it is used in the paper. In Section 2, we describe some of the basic polyhedral
properties of P. In Section 3, we give generalizations of the flow cover inequalities for P
and discuss their strength as well as the fractional solutions cut off by them. In Section 4,
we describe strong valid inequalities obtained through two consecutive applications of the
mixed-integer rounding procedure. It turns out that these inequalities are sufficient to cut
off all fractional extreme points of the continuous relaxation of P. Interestingly, some of
the strong inequalities obtained for P are also new even for the aforementioned restrictions
studied earlier.

Throughout, the convex hull and the continuous relaxation of a set are denoted by
conv(-) and relax(-), respectively. For v € RV, we define v(S) = Y icgvi for S C N. For
a € R, we use (a)" to denote max{a,0}. We let @ = ([a(N) —ag]|)" and n = |N|. We use
e; to denote the 7th unit vector, 0 and 1 to denote a vector of zeros and ones, respectively.



1.1 Splittable flow arc set

The splittable flow arc set Q, is the relaxation of a multicommodity flow design problem
for a single arc of the network. The residual capacity inequalities [5, 16]

Zai(l_xi) > pn—y), SCN, (2)

€S
where n = [a(S) — ap| and p = a(S) — ap — [a(S) — ag], are valid for Q. For the slightly
special case, where ap = 0, Magnanti et al. [16] show that adding all residual capacity
inequalities to relax(Q) gives a complete description of conv(Q). Atamtiirk and Rajan
[5] give a polynomial separation algorithm for (2). In particular, they show that for a
point (x,y) € relax(Q) \ Q, a violated residual capacity inequality (2) is given by letting
S={ieN:z >y— |y]}. Although stated in [5], a proof for convex hull description
is not given for @ when ag # 0. For completeness, we show below that the convex hull
result for Q follows from [16].

Lemma 1 Adding the residual capacity inequalities (2) to relax(Q) gives conv(Q).

Proof Given Q, define the set

Qo = {96 eRY,z0 € Ry, yo € Zy : ([ao] — ag)zo + Zaixi < yo, <1, 2 < 1}-
1EN
From [16] adding the residual capacity inequalities to relax(Qp) gives conv(Qp). X =
{(z,x0,y0) € conv(Qp) : xo = 1} is a face of conv(Qyp), and therefore it is integral.
This holds true after adding a lower bound yy > [ag| on the only integer variable. Then
projecting out variable z and defining y = yo — [ag] gives conv(Q). Observe that residual
capacity inequality > ;g ai(1 — x;) + ([a;] — ao)(1 — x0) > po(no — yo) for Qo with ng =
[a(S) + [ao] —ao] and po = a(S) + [ao| — ao — [a(S) + [ao] — ao| equals (2) for zg =1
and y = yo — [ag] since 9 = n + [ag] and pg = p. .

1.2 Single node fixed-charge flow set

The first polyhedral study of the single node fixed-charge flow set 7 is due to Padberg et
al. [20]. Let S C N be called a cover if X = a(S) —ap > 0. For a cover S, the authors
define the flow cover inequality

> aiwi+ Y (ai— N1 - z) < ao, (3)
1€S 1€S
which is facet-defining for conv(7) if A < @ = max;cga;. In the same paper they also
show that the augmented flow cover inequalities

Z CLZLEZ—}—Z(CLZ —)\)+(1—Zi) < aO+Z(a_>\)Zia (4)
i€SuUT = i€T
where ' C {i € N\ S : a; < a} define facets of conv(7) under the same condition as well.
Gu et al. [12] obtain generalizations of (4) through sequence independent lifting of (3).
A complementary class of pack inequalities for 7" and their lifting are studied in [1, 21].
Flow sets with integer variable upper bounds are studied in [2, 8, 14].



1.3 Unsplittable flow arc set

The unsplittable flow arc set R is studied first by Brockmiiller et al. [9]. For S C N they
define the c-strong inequalities

Z [ai] zi + Z lai] zi < cs + v, (5)

= ieEN\S

where cs = ) ;g [ai| —[a(S) —ag]. Aset S C N is called mazimal c-strong if cg\ ;3 = cs
for alli € S and cgyy;y = cs+ 1 for all i € N\ S. Brockmiiller et al. show that a c-strong
inequality (5) is facet-defining for conv(R) if and only if S is maximal c-strong. Atamtiirk
and Rajan [5] generalize (5) to k-split c-strong inequalities

> Tkailzi+ Y kai|zi < ok + ky, (6)

i€S 1EN\S

where c = Y, [ka;] — [ka(S) — kao] for a positive integer k. Other strong inequalities
obtained by lifting binary knapsack cover inequalities for R are described in [5, 22].

1.4 Binary knapsack set

The binary knapsack set K is the most studied restriction of P. The basic inequalities for
KC are the so-called cover inequalities: A set S C N is called a cover if A = a(S) —b > 0.
For a cover S, the cover inequality [6, 13, 23]

>z <8 -1 (7)

€S

is valid for K. Cover inequalities (7) from minimal covers induce facets of the restriction
conv{rx € L :x; =0, i € N\ S} and they cut off all fractional extreme points of (K).
These inequalities typically need to be lifted in order to obtain facet-defining inequalities
for conv(K) [7, 10, 12, 19, 25, 26].

1.5 MIR inequalities

Mixed-integer rounding (MIR) [18] is a general procedure for deriving valid inequalities
for mixed-integer sets. Typically strong inequalities for mixed-integer sets can be derived
with a single MIR application from an appropriate relaxation [17]. For completeness and
ease of presentation, we next review the basic idea behind these inequalities.

Observation 2 [24] If x4y > b is a valid inequality for a mized-integer set X C {(x,y) €
R4 x Z}, then the MIR inequality x > r([b] — y), where r = b — |b] is also valid for X.

Next we give a simple application of the MIR procedure that will be used later in the
paper for obtaining strong inequalities for P.



