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Renewed interest in caching techniques stems from their application to improving the performance of the World Wide Web, where
storing popular documents in proxy caches closer to end-users can significantly reduce the document download latency and overall
network congestion. Rules used to update the collection of frequently accessed documents inside a cache are referred to as cache
replacement algorithms. Due to many different factors that influence the Web performance, one of the key attributes of a cache
replacement rule are low complexity and high adaptability to variability in Web access patterns. These properties are primarily the
reason why most of the practical Web caching algorithms are based on the easily implemented L east-Recently-Used (LRU) cache
replacement heuristic.

In our recent paper (8), we introduce a new algorithm, termed Persistent Access Caching (PAC), that, in addition to desirable low
complexity and adaptability, somewhat surprisingly achieves nearly optimal performance for the independent reference model and
generalized Zipf's law request probabilities. Two drawbacks of the PAC agorithm are its dependence on the request arrival times
and variable storage requirements. In this paper, we resolve these problems by introducing a discrete version of the PAC policy
(DPAC) that, after a cache miss, places the requested document in the cache only if it is requested at least k times among the
last m, m > k, requests. However, from a mathematical perspective, due to the inherent coupling of the replacement decisions for
different documents, the DPAC algorithm is considerably harder to analyze than the original PAC policy. In thisregard, we develop
anew analytical technique for estimating the performance of the DPAC rule. Using our analysis, we show that this algorithm is
close to optimal even for small values of k and m, and, therefore, adds negligible additional storage and processing complexity in
comparison to the ordinary LRU policy.

Keywords: persistent-access-caching, least-recently-used caching, least-frequently-used caching, move-to-front searching, gener-
alized Zipf's law distributions, heavy-tailed distributions, Web caching, cache fault probability, average-case analysis
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1 Introduction

Since the recent invention of the World Wide Web (WWW), there have been an explosive growth in distributed mul-
timedia content and services that are now integral part of modern communication networks (e.g., the Internet). This
massively distributed network information is repeatedly used by groups of users implying that bringing some of the
more popular items closer to end-users can improve the network performance, e.g., reduce the download latency and
network congestion. This type of information replication and redistribution system is often termed Web caching.

One of thekey componentsof engineering efficient Web caching systemsis designing document placement/repl acement
algorithms that are selecting and possibly dynamically updating a collection of frequently accessed documents. The
design of these algorithms has to be done with special care since the latency and network congestion may actually
increase if documents with low access frequency are cached. Thus, the main objective is to achieve high cache
hit ratios, while maintaining ease of implementation and scalability. Furthermore, these algorithms need to be self-
organizing and robust since the document access patterns exhibit a high degree of spatial as well as time fluctuations.
The well-known heuristic named the L east-Recently-Used (L RU) cache replacement rule satisfies al of the previously
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mentioned attributes and, therefore, represents abasis for designing many practical replacement algorithms. However,
as shown in (5) in the context of the stationary independent reference model with generalized Zipf'slaw requests, this
rule is by a constant factor away from the optimal frequency algorithm that keeps in the cache most frequently used
documents, i.e., replaces L east-Frequently-Used (LFU) items. On the other hand, the drawback of the LFU agorithm
is that it needs to know (measure) the document access frequencies and employ aging schemes based on reference
counters in order to cope with evolving access patterns, which results in high complexity. In the context of database
disk buffering, (10) proposes a modification of the LRU policy, called LRU-K, that uses the information of the last K
referencetimes for each document in order to make replacement decisions. It isshown in (10) that the fault probability
of the LRU-K policy approaches, as K increases, the performance of the optimal LFU scheme. However, practical
implementation of the LRU-K policy would still be of the same order of complexity asthe LFU rule. Furthermore, for
larger values of K, that might be required for nearly optimal performance, the adaptability of this algorithm to changes
in traffic patterns will be significantly reduced.

In our recent paper (8), we designed a new cache replacement policy, termed the Persistent Access Caching (PAC)
rule, that essentially preservesall the desirablefeatures of LRU caching, while achieving arbitrarily close performance
to the optimal LFU algorithm. Furthermore, the PAC algorithm has only negligible additional complexity in compari-
son to the widely used LRU policy. However, the drawback of the PAC policy is that its implementation and analysis
depend on the Poisson assumption for the request arrival process. In this paper, we propose a discrete version of the
PAC rule (DPAC), that, upon a miss for a document, stores the requested document in the cache only if there are at
least k requests for it among m, m > k, previously requested documents; therefore, DPAC does not depend on request
arrival times. Furthermore, the DPAC policy requires only a fixed amount of additional storage for m pointers and
a small processing overhead that make it easier to implement than the original PAC rule. On the other hand, due to
coupling of the request decisions, as pointed in the abstract, DPAC is significantly more difficult to analyze. To this
end, we develop a new analytic technique that, in conjunction with the large deviation analysis and asymptotic results
developed in (8; 6; 5), show that the DPAC policy performs near optimal. It is surprising that even for small values
of k,m, the performanceratio between the DPAC and optimal LFU algorithm significantly improves when compared
to the ordinary LRU; for example, thisratio drops from approximately 1.78 for LRU (k = 1) t0 1.18,1.08 for k = 2, 3,
respectively. In other words, with only negligible computational complexity relative to the LRU rule, the DPAC algo-
rithm approaches the performance of the optimal LFU scheme without ever having to compute the document access
frequencies. Furthermore, we show that the derived asymptotic result and simulation experiments match each other
very well, even for relatively small cache sizes.

This paper is organized as follows. First, in Section 2, we formally describe the DPAC policy. Then, we develop
a representation theorem for the stationary search cost of the related, Discrete Persistent Move-To-Front algorithm.
Thisrepresentation formulaand lemmas of Section 3 provide necessary tools for proving our main theoremin Section
4. Informally, our main result shows that for large cache sizes and independent reference model with generalized
Zipf’slaw reguest distributions, the fault probability of the DPAC algorithm approaches the optimal LFU policy while
maintaining low implementation complexity. Furthermore, in Section 5, the numerical experiments show an excellent
agreement between our analytical result and simulations. A brief discussion of our results and their possible extensions
is presented in Section 6. In order to alleviate the reading process, we state the proof of atechnical lemmain Section 7.

2 Model description and preliminary results

ConsiderasetL ={1,2,...,N} of N (possibly infinite) documents, out of which x can be stored in an easily accessible
location, called cache. The remaining N — x documents (items) are placed outside of the cache in a slower access
medium. Documents are requested at moments {t }n>1, with increments {tn+1 — T }n>0, %o = 0, being stationary and
ergodic having Et1 = 1/A for some A > 0, and tn+1 — Ty > O as. for n > 0. Furthermore, define a sequence of i.i.d.
random variables {Ry }n>1, independent from {t, }n>1, where {R, = i} represents arequest for item i at time t,. We
denote request probabilitiesas P[R, = i] = g; and, without loss of generality, weassumeqi > g2 > ....

