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Abstract

It was recently proved in [13] that the Least-Recently-Used (LRU) caching policy, in
the presence of semi-Markov modulated requests that have a generalized Zipf’s law
popularity distribution, is asymptotically insensitive to the correlation in the request
process. However, since the previous result is asymptotic, it remains unclear how small
the cache size can become while still retaining the preceding insensitivity property. In
this paper, assuming that requests are generated by a nearly completely decomposable
Markov-modulated process, we characterize the critical cache size below which the
dependency of requests dominates the cache performance. This critical cache size is
small relative to the dynamics of the modulating process, and in fact it is sublinear
with respect to the sojourn times of the modulated chain that determines the dependence

structure.
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1. Introduction

The basic idea of caching is to maintain high-speed access to a subset of = popular items
out of a larger collection of N documents that are otherwise accessed at a slower rate. In the

context of Internet applications and services, such as Web access and content delivery, caching
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has been widely recognized as an effective way to reduce the latency for downloading Internet
documents. This is achieved by keeping the popular documents in high-speed caches that are
located close to the users requesting these documents. Naturally, the problem of selecting and
possibly dynamically updating the content of a cache is central to the efficient operation of
any caching system. The broad popularity of the LRU policy stems from its many desirable
characteristics, including a high hit ratio, low complexity, and flexibility to dynamically adapt
to possible changes in the request patterns.

Due to its importance in practice, LRU caching has received significant attention in the
research literature, both in the context of combinatorial (worst-case) [3, 4, 15, 16] and proba-
bilistic (average-case) analysis; the latter is the focus of this paper. In particular, we consider
the LRU algorithm in the presence of strong statistical correlation that often characterizes
the access patterns for Internet documents; e.g., see [1, 5, 12] and the references therein.
However, most of the existing work on the average-case analysis of LRU caches is either
performed under the assumption of independent and identically distributed (i.i.d.) requests or
it is computationally intractable. To alleviate this problem, in our recent work [13] we develop
a novel, analytically explicit asymptotic method for analyzing LRU caches in the presence of
semi-Markov modulated requests. This way of modeling dependency in the request process
provides the desired flexibility for capturing possibly strong statistical correlation, including
the widely reported long-range dependence of the access patterns for Web documents. In fact,
Markov modulation techniques are widely used to model dependencies in the arrival processes
in the context of queueing and insurance risk theories; e.g., see [2, 11] and the references
therein. The main results from [12, 13] imply that asymptotically, for large cache sizes, the
cache fault probability in the presence of semi-Markov modulated requests behaves the same
as in the corresponding LRU system with i.i.d. requests [10]. This surprising insensitivity
was further validated experimentally in [12] where we found excellent agreement with the
asymptotic results, even in the cases of actual trace-driven simulations and for relatively small
cache sizes, which further supports our way of modeling dependency in the request process.

Since the results from [13] are asymptotic, they do not provide information on how small
the cache sizes can become while still retaining the discovered insensitivity property. Our
present work attempts to answer this question by studying the cache performance through a
joint scaling of the dependence structure of the requests and the cache size. In this paper, the

request sequence is modeled as a nearly completely decomposable (NCD) Markov-modulated
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process with the modulating Markov process having transition rates linearly proportional to a
scaling parameter 6. The jumps in this modulating process occur on a time scale of the order
1/, which implies that the dependency in the request process increases as 6 | 0. We scale the
cache size as an increasing function of 1/ and identify a critical cache sizing below which the
dependency dominates the cache performance. Our main results show that this critical cache
size is sublinear in comparison with the time scale of transitions in the modulating process,
i.e., 1/4. Thus, informally, our results show that the discovered insensitivity property is indeed

robust.

The remainder of this paper is organized as follows. In Section 2 we define the model used
in our study, while in Section 3 we present a summary of results that are used in our main
theorems. The main results are provided in Theorems 1 and 2 of Section 4, together with a

discussion of their implications. In Section 5 we conclude the paper.