Lemma 3 Consider a mized-integer set
Y = {(m,y) e Ry x Z:quT : a:—i—Zaiyi - Zaiyi > b} ,
i€s i€T

with b >0 and a; > 0 for alli € S. For a > max{b,a} and a = max;cgs a;, inequality

z+ Y min{a;,b}yi — Y dalai, by > b, (8)

ies €T

where ¢o(a,b) = (bla/a] + (a — afa/a] + b)), is valid forY.

Proof Dividing the inequality defining Y by «, one obtains

EJFZ%%—Z%MZ

€S i€T

=

9)

Applying MIR to inequality (9) gives inequality (8). To see this, let p; = afa;/a] — a;.
For ¢ € T, if p; < b we rewrite the coefficient of y; in inequality (9) as — [a;/a] + pi/a,
otherwise we relax inequality (9) by changing this coefficient to — |a;/a]. We then apply
Observation 2 by (i) treating (a;/a)y;, ¢ € S as a continuous variable if a; < b, and (7)
treating (p;/a)y;, @ € T as a continuous variable if p; < b. .

2 Basic properties of conv(P)

First note that optimizing a linear function over conv(P) is N'P-hard since the binary
knapsack polytope conv(K) is a face of it. We next state basic polyhedral properties of
conv(P). Observe that if a(N) < ag, then relax(P) is integral and therefore conv(P) =
relax(P). This is due to the fact that when the capacity constraint in redundant, the
remaining constraints defining P only consist of (variable) bound constraints.

Proposition 4 The polyhedron conv(P) is full-dimensional.

Proof The following 2n + 2 points (y, z,z) of P are affinely independent: (a,0,0), (a +
1,0,0), (a,e;,0) and (a,e;,e;) for i € N. .

We next make some observations that help characterize the extreme points of relax(P)
and conv(P).

Proposition 5 Let p = (y, z,x) be an extreme point of relax(P).

1. if y >0, then Y oy a;x; = ag +y, and x;,2; € {0,1} for alli € N;

2. if 1 > xp, > 0 for some k € N, theny =0, z;,z; € {0,1} for all i € N\ {k} and
zi € {xg, 1}.



Proof First note that if the capacity inequality is not tight, then y = 0 as the non-
negativity constraint is the only other constraint that variable y appears in. Similarly, at
least one of 1 > z; or z; > x; has to hold as equality for all 7 € N.

Assume that y > 0 and 1 > x; > 0 for some i € N. Let pt = p + (ea;, €'e;, ee;) and
p~ =p— (ea;,€e;,ee;) where € = € if z; # 1 and € = 0 otherwise. Notice that for some
small € > 0, we have pT,p~ € relax(P) and therefore p can not be an extreme point.

If 1 > z;,z; > 0 for distinct i,k € N, then it is possible to construct two points by
simultaneously perturbing xz; and zj; that give the point p as a convex combination. .

Based on this observation, we have the following characterization of the extreme points
of relax(P).

Corollary 6 The point (y, z,z) is an extreme point of relax(P) if and only if one of the
following two cases holds:

1. There exist S CT C N and k € S such that ap, > X\ = a(S) —ap > 0 and

1 dfieSN{k} [ 1 ifieT\{k} B
Ho { 0 otherwise » AT 0 otherwise » =0, and
either x, = zp = 1 — A ay, or z, =1 — N/ ay and z, = 1.
2. There exist S CT C N such that
)1 dfies 1 ifieT B
v { 0 otherwise = { 0 otherwise = max{A, 0},

In Sections 3 and 4 we present valid inequalities that cut off fractional extreme points
of relax(P). We next identify basic properties of the extreme points of conv(P).

Proposition 7 Let p = (y, z,x) be an extreme point of conv(P). If 1 > xp > 0 for some
k € N, then

1. Y ey @iy = ag +y, and x; € {0,1} for all i € N\ {k};

2. if y > 0, then either arxy <1 or apxr > ap — 1.

Proof If 1 > x; > 0 and the capacity inequality is not tight, it is easy to construct two
points in conv(P) by increasing and decreasing . Using a similar argument, if 1 > z; > 0
for i # k, then point p can not be extreme.

Assume y > 0, agr, > 1 and ag(1 —z) > 1. Let pt = p+ (1,0,¢eex) and p~ =

p — (1,0,ee) where ¢ = 1/ag. Clearly p = p™/2 + p~ /2 and therefore p cannot be
extreme. .

Based on this observation, we have the following characterization of the extreme points
of conv(P).



Corollary 8 The point (y, z,xz) be an extreme point of conv(P) if and only if one of the
following three cases holds:

1. There exist S CT C N and k € S such that A\ = a(S) —ag > 0 and a > p, where
p=A—1|\|, and

1 if i € S\ {k}

B o 1 dfieT -
vi=9 l=p/ax fi= k, » AT { 0 otherwise * 47 AL
0 otherwise

2. There exist SCT C N and k € N\ S such that A >0, ap > 1 — p and

1 ifieS s
o e 1 dfieTu{k} B
n={ (-p)an ifi=k ,zl—{o FLeTU) .
0 otherwise

3. There exist S CT C N such that

xi:{l ifie S ,zi:{l ifieT

0 otherwise 0 otherwise ’ y = max{[A],0}.

We next present some basic results on the facets of conv(P).

Proposition 9 Trivial facets of conv(P).

1. Inequalities 0 < xy, x < 2k, 2k < 1 for all k € N are facet-defining for conv(P).
2. Inequality 0 < y is facet-defining for conv(P) if and only if ag > 0.
3. The capacity inequality (1) is facet-defining for conv(P) if and only if

(i) a(N) — ap > max{1l, max;en a;} if ap > 0,
(ii) a(N)>1 ifap =0.

Proof For each inequality we give 2n + 1 affinely independent points (y, z,x) on the
respective face of conv(P).