Now, we describe the cache replacement algorithm. First, we select fixed design parametersm >k > 1. Then, let
Mi(tn) be the number of requests for item i among the m consecutive requests tn, Th41, - - - , Tn+m—1. Documents stored
in the cache are ordered in a list, which is sequentially searched upon a request for a document and is updated as
follows. If arequested document at timety, say i, isfound in the cache, we have a cache hit. In this case, if the number
of requests for document i among the last m requests (including the current request) is at least k, i.e. M j(Th—m+1) > kK,



Near Optimality of the Discrete Persistent Access Caching Algorithm 3

item i is moved to the front of the list while documents that were in front of item i are shifted one position down;
otherwise, the list stays unchanged. Furthermore, if document i is not found in the cache, we call it a cache miss or
fault. Then, similarly as before, if Mi(th,-m+1) > k, document i is brought to the first position of the cachelist and the
least recently moveditem, i.e., theone at the last position of the list, is evicted from the cache. We name the previously
described cache replacement policy the Discrete Persistent Access Caching (DPAC (m, k)) algorithm. Notethat in the
special case of m = k = 1, DPAC reduces to the ordinary LRU heuristic. The performance measure of interest is
the cache fault probability, i.e., the probability that a requested document is not found in the cache. We would like
to mention that the probabilistic evaluation of an algorithm is typically referred to as the average-case analysis; the
pointers to combinatorial (competitive, worse case) approaches can be found in (8).

Analyzing the DPAC(m, k) algorithm is equivalent to investigating the corresponding Move-To-Front (M TF) scheme
that is defined as follows. Consider the same arrival model {Rn}, {tn} asin the first paragraph and assume that all
documentsare ordered inalist L = {1,2,...,N},N < -. When arequest for a document arrives, say R = i, thelist
is searched and the requested item is moved to the front of the list only when M(t,_m+1) > k; otherwisethelist stays
unchanged. We term the previously described searching a gorithm the Discrete Persistent-M TF (DPMTF(m, k)). The
performance measure of interest for this algorithm is the search cost C SN) that represents the position of the requested
document at time tp.

Now, we claim that computing the cache fault probability of the DPAC(m, k) algorithmis equivalent to evaluating the
tail of the searching cost Cr(]N) of the DPMTF(m, k) searching scheme. Note that thefault probability of the DPAC(m, k)
algorithm stays the same regardless of the ordering of documents in the slower access medium. In particular, these
documents can be also ordered in an increasing order of the last times they are moved to the front of the cache list.
Therefore, it is clear that the fault probability of the DPAC(m, k) policy for the cache of size x after the nth request
is the same as the probability that the search cost of the DPMTF(m, k) algorithm is greater than x, i.e. P[C N X].
Hence, even though DPAC(m, k) and DPMTF(m, k) belong to different application areas, their performance analysisis
essentially equivalent. Thus, in the rest of the paper we investigate the tail of the stationary search cost distribution.

First, we prove the convergence of the search cost C,QN) to stationarity. Suppose that the system starts at tg
with initial conditions given by an arbitrary initial permutation IT1o of the list and a sequence of requests Rg =
{r,m+1, rmi2,..., I',l}.

In order to provethe convergenceof C rﬁN) to stationarity, we construct a sequence of DPM TF searching schemes that
start at negative time points and are observed at timeto = 0. To that end, let {R_n }n>0 be asequence of i.i.d. requests
that are equal in distribution to R4 that arrive at points on the negative axis {t_n}n>1; these arrival points are equal
in distribution to {tn}n>1 and are independent from {R _ }n>0. Then, for each n > 0 we construct a DPMTF(m, k)
algorithm starting at T_n,, with asequence of requests {R; : 1 = —n+1,...,—1,0} and having the sameinitial condition
as in the previous paragraph, given by I1g and Rp; let C(,Nn) be the search cost at time 1o = 0. Note that in this
construction we assume that for the DPMTF(m, k) algorithm starting at T _n, n > 0, thereis no request at time t_,.

Now, if we consider the shift mapping Rp_x — R_k,Th_k — T« for k =0,1,...n— 1, we conclude that, since the

corresponding sequences are equa in distribution, the search costs C (h,'q) and Cr(]N) are also equd in distribution, i.e.

C,QN) 4 C(_h#). Thus, instead of computing the tail of the search cost CrﬁN), we continue with evaluating the tail of C(_h:]).

In this regard, we define a sequence of random times {Ti(_”) }n>1, where —Ti(_n) represents the last time beforet = 0
that item i was moved to the front of the list in the case of the DPMTF(m, k) algorithm that started at T _; if item i is

not movedin (t_p,0), WesetTi(_n) = —1T_pn. Next, we definerandomtimes T;, i > 1, as
Ti £ —sup{t_n < 0:R_p = i,Mi(T_n_m+1) > K}. )

Fromthe definitions of T; and Ti(_”), we concludethat the equality Ti = Ti(_n) as. holdsonevent {Ti(_”) < —T_nsm-1}
Therefore, the complementary sets of events are the same, i.e. {Ti > Th—m+1} = {Ti(fn) > —T_nym—1}-
Then, given the previous observations, we bound the tail of the search cost C (,Nn) as

N> XRo=1] < @

PN > xRo=i,T"™ < =1 nym 1] +PC"Y > x,Ro =i, "™ > =t nym_4].

PIC™) > x,Ro =i, T ™ < —t_nsm_1] < P[C'
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Next, observe that on event {Rg = i,Ti(fn) < —T_n+m-1} the search cost C(f,'q) is equal to the number of different
documents (including i) that are moved to the front of the list from the last time that item i was brought to the first
position. Thus, we derive

]P[C(J\I? > X7 RO = |,T|( ) < —T— n+m— 1 [RO — | zl ) < _T7n+m71] Z X]
j#i
=qP [z 1T < Ti < Th-mta] > X[, ©)
j#i
wherethelast equality follows from the independence assumption on {t _n }n>0, {R—-n}n>0 and the equality T; = Ti(_”),
i Z 1, on {T| < Tn_m+1}.
Hence, by monotone convergence theorem,
r!LmZP ™ > x,Ro =i, Ti < Th_ms1] Zq.]P’[21TJ<T.]>x] @)
« i=1 j#i
Furthermore, due to stationarity and ergodicity of the arrival process {t,} and finiteness of T; < -~ a.s. we obtain
limP[T; > 1,] = 0. (5)
N—oo
Finally, equality of events {T > —T_ntm-1} = {Ti > Th_m+1}, independence of requests, limit in (5) and domi-

nated convergence theorem |mpIy

N
A'LE,ZP Ro=i,T™ > ~t i) = lim 3L AF(T 2 Toonea] =0
The previous expression, in conjunction with (4) and (2), implies the following representation result:

Lemmal For any 1 < N < , arbitrary initial conditions (ITp,Rg) and any x > 0, the search cost Cr(,N) converges in

distribution to C(N) as n — oo, where
z qiP[Si(Ti) > X]; (6)

we define S|(t) £ zj?él 1[TJ < t], i > 1.