2. Model description

A LRU cache of size x can be described as follows. Consider a universe of N documents
(items), from which x can be placed in an efficiently accessible location called the cache. Each
time a request for a document is made, the cache is searched first. If the document is not found
in the cache (cache fault), additional delay is incurred to access the item from the outside
universe and it is added to the cache by replacing the least recently accessed document in the
cache. The performance measure of interest for this algorithm is the LRU fault probability,

i.e., the probability that the requested document is not found in the cache.

Analyzing the LRU policy is equivalent to investigating the Move-To-Front (MTF) search-
ing algorithm. In order to justify this claim, we assume that the  documents in the cache,
under the LRU rule, are arranged in increasing order of their last access times. Every time there
is a request for a document that is not in the cache, the document is brought to the first position
of the cache and the last document in the cache is moved to the outside universe. Clearly,
the fault probability stays the same if the remaining N — x documents in the outside universe
are arranged in any specific order. In particular, they can be arranged in increasing order of
their last access times. The obtained searching scheme performed on the ordered list of all
documents is called the MTF algorithm. Furthermore, it is clear from the previous arguments

that the LRU fault probability is equal to the tail of the MTF search cost, i.e., the position
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of the requested document evaluated at the cache size. Additional arguments that justify the
connection between the MTF search cost distribution and the LRU cache fault probability can
be found in [7, 9, 10]. We therefore proceed with a description of the MTF algorithm.

More formally, consider a finite set of documents L = {1,..., N} and a sequence of
document requests that arrive at time points {7,,, —0o < m < oo} which represent a Poisson
process of unit rate. At each point 7,,, we use R, to denote the document that has been
requested, i.e., the event {R,, = i} represents a request for document ¢ at time 7,,. The
sequence { R,, } is assumed to be independent of the Poisson arrival points {7, }. The dynamics
of the MTF algorithm are defined as follows. Suppose that the system starts at the arrival
instant 7y of the Oth request with an initial permutation Il of the MTF list. Then, every time
Tn, (n > 0) that a document is requested, its position in the list is first determined and this value
represents the searching cost C’r(LN) at time 7,,. The list is then updated by moving the requested
document to the first position of the list and shifting one position down those documents that
were in front of the requested item. Note that, according to the discussion in the preceding
paragraph, ]P’[C’,QN) > x] represents the fault probability of a cache of size x at time 7,,.

Next, we characterize the dependence structure of the request process. Let N5 = {T,,, —oco <
n < oo}, Top < 0 < Ty, be a Poisson point process with rate 6 > 0. Furthermore, let
{Tn, —00 < n < oo} be a finite-state, irreducible, aperiodic Markov chain, independent
of Ns, taking values in {1,..., M}, where M is a finite, positive integer. This process is
assumed to be stationary with marginal distribution 7, = P[7,, = k|. Then, by embedding this
Markov chain into the Poisson process N5, we construct a piecewise constant right-continuous
modulating process J, where J is defined as J, = J, for T,, < t < T,4;. Note that the
transition rates in J are linearly proportional to ¢ and, therefore, this is a NCD process for

small §.
(k)

Foreachl < k < M, let qgk) be a probability mass function where g; "’ is used to denote the
probability of requesting document ¢ when the underlying process J is in state k, 1 < ¢ < N.
The dynamics of R,, are then uniquely determined by the modulating process J according to
the equation

(J=,)
7 ?

n
PR =i, 1<l<n|J,t<m] = []q
=1

where n > 1; that is, the sequence of requests R, is conditionally independent given the

modulating process J. We use ¢; = P[R = i] = 22/[:1 wkqgk) to express the marginal request
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distribution and assume that ¢; > O forall 1 <7 < N.

3. Preliminary results

The model described in the previous section, for a fixed 4, is a special case of the more
general one introduced in [13] and, therefore, some of the results from [13] are used in this
paper. In particular, Lemma 1 of [13] shows that the search cost C,(LN), N < oo, converges
in distribution to the stationary value C'’"Y) when the request process {R,} is stationary
and ergodic. Then, in the following subsection, we outline this convergence and provide
a characterization of the tail of the limiting search cost distribution when the number of
documents N — oo. Next, Subsection 3.2 contains results on MTF searching with i.i.d.
requests that were stated and proved in [10] and [13] and will be used in proving our main

theorems.