1. 0 <z (a,0,0);(a+1,0,0);(a,e;,0) for i € N; (a,e;,¢;) for i € N\ {k}.

xp < zk: (a,0,0); (a+ 1,0,0); (a, ex, ex); (a,e;,0),(a,e;,e;) for i € N\ {k}.

zi < 1: (a,ex, 0); (a+1, e, 0); (G, e, ex); (G, e +ei,0), (a,ex+e;,¢;) for i € N\ {k}.
2. (0,0,0);(0,¢;,0), (0, €4, €e;) for i € N, where € > 0, small.
3. (4) If a(N) < ap, then (1) is implied by the bounds on the variables. If 0 < a(N) —

ap < max{l, max;cy a;}, then inequality (11) with S = N, 2 <1 and y > 0 imply
inequality (1). For the other direction, consider following points:

(0,1, e atfyei)s (L1, Y e ayei);



(0,1, e n\jiy Wei) and (0,1 = e, 3 e n (1} Wei) for k € N.

(79) If a(IN) < 1 and ap = 0, then inequalities (13) imply (1). For the other direction,
consider following points:

(0,0,0); (0, k,0), (1,1, Xien iy arws€i + agvyer) for k € N, where 8 = 7y,
e >0, small if [N| > 1 and 6y = e =0if |[N| = 1. .

Proposition 10 For all non-trivial facet-defining inequalities ax—Fz—~y < 6 of conv(P)
the following statements are true:

1.6>0,6>0, andy > 0;
2. Bi+ lajly > «; > B; for alli € N;
3. Ji € N such that o; > [3;;
4. a(T) > ag forT={i € N :a; > 0}.

Proof As (0,0,0) € P, we have 6 > 0. Let F' be the set of points in P that satisfy the
inequality as equality. As the inequality is assumed to be different from z; < 1, there is a
point p = (y, z,z) € F with z; = 0. Since setting z; = 1 does not violate feasibility, 5; > 0
for all ¢ € N. Furthermore, the value of y can be increased without violating feasibility,
and therefore v > 0. Similarly, increasing z; and x; to one and y by [a;]| gives another
point in P, therefore a; < 3; + [a; |y for all i € N.

On the other hand, as the inequality is assumed to be different from z; > 0, there is
point p’ = (y,z,2) € F with z; = 1. Decreasing z; and x; to zero gives another feasible
point. Therefore 3; < a;x; < oy for all i+ € N. If a = 3, then the inequality is implied by
a(z —2<0)+v(—y <0) and 0 < §; hence o # 5. But now, if v = 0, we have a« = (3 by
Bi + laily > a; > ;.

Finally, suppose a(T) < ag for T'= {i € N : o; > 0} and consider a tight point
P’ = (y,z,2) with y > 0. As a(T) < ap, the point (0, z, x) is also feasible implying v < 0,
a contradiction. .

3 Capacity flow cover inequalities

For S C N such that A = a(S) — ap > 0, let us relax the capacity inequality as
ap+y > Zaﬂi = Zai[l — (1= 2z) — (zi — )]
€S €S
or equivalently
y+2ai(1—zi)+2ai(zi—xi) >\ (10)
ies €S
Then by Lemma 3, the capacity flow cover inequality

min{1, A}y + Zmin{ai, A1 —z) + Z ai(zi —x;)) > A (11)

i€S €S



is valid for P. Note that inequality (11) can also be written as

D aiwi+ Y (ai—NT(1—z) < ap+min{l,A}y. (12)

ies ies
We first note that (12) is a generalization of the well-known flow cover inequality (3).

Remark 11 Observe that for the single node fixed-charge flow set T, the capacity flow
cover inequality (12) reduces to the flow cover inequality (3) by letting y = 0.

We next identify the conditions under which the capacity flow cover inequality (12)
is facet-defining for conv(P). We study the cases when ag = 0 and ag > 0 separately as
the polyhedral structure of conv(P) depends on ag.

Proposition 12 Assume ag > 0. The capacity flow cover inequality (11) is facet-defining
for conv(P) if and only if one of the following three conditions hold: (i) A < max;cs{a;},
or (ii) A< 1, or (7i1) S = N.

Proof Necessity. If A > max;es{a;}, A > 1, and S # N, then inequality (11) becomes
Y ics @iti < ag +y, which is implied by the capacity inequality (1) and 2; > 0,7 € N\ S.

Sufficiency. For a given S C N, we first write inequality (11) in canonical form as
follows:

min{l, A}y + Z (aif)\)zifZai:pi > Z a; —ag — NS\ 9,

1€S\S’ €S 1€S\S’

where S" = {i € S : a; < A}. Let F be the face induced by inequality (11) and let
ay + Bz + ~vyx = 6 be satisfied by all points in F'. We will show that any such equality is a
multiple of the inequality that induces the face by generating pairs of points p' = (v/, 2/, 2/),
and p” = (y”,2",2”) and using the fact that a(y’ — ¢") + B(z' — 2") +y(2' —2") = 0 if
both points are in F. We first construct a point p! = (y!, 2!, 2!) € F, where
1_{1 ifies QJ:{I—JE ifies

0 otherwise ' 0 otherwise

Since ag, A > 0 by assumption, a(S) > A > 0, and therefore 1 > xf > 0 for all k € S.

Let s = (0,0, (1/ag)ex). Since 1 > z} > 0, there exists a small enough € > 0, such
that p' + esy, — esj € I for all j,k € S. Therefore, v, = —ay0 for all k € S for some fixed
constant & > 0.

Next, for all k € S\ S, we construct a point ¢¥ = (y*, 2*, %), where

k_q ok {1 ifieS\k A {1 ifieS\k

0 otherwise ’ Ti = 0 otherwise

Using p', ¢* € F, we see that B + (1 —\/a(S))yr — >ies\ k(A a(S))yi = 0. Substituting
Yk = —aya for all k € S and simplifying the equation gives 8 = (ax —\)a for all k € S\ S’
as desired.



Next, for all k € S we construct a point ¢* = (y¥, 2*, 2¥), where

k_{l itieS\k xk_{l—a?sif’;k ificS\k
- =2

0 otherwise ~ ¢ otherwise

Note that a(S\ {k}) > X\ —aj >0 for k € S’. Since yx = A for both ¢*,p! € F, we have
By =0 for all k € S,

Finally, we construct a point p? = (y2, 22, 2%) € F, where

¢ 0 otherwise ’ otherwise

24 2:{1 ifies ) {1—(@+mi§({§f} ifies
’ 0

Using pt, p? € F, we conclude that o = min{1, A\}& as desired.