Remarks: (i) Note that the expression in (6) is independent from the selection of the arrival process {tn}n>1. TO see
this, assume two arrival processes {ts }n>1 and {t}n>1 that are independent from requests {Rn}n>1 and satisfy the
stationarity, ergodicity and monotonicity conditions from the beginning of this section. Using definition (1), we define
random times T;, T/, i > 1, that correspond to processes {tn }n>1, {7} }n>1, respectively. Then, it is easy to observe
that 1[T; < T} = 1[T{ < T{] as. forany j #i,1i,j > 1, i.e, the sequences of random times Ti, T, i > 1 are ordered in
exactly the same way. Thus, since S;(T;) is completely determined by the ordering of these random times, it is clear
that the distributions of the corresponding search costs are exactly the same. (ii) Using the preceding observation we
can assume in the rest of the paper without loss of generality that {Tn }n>1 is a Poisson sequence of points with rate 1.
This assumption will be helpful in Section 3 in decoupling the dependency among randomtimes T, i > 1. The Poisson
embedding techniquefor LRU policy with i.i.d. requests was first introduced in (3).

3 Preliminary results on Poisson processes

This section provides bounds on random times T; and the sum S;(t), as defined in Lemma 1, that represent necessary
building blocks for the asymptotic analysis of the stationary search cost from Lemma 1. Furthermore, it is worth
noting that Lemma 4 and 5 develop a new technique that allows the decoupling of the dependency among random
times T; and, thus, enable us to estimate the sum in S;(t).
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Recall the definition of T; from (1). In order to avoid dealing with negative indices and signs we define here a
sequence of random times on the positive sequence {tn}n>1 that are equal in distribution to Tj,i > 1. Thus, with a
small abuse of notation, we use the same name T; for the following random times

Ti £inf{ty > 0: Ry = i,Mi(tn) > k}. 7

Next as proposed in the remark after Lemma 1, we assume that {t}n>1 is a Poisson process of rate 1. Then, let
{‘Cn }n>1 be asequence of requests for document i. Given thei.i.d. assumptionon {R n}n>1 and its independence from

the arrival points {tn}n>1, the Poisson decomposition theorem implies that processes {rn }n>1 are also Poisson and
mutually independent for different i with rate ;. Thisobservationwill be used in the proofs of the subsequent lemmas.
In order to ease the notation, throughout the paper we use H to denote a sufficiently large positive constant and h
to denote a sufficiently small positive constant. The values of H and h are generally different in different places. For
example, H/2=H,H? =H, H + 1= H, etc. Next, we compute a bound on the tail of distribution of T; for largei.

Lemma 2 For any € > 0, there exists ig, such that for all i > i,
P[T; > t] < e~(k-1) =%t | me—hed ™t )

Proof: For k = 1 the bound trivialy holdssince T; = t(li) and, thus, we assume thatk > 2.
First, we define a sequence of random times {©;}. We set ©1 = 11 and define n(j), j > 1 to be the indices of

pomts {1 }J>1 in the original sequence {tn}n>1, i.e. 15) = Tn(j)» J = 1. Then, if the first point from the sequence

{‘Cj } after ime T(1)4m—1 IS 15 we define ©; = rg) Similarly, ©3 is defined to be the first point from {rj } after
time Ty (j,)+m—1, €tC. Observe thaI {©j} isarenewa processwith itsincrementsfor j > 1 equal to

d ) =
@j+1—®j :Tl + z él, (9)
i—1

where 2 denotes equality indistributionand {& ; } j>1 are independent, exponentially distributed random variableswith

mean 1 that are independent of {tﬁi)}nzl.
Next, we define
Ui £inf{O;: j > 1,Mi(©)) > k}.

Note that this definition of U; has identical form to the one for T; in (7) since {©j} C {TE”} and thus R(©j) = i.
Therefore, given {©;} C {1n}, itisclear that
Ti<U;. (10)

Similarly, we define
2inf{j > 1: M;(©;) > k}.
Since {Rn} isi.i.d and independent of {t,}, X is independent of {©} >1 with a geometric distribution P[X = j] =
(1—p)i~tp, j > 1, where p isequal to |
p=PMi(t}) > K.
Then, from the definition of U; and (9) we obtain
(m-1)(X-1)

d (i d (m=1)X
U=ex<tl+ Y &<+ Y &, (11)
= i=

where < representsinequality in distribution and X is independent of {‘Cn }and {&,}
Next, since rg() is a geometric sum of exponentlal random variables with X and {rn }n>1 independent, it is easy to
show (see Theorem 5.3, p. 89 of (2)) that ‘Cx is aso exponential with parameter pqg;. Similarly, ijlij is exponential
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with parameter p. Now, from monotonicity of g; and gi — 0 asi — o, it is adso straightforward to derive that for any
e > 0, thereexistsip, such that for all i > ig

m-1
= PMi(c) > K] = "D ga—gm s @-e (M e 12
p=r) =h= 5 ("] d-am = 0o (37 )d 12)

At this point, using the observations from the previous paragraph, (10) and (11), we obtain, for al i large enough
(i > o),

P[T; > t] <P[U; > 1]
. X
<Pl > (1—s)t] +P

(m-1)
2 &> Et]
=1

X
<e POt L (m_1)P lz &> d ]
s m-—1

e~ (LD (-0 4 (m — 1)e=1 (13)

e (T(l:%)qr(lfs)zt + me_hﬂ:ﬂFlI ;

IN

IN

this completes the proof. o

Next, we will provethe lower bound for the random time T; defined in (7).
Lemma 3 For any € > 0, there exists ig such that for all i > ig

m—
k—

P[T; > t] > e~ (o (ot (14)

Proof: Since the bound isimmediate for k = 1, we assumek > 2. _
First, we group the points {rﬁ')}nzl into cycles using the following procedure. Let ©1 = ‘C(ll) and define a random
time
Zy =inf{j > 2: Mi(Tn()+m(j-1)) = 0},
wheren(1) istheindex of the point ©1 = t(li) inthe original sequence {th}n>1,i.€. 19) = Tn(y)- Then, thefirst cycleis
the interval of time C1 = [ty(1),Tn(1)4mz;—1]- Next, thefirst point of process {rr(]')} after time T2y 4 mz, -1, S rl('), we
label as @, = ‘E|(I) and, similarly as before, we define arandom time

Zr =inf{j > 2: Mi(Tn(2)4m(j-1)) = 0},

wheren(2) isthe index of the point © in the original sequence {Tn}n>1, i.€. ©2 = Ty(2). We continue this procedure
indefinitely. Note that the sequences {©j}j>1,{n(j)}j>1 as well as the other auxiliary veriables (e.g., p, X) are
different from the ones in the proof of Lemma 2. The same will apply for the proofs of the remaining lemmasin this
section.