3.1. Representation results

Section 3.1 of [13] contains a general characterization of the stationary distribution of C' ),
N < oo. Assume that the probability mass functions qi(k) are defined forevery: > 1,1 < k <
M. Then, let o, be the o-algebra o(J,,, —t < u < 0) containing the history of the process
Jy in the interval [—t, 0] and denote the conditional probability P,,[-] = P[-|o¢]. Furthermore,
let N;(u;J) be the number of requests for document j in [—u,0), 0 < u < ¢, and define
an indicator function B;(t;J) = 1[N;(¢;J) > 0], j > 1, being equal to 1 if item j was
requested in [—¢,0). Then, the number of distinct documents S;(¢; J), different from 4, that

were requested in [—t, 0) can be expressed as

Si(t; J) £ > Bj(t;J), ()
JFi
where
P,,[Bj(t; J) =1] = 1 —e %" 2)

We use §; = ¢;(t), 7 > 1, in (2) to denote the empirical probabilities of requesting document

j in the interval [—t,0), i.e.,

—_

M 0
62> P and = [ 1l =k de ®
k=1 -t

o~
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Now, one can construct a sequence of finite lists and show that their search costs C ()

converge in distribution, as N — oo, to
PIC > z] = ]E/ f(t)]P’Ut [Si(t; J) > x — 1] dt, @
0

where f(t) is defined as
(1) 23 g et )
i=1

and §;, S;(t; J) are as introduced in (1) - (3). The reader is referred to the proof of Propo-
sition 1 in [13] for details, where the above results are established under more general model
assumptions on the request process { R, } than the ones introduced in Section 2. The preceding

representation of the distribution of C' is the starting point of our analysis.

Remark 1. (i) Throughout this paper we will exploit the properties that the variables S, (¢; J),
B,(t;J), j > 1, are monotonically increasing in ¢ and that the variables B;(t; J), j > 1, are
conditionally independent given o;. This conditional independence arises from the Poisson
arrival structure, as is apparent from the derivation in [13]. In general, when the request
times are not Poisson, e.g., integer time arrivals, these variables may not be conditionally
independent. For i.i.d. requests, the Poisson embedding technique was first introduced in [8].
(ii) It is clear that the derivation of the above results does not rely on the fact that the requests
arrive at a constant rate [13]. Thus, our results can be generalized to the case where the arrival
rate depends on the state of the modulating process .J, i.e., the rate can be set to A; when
Jiy = k. We do not consider this extension, since it further complicates the notation without

providing any significant new insight.

3.2. Results for i.i.d. requests

We next provide several lemmas that consider the LRU caching scheme under independent
requests, which will be used in proving our main theorems. The MTF model with i.i.d. requests
is equivalent to our general problem formulation when the modulating process is assumed to
be a constant, i.e., J; = constant. In this case the Bernoulli variables {B;(t), j > 1} indi-
cating that a document j was requested in [—¢, 0) are independent with success probabilities
P[B;(t) = 1] = 1 — e~%*, Then, using the notation S;(t) £ > j2i Bj(t), itis easy to see that

the distribution of the limiting stationary search cost C' from (4) reduces to

P[C > z] / ZqQ THPIS, () >z — 1]dt. (6)
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Throughout this paper we shall use some standard notation. For any two real functions
a(t) and b(t) and fixed tg € R U {oo}, we will use a(t) ~ b(t) as t — to to denote
lim; ¢+, [a(t)/b(t)] = 1. Similarly, we say that a(t) 2 b(t) ast — to if liminf; ., a(t)/b(t) >
1; a(t) < b(t) has a complementary definition. The following two results, originally proved in

Lemmas 1 and 2 of [10], are restated here for convenience.