If S # S, then for all k € S\ S’ the slack of the capacity inequality (1) for point ¢¥ is
§=0o+Y— D ;en @i%Ti = a — A > 0. If, on the other hand, S = 5’, then by assumption,
we have 1 > A, and for p? (1) has a slack of s = 1 —\. In either case, we have a point p € P
with slack and we can perturb it to obtain points p + til,p + t? € F, where tll = (0,1,0)
and t? = (0,1, (s/a;)e;), to show B; =~; =0 for all i ¢ S.

Using p, for instance, we also have § = Y. s\s @i —ao— AlS\ S’|. We have therefore
shown that inequality ay + 6z + vy = ¢ is a multiple of the original inequality and the
points defined above are affinely independent. As (0,1,0) € P\ F, F' is a maximal proper
face of conv(P). .

Therefore, when ag > 0 the capacity flow cover inequality (11) is facet-defining under
mild conditions. When ay = 0, however, inequality (11) defines a facet only when it

reduces to the capacity inequality (1), or to the surrogate variable upper bound inequality
(13).

Proposition 13 Assume ag = 0. The capacity flow cover inequality (11) is facet-defining
for conv(P) if and only if one of the following two conditions hold: (i) |S| = 1 and
a(S) <1, or (ii) S = N and a(S) > 1.

Proof Necessity. In this case A = a(S). If a(S) < 1 and |S| > 1, inequality (11) becomes
Y ics @it; < a(S)y, which is implied by individual inequalities a;(z; —y) < 0,7 € S. If
a(S) > 1 and S # N, inequality (11) is implied by the capacity inequality (1) and x; > 0,
i€ N\S.

Sufficiency. In the first case, inequality (11) reduces to xzp <y, k € N. The following
affinely independent points are clearly on the face: (0,0,0); (0,¢;,0) for i € N; (1,1, ex);
(1,1,ee; + ex) for i € N\ {k}, where 0 < € <1 — ag. In the second case, inequality (11)
is the capacity inequality (1) and the result follows from Proposition 9. .

Corollary 14 If ag = 0, then the surrogate variable upper bound inequality
ri <Y (13)

is facet-defining for conv(P) if and only if a; < 1.

10



We next identify the fractional extreme points of relax(P) that can be cut off using a
capacity flow cover inequality.

Proposition 15 Every fractional extreme point (xz,vy, z) of relax(P) with y < 1 is cut off
by a capacity flow cover inequality (11).

Proof Let p = (z,y, z) be a fractional extreme point of relax(P). By Corollary 6, if y = 0,
there exist S € N and k € S such that a; > A > 0. Then inequality (11) with such S is
violated by p as

Zaia}i + Z(ai — N1 = 2) = ao + (ax — NN/ ay, > ag = ag + min{1, A\}y.
1€S 1€S

On the other hand if y > 0, then there exist S C N such that y = A ¢ Z. If A < 1, then
inequality (11) with such S is violated by p as

Zaixi + Z(ai ~NT(1—2)=a+\>ao+ A2 =ap+ min{1, A}y.
€S €S

3.1 Lifting with integer capacity variable

We next describe valid inequalities obtained by first fixing the value of the y variable, and
then lifting the associated basic flow cover inequality. If the y variable is fixed to v € Z,
then the resulting lifted inequality has the form

> aiwi+ Y (ai—r)T(1—z) <ag+v+aly—wv), (14)
€S 1€S
where S C N and r = a(S) —v —ap > 0.

Proposition 16 Let S C N be such that r = a(S) —v —ag > 0 for v € Z,. Then the
lifted capacity flow cover inequality (14) is valid for P if and only if

1. =®o(-1) < aifv=0;

<

2. —0(—1) <a < ®(1) ifv >0, where ® is defined as in (15).

Moreover, (14) defines a facet of conv(P) if a equals one of its bounds and r < max;egs a;.

Proof Inequality (14) is the flow cover inequality (3) for the restriction P(v) = {(z,y, z) €
P :y=wv} of P and it is valid for P(v) for any . Then (14) is valid for P if and only if
a < a <@, where

a = max { Dies Giti + Y eg(ai =) (1= 2) —ag —v
a -

:(z,y, 2) EP,y>v}
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and

o=

_ ) . ) S
min { e ZZGS = ZZES(al T) ( ZZ) : (IL‘,y, Z) € P7y < U} 5
V=Y
with @ = oo if v = 0.
Without loss of generality suppose S = {1,2,...,[S|} with a1 > a2 > --- > a|g. Let
p=max{i € S:a; > A}, A; = 22:1 ay for i € {1,2,...,p}, and Ay = 0. It is shown in
[12] that the lifting function

®(a) = mln{ao—i-v—z:alxl%—z 1—z,).(x,y,z)€73(v—a)}

€S €S
can be stated as
max{—r,a} ifa <0,

ir if AiSGSAH_l—T,

Oa)=¢ ir+(a—4;) if 4j—r<a<A, (15)
pr+(a—A4,) if A,—r<ap+wv,
400 if a>ag+w,

where i € {0,1,...,p—1} and that ® is superadditive on [0, ap+v] and (—o0, 0], separately.
( )

Then for v > 0 we have @ = = ®(1), where the last equation follows

from superadditivity of ® over [0,ag + v]. Slmllarly, @ = —mingez q<0 q)((la) = —P(—1).
Finally, if r < max;eg a;, inequality (14) is facet-defining for conv(P(v)) and in addition
if o € {a, @} < o0, the lifting is exact; hence, (14) defines a facet for conv(P) .