Now, due to thei.i.d structure of {R,} and its independence from {t,}, the sequence of randomtimes {Z;} isi.i.d.
with geometric distribution

P[Zi = j] = (P[Mi(t1) > 0)) ) "?P[Mi(t1) = 0], j>2 (15)
Furthermore, {©;} isarenewal process with renewal intervals equal to, for j > 1,
d i le
®j+1—®j:T(1)+zE;i, (16)
i=1

where {&;} isani.i.d. sequence of exponential random variables with mean 1 that is independent of © (li) ,Z21.
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Next, we definefor j > 1 sets
Aj £ {w: 31, € Cj,R(tn) = i,Mi(tn) > k};
note that events A areindependent since Mi (T j)+m(z;—1)) = 0. Then, sincethe union of the arrival pointsinall cycles
U;C; contains all requests {t4},
T| = |nf{Tn . R(Tn) = i,Mi(Tn) Z k,Tn S C];J Z 1}
> L 2inf{0j(0): o€ Aj,j>1}, (17)
where theinequality isimplied by T, > ©j for any 1, € Cj, j > 1.
Furthermore, we claim that
d .

Li = Ox > 1y, (18)
where X is independent of {t{'}, {®;} and has geometric distribution P[X = j] = (1— p)i~1p, j > 1, with success
probability _ _

p = P[Ad] < P{{Mi(c}) > k} U {Mi(tf),mz1) > k+1}],

where M;(ty, k) is defined asthe number of referencesfor document i among therequestsoccurringat T n, T, - - - , Tnrk—1-
The equality in (18) follows from the renewal property of the Poisson process, the definition of Z j, the independence
of {Rn} and _{tn}; and the inequality follows by neglecting the sum in (16). Furthermore, similarly asin the proof of

Lemma?2, rg(') is an exponential random variable with distribution
Pty > t] = e~ Pait, (19)
Thus, in order to complete the proof, we need an upper bound on p. In this respect, using the union bound, we upper
bound the success probability p as
p < PI{Mi(}) > K} U {Mi(z{’,mZ1) > k+1}]
<PMij(t1,m—1) > k— 1] +P[Z1 > k+ 1] + P[Mj(t2,m(k + 1)) > K]
= P[Mi(t1,m —1) > k— 1] + P[Mi(t1) > 1+ P[Mi(t1,m(k+ 1)) > K], (20

wherein the last equality we used the geometric distribution of Z, from (15). Finally, (17),(18), (19), (20) and the fact
that uniformly forall 1 <1, <l <m(k+ 1) and any fixede > O,

1

P[Mi(ty,11) > o] = Y <|51> Fl-g)1 < (1+e¢) (:Dq:z

S:|2

for al i large enough (i > ig), yield the stated bound in the lemma. o

In this paper we are using the following standard notation. For any two real functions a(t) and b(t) and fixed
to € RU {e} wewill usea(t) ~ b(t) ast — to to denote limy_,, [a(t) /b(t)] = 1. Similarly, we say that a(t) > b(t) as
t = to if liminfi_, a(t) /b(t) > 1; a(t) < b(t) hasacomplementary definition.

In the following lemmas, we develop an analytic technique that allows us to decouple the dependency of random
timesT; for i large, which in conjunction with the large deviation bound proved in Lemma4 of (6), provides necessary
estimates used in the proof of our main result in Section 4.

Lemma4 Let T, i > 1, be random variables defined in (7). Then, for g; ~ ¢/i* asi — e, o. > 1 and

(14 £)kxk
(1—g)kr2ck (P [r(1— &)k’

1
:O<W> asS X — oo,

to(x) =

we obtain
P lz 1[Ti < to(x)] < x
i=1
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Proof: Notethat forany ig > 1

P [i 1T, < to(X)] < X (22)

i=1

<]P’[21T.<to( N <x|.

I=lp

Let {r }J>1 be an ordered sequence of request times for documentsi > i, i.e. {1 }J>1 = U.>.o{rn tn>1. We

use n(j), j > 1, to denote the index of point 1) in the origina sequence {tn}n>1, i.€ rﬁ 0 Tn(j)- Then, since

process {tn } is Poisson and {Rn} isi.i.d. sequence independent of {tn}, by Poisson decomposition theorem, process

{‘C?O) = Tn(j) }j>1 is dso Poisson with rate Y-, di- Next, in order to estimate an upper bound for random times Tj,
i > ip, we proceed as follows.
(io).

First, we define asequence of randomtimes {© j }. Weset ©1 = 1,(1) = =1 ; then, if thefirst point from the sequence
{Tn(j)} after time (1) m—1 IS Tn(j;), We define ©2 = 1y (j,). Similarly, O3 is defmed to be the first point from {tp;) }
after tlmern( j1)+m—1, €C. Notethat, dueto the renewal structureof {tn}, {©;} isarenewal processwhosemcrements
for j > 1 satisfy

©j+1-0; 21 + Z &, (22)

where rl ,{E_,|}|>1 are independent exponential random variables with 1:(1 o havi ng parameter ¥, di and &, having

parameter 1.
Next, for all i > ig define
Ui £inf{0;: j > LR(®;)) =i,Mi(©}) > k}.

Similarly asin the proof of Lemma 2, the definition of U;, i > ig, hasidentical form to the one for T; in (7). The only
differenceisthat points {©;} C {tn} and, therefore,

Ti <Ui. (23)
Then, using (22), for j > 1 we have that
@5 L vl v, (24)

U

wherevy’ =0,1 <1 <m-1and {VEI)}jzl,l < | <m— 1 are independent Poisson processes of rate 1 that are also

independent of the Poisson process {rgw }j>1 having rate ¥, di- Using this observation and the fact that {R,} and
{1n} areindependent, we arrive at the following representation

U L1 +va 1<T><'°+ZV><. (25)

where X; is a geometric random variable independent from {VEI)}jzl,l <l<m-1land {TEE)}jzl with P[Xj = j] =

(1—pi)I~"pi, where
i = ] m-1 I _ . \m—1-1
" |2§112j2ioqj ( I )q'(l i)™

Then, again, due to the Poisson decomposition theorem, variables {t §<ii_°)}izio are independent and exponentially
distributed with 73 having parameter p; 3, gi. Similarly, for each fixed 1 < | < m — 1, variables {v} }i»i, are aso
independent and exponential with vg(') having parameter pI (Note that for different | the sequences {VXI }i>ip can be

mutually dependent and al so potentially dependent on {r }.>.0 .) Furthermore, observethat for any € > 0and i large

enough
I m— 1) of kel (m - 1)
l+e l-8)=—q . 26
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Next, inequalities (23) and (25) imply, forany i > igande > 0