Lemma 1. Assume that ¢; ~ c¢/i® as i — oo, with a > 1 and ¢ > 0. Then, as t — oo,

oo Ci 1

2,—qit ¢ —24L
Yogteut ~ Tp (2 — ) ia,
i—1ql @ ( a)

where T is the Gamma function.

Lemma 2. Let S(t) = > .2 B;(t) and assume q; ~ ¢/i® as i — oo, witha > 1 and ¢ > 0.

Then, as t — oo,

Throughout this paper we shall use H to be a sufficiently large positive constant, whereas
h will be used to denote a sufficiently small positive constant. The values of H and h are
generally different in different places. For example, H / 2=H,H?=H,H+1=H,etc.
Now, the next two lemmas, which are repeatedly used in establishing our main results, were

originally proved in [13].

Lemma 3. Let {B;,i > 1} be a sequence of independent Bernoulli random variables, S =

Yoo, Bi and m = E[S]. Then for any € > 0, there exists 0. > 0, such that
P[|S —m| > me] < He %™,
Lemma 4. If0 < g; < H/i® for some fixed a > 1, then for any x > 1,

P[C > z] <

- gpo-1°

Finally, the result established in the following lemma is repeatedly used in the proof of

Theorem 1.

Lemma 5. Let ¢/i® < q; < ¢ 1/i% a > 1, for some positive constant c. Then, for any

x>0,

P[C > z] > ah
T
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Proof. Note that for any € > 0 and z large enough, by using (6), the tail of the search cost

C' can be lower bounded as

PC>a] > PIS(Ha®) > 1] / S et
Hze =y

\Y]

(1—e)> gie e, (7)
=1

where the first inequality follows from the monotonicity of S(t), while the second inequality is

obtained by applying Lemmas 2, 3 and integration. Next, from the assumptions of the lemma,

we have
o] 0o Joe)
_ Y C _ gz _ 1 h
E qie” HauT" > E —e Him > ce™H —du > —,
xe 1 ue 330‘_1
i=1 lz]+1 T+

which in conjunction with (7) proves the result.

4. Main results

In this section we state and prove our main results. We show that the cache fault probability
exhibits different performance characteristics depending on the scaling between the cache size
x and the parameter §.

In preparation for these proofs we denote the epochs of reversed jump points 7,, & —T_,,,
n > 0; this notation is convenient since C' depends on J; for values ¢ < 0. Furthermore, we
define S®) (1) 2 B® (1) + s¥ (1) = B (1) + > Bj(k)(t), 1 <k < M, where B (#),
i > 1, are Bernoulli random variables with P[Bfk) t)=1=1- ="t In addition, let C¥)

correspond to the stationary search cost with i.i.d. requests when J; = k.

4.1. Asymptotic decomposability

The following theorem establishes the critical cache size scaling as a function of the para-
meter § below which the dependency in the request process dominates cache performance, i.e.,

the insensitivity result does not hold.

Theorem 1. Let q; < ¢1/i% o > 1, and suppose there exists k, 1 < k < M, such that

qgk) > co /1%, co > 0. If x5 satisfies 250/ = 0as & — 0, then

M
PIC > xs] ~ Zﬂ'k,}P’[C’(k) > xs] as x5 — oo. 8)
k=1
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Proof. To simplify notation we write * = x45. First, we prove the lower bound. Since
S(t; J) = S¥)(t) ass. on {Jy = k} for all =7y < t < 0, the representation formula given in

(4) implies
P[C > 2] = / FOP,[Si(t: T) > @ — 1)de
T R (02— ot (o)
= E/ Z(qz ©)2em TIPS (1) > @ — 1] Jo)dt

>Z[P’Jo—k'fo>Hx / Z (qP)2e= 48 ™M (1) > & — 1]dt

- Z ™ / (@ ar ©)

Now, since q(k) < q; = q;/ming 7, 1 <k < M, ¢; < ¢1/i%and ze™* < e~ 1 (for z > 0),

X2

the second summand in (9) can be bounded as

) I_Hl/(lafj o 1 o
(¢M)2e g < § § ) Haem e 7/
Zm/ = <" Hzo GoREe " i) S 0
1 1 -1 “a
PR S . 10
= fi-1ja ga—1 (e + (ming, 7)) (o — 1)) o

Then, by the assumption of the theorem, P[Jy = k, 7y > Ha®] = mpe 19%" — 1156 — 0

(x — 00), and, therefore, from (9) and (10) we obtain

M
1 1
PIC > z] Zka[C(k) >z — ——— <e_1 + o a ) as T — oo.