Note that —®(—1) = min{1, r}. Therefore, if we chose v = 0, then

Zazmz + Z a; — ) (1 - z) < ag +min{1,7}y (16)

€S €S

is valid for conv(P). Notice that this inequality is identical to the capacity flow cover
inequality (11). Also notice that the facet sufficient condition of Proposition 16 is more
restrictive than the condition of Proposition 12. Therefore, when v = 0, the lifted inequal-
ities do not lead to new inequalities.

If v > 0, however, the resulting inequalities are new. First observe that min{1l,r} <
®(1) if and only if max;ega; < 1. So if v > 0, then

Zazazz—#—z T(1—z) <ag+v+ry—0) (17)

€S €S

as well as

> aiwi+ Y (ai—r) (1 —z) <ag+v+2(1)(y —v) (18)

€S €S

are valid for conv(P) provided that max;csa; < 1. Inequalities (17) and (18) are facet-
defining provided that r < max;cg a;. They are distinct if and only if Ay — r < 1.

Recall that every fractional extreme point (z,y, z) of relax(P) with y < 1 is cut off by
a capacity flow cover inequality (11). We next show that some of the remaining ones are
cut off by the lifted capacity flow cover inequality (17).

12



Proposition 17 Every fractional extreme point (z,vy,z) of relax(P) with y > 1 is cut off
by a lifted capacity flow cover inequality (17) with v = |y| and S = {i € N : x; > 0}
provided that a; <1 for alli € S.

Proof By Corollary 6, if y > 1 for a fractional extreme point, then (i) y & Zy, (ii)
Y ien @ixi = ag +y and (4ii) x;,z; = 1 € {0,1} for all i € N. Therefore,

Zaixi+2(ai—r)+(1—zi):a0+y:ao+v+r>ao+v+r2:ao~|—v—|—7‘(y—v).
i€s €S

3.2 Augmented capacity flow cover inequalities

We can augment inequality (11) to obtain new valid inequalities that have non-zero coef-
ficient for variables (x;,z),i € N\ S. Let S C N be such that A = a(S) — ap > 0 and
T C N\ S. Now let us relax the capacity constraint (1) as

a+y = Y all—(1—z)—(zi—z)] + > ailzi — (2 — 3)]
€S €T
or equivalently

[ > ai(zi — )

iesSuT

+

y+2ai(1 —zi)] — [Zaizi] > A\ (19)

€S €T
Then by Lemma 3, for « = max{1,a,\} and a = max;cs{a;}, the following inequality:
> ai(z — ) + min{L,Aby + > min{an AY(1 = z) — D dalan Nz > A (20)
1€SUT €S 1€l

is valid for P. Inequality (20) can also be written as

> awi+ > (6= N1 —2) = (0 — ¢alai, M)z < ao + min{l, Aly.  (21)

1€SUT i€S €T

The coefficients of z;, i € T approximate the ones obtained through sequence inde-
pendent lifting functions in [11]. Under conditions stated in the Proposition 18 they are
equal.

Proposition 18 Augmented capacity flow cover inequality (21) is facet-defining for conv(P)
provided that (1) ap >0, (2) A < a, and (3) a =A< a; <a—(XA—a(S))" forallieT,
where S = {1 € S :a; < \}.

Proof Inequality (21) with 7' = () is facet-defining for conv(P) under conditions (1) and
(2) by Proposition 12. The MIR function ¢,(., A) is superadditive and equals the lifting
function described Theorem 10 of Gu et al. [11] under condition (3). .

13



On the other hand, writing inequality (19) as

[ Z ai(zi —{L‘7;) Zai(l —ZZ')] —

1€SUT €S

+

—y+ Z (lizi] > A (22)

€T

and applying Lemma 3 for a = max{a, A}, we obtain the following valid inequality:

Z ai(zi — x;) + Zmin{ai,)\}(l — zi) — ¢a(—1, Ny — Zd)a(ai,)\)zi > A

1€SUT €S i€l

or equivalently

Z a; x; + Z(CLz — )\)+(1 — Z,‘) - Z(az - (25(1(0,,‘, )\))Zz <ap— ¢a(_17 /\)y (23)

1eSuT €S i€l

for P.

Proposition 19 Augmented capacity flow cover inequality (23) is facet-defining for conv(P)
provided that (1) A < a, (2)1<a, and (8)a— X <a; < As— X forallieT.

Proof Inequality (23) with 7' = () and y = 0 is facet-defining for conv(7") under conditions
(1) and (2) [20]. The MIR function ¢g(., A) is superadditive and equals the lifting function
® described in (15) under condition (3). .

Observe that inequalities (21) and (23) are equal if A < @ and 1 < a; however, facet
condition of Proposition 19 is less restrictive in this case.

4 Mixed integer rounding inequalities

In this section we describe a family of facet-defining inequalities that cut off all fractional
extreme points of relax(P). In addition all extreme points of conv(P) are extreme points
of the polyhedron obtained by adding these inequalities to relax(P).

Let S C N such that A = a(S) — ag > 0. Relaxing the capacity flow cover inequality
(11) by skipping the coefficient reduction step for i € S’ C S and increasing the coefficients
of the (1 — z) terms for i € S\ S, we obtain

y+ > min{n, [a 31— z) + > [ai] (1—2z) |+

1€S\S’ €S’

Z ai(zi — $l) + Z ’I”i(l — Zl)] 2 )\,

ieS ies’

where 7 = [A] and 7; = a; — |a;]. Now applying to this inequality the MIR procedure
gives the following valid inequality:

Yoailzi—a) + Y ri(l-z) (24)

€S €S’

> P(U —y— > min{y, [a]}(1—z) =Y la] (1 - Zz‘)>,

1€S\S’ €S’

14



where p = A — | A]. Notice that as the capacity flow cover inequality (11) is itself obtained
by the MIR procedure, inequality (24) is the result of two iterative applications of the
MIR procedure.

Remark 20 For the splittable flow arc set Q, inequality (24) reduces to residual capacity
inequality (2) by letting z = 1.

Proposition 21 MIR inequality (24) is facet-defining for conv(P) if and only if

1. 9>\ ie, N¢Z,
2. a(S) > p, i.e., either ag >0 orn > 1,
3.8 ={ief :a <Xandr; <p}.