1T <to(x)] > 1 ( + va < to(x )]

> 11 < (1-&)to(x)] - m1 {VE&) > —‘c‘t?ﬁx)] ,
and, therefore,
|xlogx] (o) [xlogx]
ZlT.<to( <x|<P| Y 1kt M) < (1 e)to(x)] - m y 1[ eto(x)]gx
i=ip i=io - m
[xlogx] @)
2 1 9 < (1-#)to(0)] S(l+e/2)x]
i= Io
LxlongJ:L eto(X) >£ -
i=ig m 2m |’
Now, using using Lemma2 of (5), setting io = [/X], we derive
Y 160 < (1-eo(0)| 2x(1+e). 28
i=[vx]

Using g ~c/i%and 1—e * < x, wearrive at

E[ Y 1[«:&20>s<1—s>to<x>]]= Y Pl <a- o]
i=|xlogx|+1 i=|xlogx|+1

o oo k

Hk Xa
< Y l-etabcy B oK

i=|xlogx|+1 i=|xlogx|+1
H xok ~ Hx
= (xlogx)(ek-1) ~ (Jogx)k-1

=0(X) asXx —» co.
Thus, using the preceding estimate and (28), we obtain

E Y 16 < (- e)to(0)]

i=[vX]

[xlogx]
] 2 X(14¢€) as x —> oo,

Y U < (1-e)to(x)
i=[ VXl

Then, the previous expression, in conjunction with Lemma 4 of (6) implies that the first term of (27) satisfies, as
X — oo,

Y 1Tx. (1-e)to(x)] < (1+e/2)x] _o< al 1> (29)

1=lg

lNOgXJ (o)

Next, it is left to estimate the second term of (27). To this end, by using the monotonicity of ¢ j-s, assumption
Qi ~ ¢/i% asi — oo, inequality (26), ip = |/X] and replacing to(x), we obtain

xlogx k -1 1
| %g, JHD [Vg) > 8t0(x>] < xlogxe_(l_g)%qv"’gxJ () sy zmto
. i m |-
i=vX|
_hxo‘kaEl _ hx%l
=xlogxe ®lo9® —xlogxe (99 =0(x) as X — oo.
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Finally, applying Lemma4 of (6), we derive

|xlogx]
W )] xe| _ (1 N
Hbl 1{in > m >2m =0 o | as X — oo,

i=ig

which, in conjunction with (21), (27) and (29), completes the proof of thislemma. &

Lemmab Let T, i > 1, be random variables defined in (7). Then, for g; ~ ¢/i* asi — e, oo > 1 and

XK (1 — 2¢) %
(L) iek (Y1) (1~ go)lx

1
:0( as X — oo,
XO(71

Proof: The proof of this lemma uses the idea of cycles from the proof of Lemma 3 in order to lower bound the ran-
dom times {T;} with a sequence of independent random variables, similarly asin Lemma4. Thus, since many of the
arguments are repetitive, we postpone this proof to Section 7. o

to (X) =

we obtain

P li 1T < to(X)] > x
i=1

4 Near optimality of the DPAC algorithm

Consider the class of so-called online caching algorithms that make their replacement decisions using only the know!-
edge of the past requests and cache contents. Assume also that, at times of cache faults, the replacement decisions are
only optional, i.e., the algorithm may keep the cache content constant (static). Within this context and the independent
referencemodel, it iswell known that the static LFU policy that stores the most popular documentsin the cache is the
optimal. For direct argumentsthat justify this intuitively apparent statement see the first paragraph of Subsection 4.1
in (7); thisis also recently shown in (1) using the formalism of Markov Decision Theory. Therefore, P[R > x] isthe
fault probability of the optimal static policy and IP[C > x]/IP[R > X] is an average-case competitive ratio between the
stationary fault probabilities of the DPAC and optimal static algorithm. In the following theorems we show that, for
the case of generalized Zipf’s law distributions and large caches, this competitive ratio approaches 1 very rapidly ask
grows.

First, we estimate the asymptotics of the tail of the stationary search cost CN) for Zipf’s distributions with o > 1.
In addition to the analytic techniques developed in Section 3, our method of proof uses probabilistic and sample path
arguments introduced in (6) and (8) for the case of ordinary LRU and continuous time PAC algorithms, respectively.
The starting p(oi )nt of our analysisis given by representation formulain (6) from Section 2. We assume that N = « and
denoteC =C'*).

Theorem 1 Assume that gi ~ ¢/i* asi — eoand o. > 1. Then, as X — oo

P[C > x] ~ Ky (o) P[R > X], (30)
where w1
Ky (o) 2 [r<1—a—1kﬂ r(1+%—%>. (31
Furthermore, function Ky (o) is monotonically increasing in o, for fixed k, with
limK (o) =1, limKg(o) = Ki(eo) s 1p (3> ev/k, (32)
all afeo k k

where v is the Euler constant, i.e. Y~ 0.57721..., and monotonically decreasing in k, for fixed o, with

lim Ky (o)) = 1. (33)
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Remarks: (i) The same asymptotic result holds for the case of the continuous time PAC policy that was recently
derived in Theorem 1 of (8). (ii) After computing the second limit in (32) for k = 1,2, 3, we notice a significant
improvement in performance of the DPAC (m, k) algorithm when compared to the LRU policy (k = 1). Observe that
aready for k = 3, the DPAC policy performs approximately within 8% of the optimal static algorithm (K i (o) & 1.08),
which implies near optimality of the DPAC rule even for small values of k.

Proof: The proofs of monotonicity of Ky (o) and limits (32) and (33) can be found in Theorem 1 of (8).

Next, we prove the upper bound for the asymptotic relationship in (30). Define the sum of indicator functions
S(t) £ >-11[Tj <t]; notethat S(t) isas. non-decreasingint, i.e. S(t) < S(to(x)) as. forall t <to(x), whereto(x) is
as defined in Lemma 5. Then, after conditioning on T; being larger or smaller than tp(x), the expressionin (6) can be
upper bounded as

PIC > X] < PS(to(x)) > X+ 3" aiP[T; > to(x)]
i=1

< ]P’[Z UTi < to(x)] > x—io] + i aiP[Ti > to(X)], (34)

i>io i=1

where in the previous expression we applied Y ;0; = 1 and ip can be an arbitrary, finite integer. Then, applying
Lemma5 we obtain that the tail of the search cost C is upper bounded by

PC>x]<o (Xal_1> + gquD[Ti > to(x)]. (35)

Notethat bound derivedin Lemma2 holdsfor i ¢ sufficiently large. Then, dueto the Poisson decomposition theorem,
processes of requests for different documents i are Poisson as well and, therefore, since g > g, for i < ip, Poisson
process of rate g; can be constructed by superposition of Poisson processes with rates g, and d; — di,. Thus, it is not
hard to concludethat T; < T, (a.s.), implying