— Hi-1/a ming 7 ) (e — 1) ) x*—1

To simplify the notation in the remainder of the paper we will simply write f(x) 2, ~, <
g(x) without explicit reference to x — co. Next, by applying Lemma 5 and letting H — oo,

we conclude

M
P[C > 2] 2 ) mP[CH) > a]. (11)
k=1

Let us now prove the upper bound. After splitting the integral in (4), we define

T
P[C > a] = / —HE/ z) + L(z). (12)
T

First, we provide an upper bound for I;(z). Since S(t;J) = S®¥)(t) as. on {Jy = k}, we
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derive

M Ty ©© .
“EY 1l = k]/ 3 (gP)2edPIS® (1) > 5 — 1]at
_ 0 .

M o 00 M
<3 m / 3 (M2 BISP () > 2 - dt = Y mP[C® > 2], (13)
k=1 0 =1 k=1

where the inequality is obtained after replacing 7, with co.
Next, in deriving an asymptotic estimate of I5(x), we use ql(‘]*t)e—ditdt = —d(e"%?) as

follows

CED Wi / et =Yg [ ey
=1 To
SEY TSy

Since the first assumption of the theorem implies q(k) < H/i*, 1 < k < M, using the

2

(k)(g
=Y+

inequality
q; 1 / 1 1 / 1
<L — < dz < dy, 14
; Ek)_i_éi;l*'h(szai 0 1—|—h5z°‘ Zﬁ(h(g)l/a 0 1—|—y°‘ Y ( )
we obtain

I(z) < H&" Ve = ( ! 1) : (15)

e
where the last equality is implied by the assumption of the theorem since £6*/* — 0 as § — 0
yields §'=1/* = o(1/2*~1). Finally, this last observation together with (13) and Lemma 5
imply I5(z) = o(I1(x)), which, in conjunction with (12) and (11), concludes the proof of the

theorem.

4.2. Asymptotic insensitivity

The following theorem establishes the scaling of the cache size as a function of the parame-

ter & for which the insensitivity result holds.

Theorem 2. Let q; ~ c/i® asi — oo, a > 1. If x5 satisfies x56'/*/logxs — oo as § — 0,
then
PIC > z5] ~ K(a)P[R > z5] as x5 — 00, (16)

s (- 2) -]

where
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and T is the Gamma function.

Remark 2. The following proof is based on Theorem 3 of [13]. The main technical novelty
of the present paper is to demonstrate that the estimates from this proof hold uniformly for all
small 0. In this regard, the proof below draws these parallels and emphasizes the derivation of

the uniform bounds.

Proof. Again, to simplify the notation, we set + = x5. First we prove the upper bound.

After splitting the integral in (4), we define

T hoos) oo
P[C > z] = IE/ —HE/
0 Tinaos)

2 I (z) + Iy(x). (17)

Next, we show that [ (x) is negligible for large z, i.e.,

1
Il(x):0<$a1) . (18)

To this end, after conditioning on the value of 7|« 5|, we obtain

where f(t) is defined in (5). Note that f(t) < Sy qg‘h’) =1and
/ ftyar =1, (19)
0
since —d(e~%") = e=0td(S0 | g™ [0, 1], = k]du) = e~8itq!"~)dt. Then, using (19),
0o 2hx®
L(z) <E [l[ﬂhmaﬂ > 2hx“]/ f(t)dt} —HE/ P,,[S(t; J) > x]dt
0 0
< P{T pges) > 2ha®] + 2ha®P[S(2ha®) > ], (20)

where S(t) £ >°.., By, and B;, i > 1, are independent Bernoulli random variables with
P[B; = 1] =1 — e~ %!, g = ¢;/(ming 7,), similarly as in (28) of [13]. Now, by Lemmas 2
and 3, the last term of (20) is o(1/z*~1).
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Next, after using the Chernoff bound for the sum of exponential i.i.d. random variables, we

obtain for any 6 > 6 > 0,

P[7 | pges) > 2h2”] < e~ 02hz® ,—|hz®5]log(1-§)