Proof Necessity. 1. If n = A, then (24) is implied by the capacity inequality (1) and
the bounds. 2. If ag = 0 and n = 1 > a;, then a; = r; < p for all ¢ € S. Thus unless
S" = S, inequality is weak. For S’ = S, inequality becomes 3, ¢ a;(1 —x;) > a(S)(1—y),
which is implied by individual capacity flow cover inequalities (11) z; < y;, ¢ € S. 3. Let
S*={ieS :a; <Xand r; < p}. If S’ # S*, then replacing S” with S* gives a stronger
inequality since r; + p|a;] < pmin{n, [a;]} for i € S*.

Sufficiency. For a given S C N, we first write inequality (24) in canonical form as
follows:

Py + Z <ai — pmin{n, [aﬂ}) zi + Z (ai —r; —plai] )zi — Z ;T

1€S\S’ ies’ ieS
ZP(W— S min m—zw) Yy,
ies\s’ i€s’ i€’

Let F be the face induced by inequality (24) and let ay + 5z + vz = ¢ be satisfied by all
points in F. We start with constructing a point p' = (y!, 2!, 2!) € F and show that F is

not empty:
1 ifieS
y =n(9), = t { 0 otherwise ’

where 1(S) = [a(S) — ap|. Let tx = (0,ex,0) and s = (0, ex, eey), where € = (1 — p)/ag.
Since for all k € N\ S, both p' and p' + ¢, € F, we have B = 0 for all k € N\ S.
Similarly, p' + ¢ and p! + s, € F implies that v, = 0 for all k € N\ S.

Next, we construct p? = (32, 2%, 2%) € F, where

2 _ _ 2 _ = a(%)
Y nS) -1, 7 { 0 otherwise ’ i { 0 otherwise

Note that 1 > 22 > 0 for all i € S. Let t;, = (0,0, (1/ax)ex). For each 4,5 € S and for a
small enough € > 0, both p? and p? + et; — et; € I, and therefore for some & € R we have
e = —ayd for all k € S. Furthermore, p',p? € F implies that o = p&.

We next observe that for any u,v € R, if we let w = [u] =1+ 7y, v=[v]| =1+,
and u 4+ v = [u+v] — 1 4+ 7y, wWith 1 > 7y, 7y, 4 > 0, we have
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(1) either ry +1ry, > 1< [utv] = [u] + [v] © ryw =71y + 7 — 1 < min{ry, r,}, or
(13) or ry + 1y <1< [utv] = [u] + [v] =1 S ryy =1y + 74 > max{ry, ry}.

Let I = (min{n(S), [ak]}, ek, er). Since rp > p for all k € S\ S, we have n(S \
k) = n(S) — [ax] < n(S) — min{n(S), [ar]} and therefore p! — I, € P. Using p',p' —

Il € F, we obtain the equation min{n(S), [ax]}a + Ok + v = 0 implying [ = <ak —
pmin{n(S), [ax] })6 for all k € S\ 5.
Finally, for all k € S’ we construct a point ¢* = (y*, 2*, 2¥), where

{1 ifieS\k k{l—m ifieS\k
=1 ,

yr=n(S) = lar] =1, = 0 otherwise * otherwise

Note that r, < p for all k& € S" implying n(S \ k) = n(S) — |ax] and (S \ k) = p — 7.
Therefore,

S aiak = a(S\ k) (1 - aﬁs_\TZ)) — a(S\ k) — (S \ k)

€S

and ¢* € P. Since both p?, ¢* € F, we have

0 = lag)po+ B —a(S)o (1~ ﬁ) +a(5\ k) (1~ a?s_\rll:;))

lax| p& + Br — a(S)a + p5 + a(S\ k)a — p& + rio
= |ax] po + Bk — axo + 110

implying 8, = (a;g — 71— plag] )6’ for all k € S’, as desired.

We have therefore shown that inequality ay + 8z +vyx = § is a multiple of the original
inequality, and the points defined above are affinely independent. As (a+1,1,1) € P\ F,
F is a maximal proper face of conv(P). .

Observe that if A < 1, we have n = 1 and p = A. Then by Proposition 21 facet-defining
inequalities (24) satisfy a; < A < 1 for all 4 € S’, in which case they are equivalent to
capacity flow cover inequalities (11). Therefore, inequalities (24) are of particular interest
if A > 1 as they differ from inequalities (11) in that case.

In addition, remember the lifted capacity flow cover inequality (17) with v € Z; and
r=a(S)—v—ay>0

Zaixi + Z(ai —7)T(1—2)<ap+v+r(y—v)
ic€S €S

which is valid and facet defining provided that r < a; < 1 for all ¢ € S. Notice that, under
this condition, (i) v = |a(S) —ao| =n —1, (i) r = p, and (iii) r; = a; for all i € S. In
this case MIR inequality (24) becomes:

Zai(zi—xi)—i—Zai(l—zi) >r(v+1)—ry—r Z (1—2z)

€S €S’ 1€S\S!

16



or, equivalently,

Zai + Zai(zi —-1)— Zaixi + Zmin{r, ait(1—z)>rv+r—ry

€S ies €S iesS

which is identical to inequality (25) as v + a9 = r + a(S). Therefore, facet defining lifted
capacity flow cover inequalities form a subclass of MIR inequalities.

We next show that all fractional extreme points of relax(P) violate an MIR inequality.

Proposition 22 FEvery fractional extreme point of relax(P) is cut off by an MIR inequal-
ity (24).

Proof Let p = (z,y, z) be a fractional extreme point of relax(P). By Corollary 6, if y = 0,
there exist S C N and k € S such that ay > A > 0. Consider the inequality (24) with
such S and k € S\ S’ and let rhs denote its right-hand side value for this point. This
inequality is violated by p as

Zai(zi —x) + Z ri(1 —2;) =0< pn(l — X/ay) = rhs.