P[T; > t] <P[Tj, > t]. (36)
Therefore, we obtain

quHD T| >to < zq, T'O >t0 + que q (1-¢) (k 1 tO qu e*h9q| L(O()

i=1 i=1 i= Io i= Io

2 11(x) + 12(x) + 13(x), (37)

where in the last two sums we used the result of Lemma 2.
After using the bound (8) and replacing to(x), it immediately follows that

< zq qIo (1—€)2to(x )( 1l)+meh8qrolto(x):| :0< 1 ) as X — co. (38)

X(X—l

Now, by assumption of the theorem, for all i large enough (i > i, whereig is possibly larger than in (37))
(1—g)c/i* < qi < (1+¢)c/i* (39)

Furthermore, for i large enough (i > io) inequality ¢/i* < (1+¢€)c/u® holds for any u € [i,i + 1] and, therefore, using
this bound, (39), the monotonicity of the exponentia function and replacingt o(x) from Lemmalb, yields

oo X0k
C O I

I2(x) < (1+¢) Z e

S et
< (1+s)2/ uie ML g I gy (40)
1
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where1(g) £ (1+¢)~k+1 (1 — )2+ (1 - 2¢)* Next, applying the change of variable method for evaluating the
integral with z = x®(g)[[(1— & )]~ “u~, we obtain that the integral in (40) is equal to

ok
c 1\1%1t 110~ 1 *171(8) 1
—_— R ok )] —Z %= —1
x%1(o— 1) [F <1 ock)} (&) / €z az,

which, in conjunction with (40), implies

. |2(X)
iMmSp R > <

Kic(0) (1()) &% — Ky (0r) as € — 0, (41)

where K (o) isdefined in (31).
In order to estimate the asymptotics of 13(x), we use analogous steps to those we applied in evaluating I 2(x). Thus,
using inequalitiesfrom (39), ¢/i* < (14 ¢)c/u® hold for al u € [i,i + 1] and replacing to(x), we obtain

S C heX
la(x) <m(1+¢) Y e ok

i=ip
ok
—he—X—~

“C
1 2/ —e wlkhg 42
m(1+e) e u. (42)
Now, if k =1, it is straightforward to compute the integral in the preceding expression and obtain 13(x) < m(1+

g£)?(c/(a—1))e """ = 0(1/x*1) as x — . Otherwise, for k > 2, after using the change of variable method for
solving theintegral in (42) with z = hex®u~k-1 we obtain, asx — o

1 1 1 1 1
I5() < m(1+e)° (he) 22 a(k—1) Xﬁ(a—l)r<k—1_oc(k—1)> ﬂ’(ﬁ)' (43)

Therefore (43), (41),(38), (37) and (35), yields, asx — o

(o]

P[C > X] < K(0)P[R > x]. (44)

For the lower bound on P[C > x|, starting from (6), we derive

P[C >x] = Zq. i(Ti) > X >2q.]P’ (to(x)) > x—1,Ti > to(X)]

> Z GilP[Ti > to(X)] = P[S(to(x)) < x—1],
i=ig
where we choose to(X) asin Lemma 4. Next, we apply Lemma 4 to estimate the second term in the preceding ex-
pression. Then, after applying Lemma 3 to lower bound the tail of random times T, i > ig, in conjunction with the

anal ogous reasoning as estimating 1,(x) (see aso expressions (39)-(40) of (8)), we complete the proof of thistheorem.
&

In additionto the previousresult, one can estimate the asymptoti ¢ performance of the DPAC algorithmwhen 0 < o <
1. Inthis case our proofswould involve anal ogous arguments to those applied in the proof of preceding Theorem!1,in
conjunction with techniques developed in Theorems 2 and 3 of (8). Sincethe results are the same asthose in Theorems
2 and 3 of (8), we omit their proofs and just state them here.

Theorem 2 Assume that g; = hy/i, 1 <i < N, where hy is the normalization constant. Then, forany 0 < 8 < 1, as
N — oo

(IogN)BIC™) > 3N] ~ F(3) £ 7T(0.n), (@)

where ng uniquely solves the equation

1 1 ]
1—EnkF<—E,n> =9
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note that, I'(x,y), y > 0, is the incomplete Gamma function, i.e. T'(x,y) = [ e~'t*~1dt. Furthermore, forany 0 < & < 1,

lim F(8) = log (%) (46)
o

Theorem 3 Assume that ¢; = hn/i% 1 <i < N, where hy is the normalization constant and 0 < o. < 1. Then, for any
0<d<lasN— o

1-a 1.1 1 1
(N) ~ A - & k[ = - —
PIC™ > B3N] ~ Fi(3) £ == (ng) @ ¢T (k ak,ﬂzs) : (47)
where m5 is the unique solution of the equation
1 1 1
_— _— ok = Q:
1 ockr ( ock’n> n o

note that I'(x,y), y > 0, is the incomplete Gamma function, i.e. I'(x,y) = [;” e~'t*~dt. Furthermore, F(3), § € (0,1),
is a proper distribution, with limg_,o F(8) = 1, limg_,1 R (8) = 1 and

I(ILrUOFk(S) =1-3 (48)

5 Numerical experiments

In this section we illustrate our main results stated in Theorems 1, 2 and 3. Even though the results are valid for large
cache sizes, our simulations show that the fault probability approximations, suggested by formula (30), (45) and (47),
work very well for small caches aswell.

5.1 Convergence to stationarity

In the presented experiments, we use a discrete time model without The Poisson embedding, i.e.,, T, = n. In order to
ensure that the simulated val ues of the fault probabilities do not deviate significantly from the stationary ones, we first
estimate the difference between the distributions of C(N) and CSN), where C,QN) is the search cost after n requests with
arbitrary initial conditions.

Thus, using(2 — 3), we can upper bound the difference between the tails of these distributions as
N
sup|P[CY) > x] — Plc™ > x]‘ <en2 Y qP[Ti>n—m+1).
X i=1

Now, using similar argument asin Lemma 2, we obtain
P[Ti > t] < P(ty) + (M- 1)X; > )

<Py > 32] +P[(m—1)% > 4], (49)

i 2

where now {‘CQ)} denotes success timesin a Bernoulli process with parameter g; and X; is independent of {rﬁi)} with
geometric distribution having parameter

i m-1 m—1 L
pi=PMi()) >k = ¥ ( | >QE(1—qi)m v
I=k—1
Next, it iswell known that r§<'|) is geometric with parameter g;p; and, therefore, from (49)

t

P[T; > t] < (1— pigi) 2 + (1 — p;) 2™ 7.
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Thus, using the preceding bound, we obtain
N n—m Nn-—m_
en < Y4 [(1— pigi) 2 +(1—pi)2™T|. (50)
i=1

Note that, since pj is increasing in m, the larger values of m speed up the convergence of the search cost process

{C,QN)} to stationarity. In other words, increase of m makes the algorithm more adaptable. On the other hand, the
larger m implies the larger size of the additional storage needed to keep track of the past requests. Thus, although
the stationary performance of the DPAC agorithm is invariant to m, this parameter provides an important design
component whose choi ce has to balance between the algorithm complexity and adaptability.