) 1
<e log @ :0<) as r — 0o, 21

< e 2
Iozl

since %9/ log x — oo as * — oo, which follows directly from the assumption ¢ /e /logx —
oo as 0 — 0. Finally, using the preceding estimates in (20), we have proved (18).

In order to estimate I5(x), we define the set A(n) as

(T) — W'“(HH)‘ §2e7r’“("+1)}, (22)

A(n) £ Ni<k<m { 3 3

where 7,(7,,) represents the total time that process J spends in state k in the interval (—7,,, 0).
Next, due to the memoryless property of the exponential distribution, note that 74(7,,) 4
Zz{v:"'o(k) €;, where N, (k) is equal to the number of times that the Markov chain {J_7; } visits

state k and ¢; are exponential i.i.d. random variables with mean 1/4, both for 0 < ¢ < n.

Then,
me(n+1)
P |7(7,) > (1 + e)f < PN, (k) > (1 + €)mp(n + 1)]
(146 (nt1)]
me(n+1)
P ; 14 2¢)—————=
+ ; € > (14 2¢) 5

(23)

Next, note that for any 0 < 6 < ¢ and any positive integer n

P[Xn:@'> 1+¢€)=
i—1

where in the last expression we applied the Markov inequality. Therefore, by setting u = 6/

— )

P
_p [ee T 69(1+e)%:| < e—nl§(1+e)+log(1-9)]

in the preceding expression,

lzel 1+e

where the minimum is achieved for v = €/(1 + ¢€). Then, after applying a well-known large

< 0<i2£1efn[u(1+e)+log(17u)] — efn(equog(lJre))7 (24)

deviation result on finite-state ergodic Markov chains (e.g., see Section 3.1.2 of [6]) to bound

the first term of (23) and using (24), we conclude that there exists a constant 05(¢) > 0,
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independent of ¢, which satisfies

P |:Tk(7;z) > (1+ e)ﬂ’“(n;l)} < e Okl (25)

Using arguments analogous to those in (23), (24) and (25) for estimating the exponential upper

bound for P [Tk(’Tn) <(1- E)W} , in conjunction with the union bound, we conclude

me(n+1)
8

me(n+1)

Te(Tn) — 5

PlA¢(n)] < m]?XIP’ [

‘ > 2 } < He 0, (26)

for some positive constant 6. > 0, independent of 4.
At this point, we are ready to proceed with estimating the integral I(z). After multiplying

Iy(z) with 1[A(n)] and 1[.A%(n)], we define

o) Tt
B <B S [ f0R[S(: ) = i
n=|hz*§) Tn
0o Tot1 .
—E > 1) [ 0P (S(: ) = alds
n=|hz*§) Tn
0 Tnt1
TEY 1AM / FOP,, 1S J) > 2dt
n=|hz®4| Tn
é 121(1‘) —|— IQQ(J}). (27)
Then, by using (26), we obtain
In(x) < > PlA%(n)] < He """ =0 (xa1_1> as x — oo. (28)

n=|hz*§)

Next, we estimate Io2(x). Since S(¢; J) is a.s. non-increasing in ¢, after splitting the sum

we obtain
Lgema‘” 7—n+1 .
Lale) SE S0 1A [ fOFar, [S(Tusi ) = it
n=|hzs] Tn
o Tnt1 |
+E Y 1[AM0) / f(t)dt, (29)
n=|gex*d|+1 Tn
where g, will be defined later. Note that for every w € A(n) and k, 1 < k < M,
1 1
(1—20m 0 < (T < (1 + 26)@”; . (30)