€S €S’

On the other hand, if y > 0, there exist S C N such that y = XA € Z. Then inequality (24)
with such S is invalid for (x,y, z) as

Zai(zi — xz) + Z Ti(l — Z’Z) =0< p(n — /\) = rhs.

ies €S’

The following proposition complements Proposition 22.

Proposition 23 If the capacity inequality (1) is facet-defining for conv(P), then all ex-
treme points of conv(P) are extreme points of the polyhedron obtained by adding all MIR
inequalities (24) and surrogate variable upper bound inequalities (13) to relax(P).

Proof Consider the extreme points defined in Corollary 8. Any point in the first case is
the intersection of the following 2n+1 facets: capacity inequality (1), MIR inequality (24)
with S, z; > 0fori € N\ S, z; <z fori € S\{k} (z;=2,=1), z; <1lforieT, z; < z
fori € N\ T (z; = z; = 0). We may assume that a; > p, since otherwise case 1 reduces
to case 3. Then MIR inequality (24) is facet-defining because when ag = 0, the property
ar, > p implies that a(S) > 1.

Any point in the second case is the intersection of the following 2n+ 1 facets: capacity
inequality (1), MIR inequality (24) with S, x; > 0fori € N\ (SU{k}), x; < z; fori € S
(x;i =2i=1), 2z < 1fori € TU{k}, 2; < zyfori € N\ (T'U{k}) (z; =z =0). In
this case, if MIR inequality (24) is not facet-defining (i.e., ap = 0 and a(S) < 1), it is
replaced with the surrogate variable upper bound inequality (13) for some ¢ € S, which is
facet-defining as a; < 1.
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Finally, any point in the third case is the intersection of the facets defined by either
y > 0 or MIR inequality (24) with S, and z; > 0 for i € N\ S, ; < z; fori € S
(x;=2z=1),z;<1lforieT,x; <z forie N\T (x; =2 =0). .

If the capacity inequality (1) is not facet-defining, then replacing it with the stronger

capacity flow cover inequality (12) with S = N in the first two cases again gives necessary
2n + 1 facets.

4.1 Augmented MIR inequalities

For S C N such that A = a(S)—ag > 0and T C N\ S, let us relax the capacity constraint
as follows:

ap+y = Z a;ri + Z a;T; (25)

€S €T
=Y all = (1—2z) = (z—2)] = Y ail(z — ) + z). (26)
€S €T

Let S’ C S and T" C T. We next relax inequality (26) as follows: (i) for i € S’, we split
the coefficient of (1 — z;) into |a;| and ry; (i) for i € S\ S’, we round up the coefficient of
(1 — z); (uii) for ¢ € T', we rewrite the coefficient of z; as [a;] and (r; — 1), and (iv) for
i€ T\T', we relax the coefficient of x; to |a;] and add and subtract (a; — |a;])z; to the
inequality. Thus the resulting inequality is

v+ > fal(—z)+ > la|Q—2z)— > lailz— Y [ai] Zz]

1eS\S’ €S’ 1€T\T' €T
DY alz—x)+ D laid(zi—w)+ Y rl—z)+ > (1- ri)zi] > A (27)
ieSuT” i€T\T” ies’ ieT’

Applying the MIR procedure to (27) we obtain the valid inequality

Yooaiz—z)+ Y Lz —w) + Y r(l—z)+ Yy (1-ri)z >

i€SUTY i€T\T' ies’ €T’

p(ﬁ—y— Doofal(l=z) =) la)(A—z)+ ) lalzi+ Y lal Zi)- (28)

i€S\ S’ ies’ €T’ i€T\T"
Proposition 24 An augmented MIR inequality (28) is facet-defining for conv(P) if

1. 9>\ ie, N¢Z,

2. a(S) > p, i.e., either ag >0 orn > 1,
3. SC{ieN :a; <n},

4. 8" ={ieS :r<p},
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5. T=TC{ieT: (1-mr)<p}

Proof We first rewrite inequality (28) as follows:

Py + Z (ai—p(aﬂ)ZﬁZ( —ri — plai])z + Z - plai])z

1eS\S’ €S’ €T\T"
+Z(ai+1—7“z' z Zi Z az$z>P<77— Z [GH—ZL%J)—ZH-
ieT’ ieSuUT ieS\ S’ ies’ i€S’

For a given S C N, let F' be the face induced by the valid inequality and assume that
all p € F satisfy the equality ay + 8z + vz = J. From the proof of Proposition 21 we have
a, B,y for all i € N\ T as desired.

Let k € T'. Recall that, rp + p > 1 and therefore n(S + k) = n(S) + [ax]. Consider
pl = pl + ((aﬂ — 1, e, M%;r(l*p)ek), and note that [ai] — 1+ (1 —p) < ag. Since
p1>ﬁ1 € Fa we have (’Vak—l - 1)p6 + /Bk‘ + m};i]kip’)/k =0.

Let tx = (0,0, (1/ag)ex) and i € S. We have p', p' + ety — et; € F for a small enough
€ > 0, and therefore v, = —agd. Furthermore, when combined with above, we have
B, = ([ax] — ) — ([ax] — 1)p& = (1 — p) [a] 7, as desired. .

Remark 25 For the unsplittable flow arc set R by letting x = z, the augmented MIR
inequalities (28) with T'= N \ S reduce to

Z 7“1'(1 — ZZ) + Z(l — ri)zi >

€S’ €T’

p(n—y— YoTal(—z) =) lail—z)+ Y Talz+ Y lail Zz'>~ (29)
)

i€eS\S’ ies’ €T’ 1EN\(SUT!

Observe if © = z, inequalities (28) with T = N \ S dominate all others with T C N \ S;
hence T = N \ S in inequality (29).

Furthermore, if S = T" = 0, inequality (29) reduces to the c-strong inequality (5).
Recall that a c-strong inequality is facet-defining for conv(R) if and only if S is mazimal
c-strong if and only if r; > p for alli € S andr; < 1—p for alli € N\ S. Thus if S is not
mazimal c-strong, inequality (29) with 8" ={i € S :ri <p}andT' ={i €T : (1-r;) < p}
dominates the corresponding c-strong inequality.