5.2 Experiments

In the presented experimentswe take the number of documentsto be N = 1300 with popularitiessatisfying q j = hn /i%,
1< i< 1300, wherehy = (3N 1 1/i%)~1. Also, wesdlect m=20and o:: 1) oo = 1.4, 2) oo = 1 and 3) oo = 0.8. The
initial permutation of thelist is chosen uniformly at random and the set of initial m requestsis taken to be empty. The
fault probabilities are measured for cachesizesx = 50j, 1 < j < 15. Simulation results are presented with “*” symbols
on Figures 1,2, and 3, while the optimal static performanceis presented with a thick solid line on the same figures.

In our first experiment, we illustrate Theorem 1. Since our asymptotic formula is obtained for infinite number of
documents N, it can be expected that asymptotic expression gives reasonable approximation of the fault probability
]P’[C(N) > x] only if both N and x are large (with N much larger than x). However, our experiment shows that the
obtained approximation works well for relatively small values of N and almost all cache sizesx < N.

Experiment 1: Here we select oo = 1.4. Before we conduct measurements, we allow the time of the first n = 1010
requests to be a warm-up time for the system to reach its stationarity. Then, the actual measurement time is also set

to be 1010 requests long. We measure the cache fault probabilities of the DPAC(20, k) policy for valuesk = 1,2. The
experimental results for the cases when k > 3 are almost indistinguishable from the optimal performance, P[R > X,

and, thus, we do not present them on Figure 1. After estimating e, in (50) for a given warm-up time of 101° requests,
we obtain that e, < 10~*2, which is negligible compared to the smallest measured probabilities (> 10 ~2). Therefore,
the measured fault probabilities are essentially the stationary ones. The accuracy of approximation P (¢)(x) and the
improvement in performance is apparent from Figure 1.

-0.6 T
IoglOP[R>x]

_o8l IongP(e)(x)
%  simulated IogloP[C>x]

—1.2}

—1.4F

~16}F

-1.8f

-2 I I I I I I I
0 100 200 300 400 500 600 700 800

cache size x

Fig. 1: lllustration for Experiment 1

Experiment 2: Here, we set oo = 1 and measure the cache fault probabilities for k = 1,2, 3. Before we conduct
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measurements, we allow the time of the first n requests to be a warm-up time for the system to reach its stationarity;
Then, the actual measurement time is also set to be n requests long. We set n = 2 x 108 for k = 1,2 and n = 10!
for k = 3. Since the normalization constant % =logN + v+ 0(1) as N — oo, where y is the Euler's constant, the

ratio hy logN converges slowly to one and, therefore, instead of using the approximation P[C N) > X] & F(TE;Z/NN))* as

suggested by Theorem 2 of (8), we define IP(®)(x) = hyFy(x/N). We obtain that for k = 1,2, e, < 3 x 101, while
for k = 3, ey < 2 x 108, which is insignificant compared to the smallest measured probabilities. Thus, the process
is basically stationary. The accuracy of approximation P (¢)(x) and the improvement in performance is apparent from
Figure 2.

log 1OP[R>><]
%  simulated log, P[C>X] )

-0.4F log, P(x)

100 200 300 400 500 600 700 800
cache size x

Fig. 2: lllustration for Experiment 2

Experiment 3: Finally, the third example assumes oo = 0.8 and considers cases k = 1,2,3. Before we conduct
measurements, we allow the time of thefirst n = 10%° requests to be awarm-up time for the system to reach its station-
arity. Then, the actual measurement time is also set to be 101° requests long. Similarly asin the case of oo = 1, dueto
the slow convergence of hyN1~%/(1— o) to oneas N — oo, we use an estimate P(®) (x) = hy (N*=%/(1 — o)) (x/N)
instead of F(x/N) that can be inferred from Theorems 3 of (8). We compute e, < 3 x 107>, which is insignificant
compared to the smallest measured probabilities. Thus, the processis basically stationary. Once again, the validity of
approximation P(¢) (x) and the benefit of the DPAC algorithm is evident from Figure 3.

6 Concluding remarks

In this paper we introduce a discrete version of the recently proposed continuous time PAC replacement rule (8) that
possesses all desirable properties of the LRU policy, such as low complexity, ease of implementation and adaptability
to variable Web access patterns. In addition to these attributes, the new DPAC policy eliminates drawbacks of the
PAC rule, such as its dependence on the request arrival times and variable storage requirements. However, even in
the case of the independent reference model, the DPAC policy is significantly harder to analyze than the continuous
PAC rule. In thisrespect, we develop a new analytic technique that allows us to decouple replacement decisions of the
requested documents and show that the performance (fault probability) of the DPAC agorithm, for large cache sizes,
isvery close to the optimal frequency algorithm even for small values of k = 2, 3, which implies negligible additional
complexity relative to the classical LRI policy. In addition, theoretical result is further validated using simulation that
shows a significant improvement of the DPAC agorithm in comparison to the LRU scheme, even for small cache
sizes x and the number of documents N. The excellent agreement between the analytical and experimental results and
simplicity of the DPAC policy itself implies avery high potential of the proposed policy for practical purposes.
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T
Iong[R>x]

-0.2 #  simulated log, \P[C>X]| 4
Iong(e)(x)

. . . . . . .
100 200 300 400 500 600 700 800
cache size x

Fig. 3: lllustration for Experiment 3

Finally, we would like to note that earlier proposed “k-in-a-row” rule ((9; 4)) that was studied in the context of the
expected list search cost, is a special case of the DPAC(m, k) algorithm when m = k.

7 Proof of Lemma 5

The case k = 1 that corresponds to the ordinary LRU algorithm is easy since the variables T; are independent and
exponentially distributed with parameters g;. Thus, the result follows from Lemmas 3 and 4 of (6). Hence, in the rest
of the proof we assumem > k > 2.