Therefore, by definition (2),

P X
Boy [Bi(Tid) = 1] =1 ¢ Faa @ < B[B (n) = 1],



14 Jelenkovi¢, Radovanovié, Squillante

and

Poy, [S(Tni J) = 2] < PIS" (n) > a], 31

where we define S*(n) = Y72, Bf(n) with {B}(n),i > 1} representing a sequence of
independent Bernoulli random variables and P[B}(n) = 1] = 1 — e~ (1+29)ai(n+1)/3, G+ (p)
is constructed to be non-decreasing in n. Then, if we pick g, to be

oo (1= 2¢)®
O a-H]"e +2¢)]

using the analogous arguments as in (66) - (67) of [13], we conclude that, for any large =,

ES*(gex®d) < (1 — €)z and, therefore, by Lemma 3,

Llgeaz™d] Toi1
B S 1) [ i, [T ) 2 i
n=|hz®4| Tn
1
< gex“OP[S* (gex“0) > x| =0 (xa_1> . 32)

Next, we derive the asymptotics of the second term in (29). Note that for every w € A(n)

and t € (7, 7,+1), the bound from (30) results in

(T_n—1)

2: )g{T=n-1)g=(1=2)a} g=a,” "V (=T, (33)

recall that 7,, = —T1_,, from above and that J_7, , = Jr_ = J_,—1 from Section 2.

n—1

1+1

Using the preceding bound in the second term of (29), computing the integration with respect

to t and applying 1 — e™® < z, x > 0, we obtain

- ZL+1 £ S n
E Z I[A(n)]/ ftydt <E Z Zq(Jo) (Tn- 1)(7—n+1 _ rfn)ef(lf%)qif
n=[gex*s|+1 In n=|gex5]+1
oo o0 1
< Z Zg JO)]E (J_,, 1)|J Jle —ng;(1-2€)/8
n=|gex*d]+1 =1

(34

Now, in the last expression, we employ the asymptotic independence of the Markov chain J,,,
similarly as in (19) - (20) of [13], and the independence between {7} and {J_,}, and then

we bound the resulting sum by an integral with the change of variable ¢ = n/d, which, in
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conjunction with (32), yields

[e%} [e'e] 1 (a0 n 1
Loa(x) < (1+¢) Z quge (1-2€)q; 2 +O<xa—1>

n=|gex®d|+1 i=1
o0 o 1
<(1+ 6)/ que—(l—%)qndt +o <xa—1) .
geT =1

Finally, by applying Lemma 1, we derive

(14 €)2(1 4 2¢) - =

. 3} a—1
hmrn_?ip 122(.13).13 < K(Oé) (1 _ 26)14-(1—%

; (35)

which by passing € — 0, in conjunction with (29), (28), (27) and (17), proves the upper bound.

The estimation of the lower bound of (4) starts from

o Tot1 |
P[C>a]>E >  1[A(n)] / fOP,, [S(Tp; J) > zldt, (36)
n=[gca*s) Zn

where g £ (1 + 2¢)*[I[1 — ]]7@c™*(1 — €)~'. Using analogous arguments to those in

obtaining (31), with redefined P[B} (n) = 1] = 1 — e~(17299:(n+1)/0 i > 1 we obtain

Tn+1 R

E A [ FOPa, 18T 0) = aldt
n= Lg%”‘(ﬂ /T”

Tnt1 |

> P[S*(ga%6) > 2]E Y 1[A(n)] / F(t)t.

n=|gcw5) n
We then complete the proof of this theorem by applying arguments analogous to those used in
(33) - (34) to lower bound f (t) and, therefore, the integral on the right hand side of (36) for all
w € A(n), t € [T, Tnt1)- Then, in conjunction with asymptotic independence and bounding
arguments analogous to those used in (19)-(21) of [13] for all § small enough, one can easily
complete the proof of the lower bound, the details of which are omitted since the arguments

are repetitive.