The following example illustrates the strength of (29) for conv(R). Let
R = {y €Zs, 2€{0,1)° : 11 + 0.5z + 0.75x3 + 0.75z4 + 0.7505 < y}
For S = {1,2}, which is not maximal c-strong, the c-strong inequality (5) is

1+ x2 <, (30)
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whereas the 2-split c-strong inequality (6) is
201 + 22 + 23+ x4 + 25 < 2. (31)
Inequality (29) with S ={1,2}, S’ =0, and T’ = {3,4,5} (A\=1.5,1=2,p = 0.5)
0.2523 + 0.25z4 + 0.25z5 > 0.5(2 — y — (1 — 21) — (1 — 22)), (32)
which can also be stated as
z1 + 22+ 0.523 + 0.524 + 0.525 < vy
dominates both (30) and (31). It is easily checked that (32) is facet-defining for conv(R).

4.2 Scaled augmented MIR inequalities

For S C N such that A = a(S) —ap > 0and 7" C N\ S, let us relax the capacity constraint
as (26) and multiply the inequality with © > 0 to obtain

pao + py = pail — (1= z) — (2 — z0)] = Y paal(z — 1) + 2], (33)
€S €T

For S’ C S and T" C T applying the same type of relaxation as in Section 4.1, we
obtain the intermediate valid inequality

[y + D Tpail (1= 2) + > pai (1= 2) — D |paizi— Y Maﬂzz']

€S\ S/ ies’ i€T\T" €T’

Z pai(z — x;) + Z ri(1—z;) + Z(l — ri)zi] > pA, (34)

iesSurT €S’ €T’

+

where 7; = pa; — |pua;| for i € N. Now applying the MIR procedure to (34) we obtain the
valid inequality

> onai(z—z) + > Tl —z)+ Y (1—Ti)z >

1€ SUT €S’ €T’

p(n —[ply =Y Tpail(l—z) =Y lpail(1—z)+ Y [pailzi+ Y |pai Zi>7 (35)

1€S\S’ €S’ S €T\T’
where 77 = [pA] and p = pA — [pA].

By simple comparison, one sees that choosing S’ = {i € S : 7 < p} and T" = {i €
T : (1—7) < p}in (35) leads to the strongest inequalities as inequalities for all other
choices for S” and T” are implied by these and 0 < z < 1.

In addition, if u — || < p, one can obtain a stronger inequality by not relaxing the
term py in inequality (33) to [p]y, but instead writing it as |u|y + (¢ — | 1))y so that in
the mixed-integer rounding procedure, the first part can be treated as an integer variable
and the second part as a continuous variable. We do not write the resulting inequality
explicitly in order to avoid repetition.
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Remark 26 If 1 < A, the capacity flow cover inequality (11) can be obtained by taking
w > {1,a,\} in inequality (35), where a = max;es{a;}. If 1 > X, then the strengthened
version (mentioned in the above paragraph) of inequality (35) gives the capacity flow cover
inequality.

Clearly inequality (35) also subsumes the augmented MIR inequality (28) by taking
=1 and therefore it forms a superclass of all inequalities discussed in this paper except
the MIR inequality (24). When [a;] > n for some i € S, the resulting MIR inequality is
different from (35).

We next show that (35) reduces to some well-known inequalities for the unsplittable
flow set R and the binary knapsack set K.

Remark 27 For the unsplittable flow set R by letting x = 2z, u=k € Z, ' =T =
and T = N\ S, inequality (35) reduces to

0> [kX] = ky =) [ka;](1 = z:) + > |kaiz.
i€S iEN\S

This is the k-split c-strong inequality (6), which is shown to be facet-defining for conv(R)
in [5] under certain conditions. Then from the observation above, if S ={i € S : 7; < p}
and T'={i €T : (1—7;) < p}, inequality

Z fi(l — Zz) + Z(l — ﬂ')zi >

€S’ €T’
p((w —ky— > [ka (1 —2) = > lkai](1—z) + > _[kailz + Lkaijzl-)
1€S\S’ ies’ €T’ 1EN\(SUT")

dominates the k-split c-strong inequality.

Remark 28 For the binary knapsack set IC by letting x = z and y = 0, inequality (34)
reduces to

Z fi(l — Zi) + Z(l — fi)zi >

ies ieT
ﬁ(ﬁ =D (nail(U=z) =D lpas| (1= z) + > [pailzi+ Y LMGiJZz'>- (36)
ies\S" ies = €T\

For S C N such that @ = max;esa; > A, letting T = 0 and p = 1/a, we obtain 77 = 1,
p = A/a, and consequently

Zai(l—zi)Z)\<1— Z (1_31'))7

i€’ i€S\S’

where 8" = {i € S : a; < \}. Therefore, for a minimal cover S, i.e., for S such that a; > \
for all i € S, this inequality reduces to the the knapsack cover mequalzty

>z <|S -1

€S
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Then for a minimal cover S, inequality (36) gives the lifted knapsack cover inequality

> (@ ai+ |aifa)a)z > A(l > A =z)+ ) Jai/alz+ Y Lai/&jzi>,

ieT ieS €T i€T\T"

or equivalently
alai, A
PIERD Pr TR
€S €T
Since ¢(-,A) > 0, the strongest inequality is obtained by letting T = N \ S. This is the
lifted knapsack cover inequality with MIR lifting function [3, 4, 15].

5 Concluding remarks

We studied the polyhedral structure of the network design arc set with variable upper
bounds. This set is a common substructure of formulations of network design problems
with multicommodity fixed charges and/or combinatorial restrictions.

Several fundamental sets studied independently in the literature are facial restrictions
of its convex hull. Therefore, valid inequalities for the network design arc set with variable
upper bounds generalize the inequalities known for these sets. In this study we have
identified facets that cut off all fractional extreme points of the continuous relaxation of
the network design arc set with variable upper bounds. Interestingly, some of these facets
are new even for the earlier studied restrictions.
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