Notethat for any ip > 1

i UTi < to(x)] > x—1io]; (51)

i=ig

P [i 1T < to(x)] > x] <P

i=1

a specific ig WI|| be selected later in the proof. Let {r } j>1 be an ordered sequence of request times for documents

i>ig, i.e {1 }J>1_U.>.o{1n tn>1. Weusen(j), j > 1to denote the index of pomtr( o

{Tn}n>_’]_ |e TE )

Poisson decomposition theorem, process { }J>1 is also Poisson with rate ¥, i

Next, similarly asin Lemma 3, we group the p0| nts {tn} into cycles. Thefirst cycle Cl, will be closed interval of
time that starts with 1,1y and its length is determined by the following procedure. Let random variable Z 1 be defined
as

in the original sequence
= Tp(j)- Then, since process {rn} is Poisson and {Ry} isi.i.d. sequence independent of {tn}, by

Z1 2 inf{j > 0: Mi(Tn(1)+(j—yym+1) = O},

where Mi;(tn) = Yi>io Mi(Tn). In other words, we observe groups of m consecutive requests until we come to a
group of m requests where there are no requests for documentsi > ig. Then, the first cycle, C; will be an interval
[Tn(1) Th(1)+mz,]- Next, starting from thefirst point of process {tp;) } j>1 after request ty(1)1mz,, S T, We define

Z, £inf{j>0: Mis(Ta(l)+(j—ym+1) = O},

and, therefore, the second cycleisinterval C2 = [Ty(1), Tn(1)+mz,]- We continue this procedure indefinitely.

Then, denote the points of time that represent the beginnings of the previously defined cyclesC j, j > 1, by {Oj}j>1.
Clearly, from the independence assumptionson {tn} and {Rn}, {©;} isarenewal processwith renewal intervals, for
j > 1, satisfying

_ mZy

Ojr1— 0] —Tl +2§|a
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where {&;} isani.i.d. sequence of exponential random variables with mean 1 that is independent from t (lE) and Z;.
Thus, by neglecting the sum in the preceding expression (i.e. the length of the cycles), the beginning of each cycle can
be lower bounded with

()
0;>1,°. (52)

Next, on each cycle Cj, j > 1, define an event that at least two distinct items are moved to the first position of the
list during that cycle

AlY 2 {0 3iy,ip > o, i1 # i2, 3ty , T, € Cj,R(Tn)) = i1, M (o) > kfor I = 1,2},

Similarly, for eachi > ip we define an event that exactly one document i (but no other documents) is moved to thefirst
position of thelist

AD 2 {0 3t € Cj,R(xn) = i, Mi(tn) > k} N (A}O))C,

where A° denotes a complement of event A. Then, for each fixed j these events are disjoint, and, due to the indepen-
dence properties of our reference model, they are independent on different cycles and for fixed i equally distributed;
let pi 2 PIAY]i > igori=0.

Now, using the bound in (52) and the P0|sson decomposition theorem, it is easy to see that, for each fixed i, the
beginning of the first cycle where event A happens is lower bounded by L, where L; are independent exponential
random variables with parameters equal to PiXi>i, Gi- Then, for i > io, the random times defined in (7) are lower

bounded by the beginning of the first cycle where event A j(o) U Aj(i) occurs, which is further lower bounded by
Ti > LiALo, (53)
wherex Ay = min(x,y).

Next, we provide upper bounds on each of the probabilities pj. Using the same arguments asin (20) of Lemma 3,
we obtain that for any € > 0, we can chose ig large enough, such that for all i > ig

9 (m-1\ y 1
i<((1 . 54
me gt (V) (&)

The probability pg can be bounded as

po < P(Z; > 1) +P(AI%,Z; <)

cw(Zo) omarae

|
H(ij>+ Y PA (02,25 <1, (55)

i=io i1,02>l0,J17# ]2

where | is afixed constant that will be selected |ater. AJ(O) (1, j2) isthe event that during cycle C j documents j; and j»
are moved to the first position of thelist.

P AL (j1,i2),21 <1] =P [R(©1) = 1, A (i1, ]2), 21 <]
+P[RO1) = i2.A (i1, 12). 21 <]
+]P[ (©1) # 1, J2, ()(jl,jZ)aZlfl}
2 por(j1, j2) + poa(j1, i2) + Poa(j1, j2)- (56)
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Now, we upper bound the first term of (56),

Por(j1, J2) < o.oqj_lqj P [Mj, (Ta)1,ml) > k= 1,Mj, (Tn()41,ml) > K]
J=lo
< P[Mj, (t1,ml) > k—1,Mj,(t1,ml) >K]
j=io i
Aix Sl (mh)! I1 4l2 ml—l3—I
< 1a2(1—0:.. —Q; 1-l2
~ XS |1=2k'—1|22='k '1”2!(m|—|1—|2)!q“q’2( Gia i)
j _ )
< 5= g (Rl L)
]=|0qJ

the last inequality holds because ml isfixed and finite, j1, j2 > ig, and ig is large enough. Thus, we obtain

. Hdldf
por(j1, j2) € <=2 2. (57)
j=iodi
Similarly, we derive
qu qk
H ,‘ < 0<)Jl 12 58
Poz(j1, j2) < ST (58)
and, by applying the same type of arguments, we bound
o Ha¥ o
Poa(j1, j2) < Hef qf, < 2. (59)
j=io di
Therefore, (57),(58),(59) and (56) givethat for any j 1, j2 > io, j1 # jo2,
O qIngqngz
PIA]7 (i1, J2),Zj < 1] < HWa (60)
i=io i

where constant H isindependent of j; and j». Now, by replacing the preceding bound in (55), we derive that for al i g
large enough,

I
had H
Po<H (Z Qj> + (iO_ 1)20(1(—22“’ (61)

i=io iodj
After setting the necessary ground for our analysis, we upper bound the left hand side of (51) as
P Z 1UTi < to(X)] > x— iol <P Z 1LiALo < to(X)] > x— io]
i=ig Li=io

<P z 1[Li ALo < to(x),Lo > to(X)] > x—o

_I=io

+ P[Lo < to(X)]

<P i 1[Li < to(X)] >X—1lg

=

+P[Lo < to(X)]. (62)

Now, from (54), P[Li < to(x)] < 1 — e~ @& D)0 for i > ig and i large enough. Furthermore, assigning
io = [ex] and applying Lemma 3 of (6), we deriveasx — oo

E [ Y L < to(x)]l <T (1— i) ¢ ((T_‘f)) = (1+¢) ' Fto(x) . (63)

i>ex
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Then, if wereplaceto(x) and use (63), it follows that E [ Tisex 1[Li < to(X)]] < (1—2e)x = (1— %) (x—ex) for all x
large enough. Then, sinceL;, i > ip, are mutually independent, using large deviation result from Lemma 4 of (6), we
show that the first term in (62) is bounded, for some 6 > 0, by

P [z 1L < to(x)] > x—exl <2 %=o (Xal_1> as X — oo, (64)

i>ex

Next, we estimate the second term of (62). Using (61) with io = [ex] and choosing | = [22-2] — 1, such that
(—1)(14+ 1) > 20k — 2, we derive

PlLo <to(X)] < 1— o 10(X) Po Xizex Ui

1 1
ok
< Hx [X(a—l)(l+l) + quk—z]

Hx% H 1
S ook 2 Sk z =0 (Xa1> 8 X = eo. (65)
sincek > 2 and o > 1. Finaly, replacing (65) and (64) in (62) imply the statement of the lemma. &
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