4.3. Discussion

Note that when = < 1/67 for some p > 0, the condition z6'/*/logz — oo of The-
orem 2 is implied by #6'/®/log(1/§) — oco. Thus, for H large enough and for all z >
Hlog(1/6)/5'/«, the cache behaves as the corresponding i.i.d. system with marginal distri-
bution {¢;}. Hence, under this asymptotic scaling, the correlation structure plays no role.

On the other hand, Theorem 1 states that for very small caches, z < 1/(HJ 1/ @), the cache
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performance is distinctly different from that of the corresponding i.i.d. system; in fact, the
fault probability is decomposed into a mixture of i.i.d. systems. Informally, we see that
this qualitative transition in the cache performance occurs around cache sizes on the order
of 1/6 1/ As previously noted, this value is sublinear (relatively negligible) in comparison to
the time scale of jumps (1/0) in the modulating process J.

In order to gain additional insights into the qualitative behavior underlying Theorems 1
and 2, consider the expected time between two successive requests for a document during
which the underlying Markov chain J; is in a fixed state. Then, the expected length of this
time interval is inversely proportional to the document’s conditional access frequency, and
thus the LRU algorithm has a tendency, in stationarity, to arrange the documents in the cache
list in (approximately) descending order of their access probabilities. Therefore, it can be
intuitively expected that the access probabilities of documents at the end of the cache list are
on the order of z~%, which from the above arguments implies that the time period during which
every document in the cache is accessed at least once is of the order . Hence, if the expected
sojourn time that the modulated process spends in a particular state, 1/4, is much greater
than 2, i.e., 1/6 > x°, then the cache content basically goes through many replacement
cycles and the cache essentially reaches stationarity while the underlying modulating process
remains in the same state, resulting in the decomposition result presented in Theorem 1. On the
other hand, if 1/§ < x®, then the Markov chain J; undergoes significant mixing between the
successive requests for documents that are at the end of the cache list. Therefore, successive
requests for documents with probabilities smaller than 1/2%, which essentially determine the
cache fault probability, appear nearly independent, implying that the cache fault probability is
the same as if the requests were i.i.d., as we have rigorously shown in Theorem 2.

In the critical regime, when 1/ ~ x“, the above arguments suggest that the time scale of
jumps in J; and the access frequencies of documents at the end of the cache list are comparable.
Therefore, the cache fault probability is a result of an intricate and complex interplay between
the modulating chain dependence structure and the conditional access frequencies. While
deeper understanding of this critical regime is important for a complete mathematical under-
standing of the problem, we strongly believe that the potential asymptotic results will likely
be more difficult to prove and will not be explicit, as those in Theorems 1 and 2. Rather, even
asymptotically, the cache fault probability in the critical regime will be a complex functional

(k)

of the transition probabilities of J; and the conditional access frequencies g; * whose further
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understanding will require numerical studies. Therefore, we do not pursue this direction

further.

5. Concluding remarks

In this paper we investigate the performance, namely fault probability, of LRU caches in
the presence of correlated requests. It has been recently discovered in [12, 13] that, for the
semi-Markov modulated requests and generalized Zipf’s law marginal access frequencies, the
caching performance does not depend on the correlation in the request traffic for large cache
sizes. Specifically, LRU cache performance is asymptotically identical to the case of i.i.d.
requests that have the same access frequences. However, for small caches this is clearly not the
case. Hence, in our present study we investigate the smallest (critical) cache size above which
the discovered asymptotic insensitivity property still holds. We answer this question based
on the use of a joint scaling between the request process dependence structure and the cache
size. More precisely, we consider requests that are modulated by NCD Markov processes with
small transition rate 0 such that the cache size x5 grows to infinity as § | 0. Then, extending
the analytical techniques from [12, 13], we show in Theorems 1 and 2 that, maybe somewhat
surprisingly, the critical scaling of the cache size x5 is very small in relation to the time scale
of the request process dependence structure; basically it is sublinear in the average time 1/§
between the jumps in the modulating process. Hence, from a practical perspective, it may not
be necessary to model in great detail the request process dependence structure found in Web
environments. In addition, it is worth noting that our results can be extended to the case with

variable document sizes by exploiting the recent analysis in [14].
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