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Abstract

We study the Master Equality Polyhedron (MEP) which generalizes the Master Cyclic Group
Polyhedron and the Master Knapsack Polyhedron.

We present an explicit characterization of the polar of the nontrivial facet-defining inequali-
ties for the MEP. This result generalizes similar results for the Master Cyclic Group Polyhedron
by Gomory [9] and for the Master Knapsack Polyhedron by Araoz [1]. Furthermore, this char-
acterization also gives a polynomial time algorithm for separating an arbitrary point from the
MEP.

We describe how facet defining inequalities for the Master Cyclic Group Polyhedron can be
lifted to obtain facet defining inequalities for the MEP, and also present facet defining inequalities
for the MEP that cannot be obtained in such a way. Finally, we study the mixed-integer
extension of the MEP and present an interpolation theorem that produces valid inequalities for

general mixed integer programming problems using facets of the MEP.

1 Introduction

We study the Master Equality Polyhedron (MEP), which we define as:

K(n,r):conv{(:n,y)GZﬁxZﬁzzmi—Ziyi:r} (1)

i=1 i=1
where n,r € Z and n > 0. Without loss of generality we assume that r > 0. To the best of our
knowledge, K (n,r) was first defined by Uchoa [14] in a slightly different form and described as an
important object for study.

Two well-known families of polyhedra can be viewed as forming lower dimensional faces of the
MEP: the Master Cyclic Group Polyhedron (MCGP), which is defined as

n—1
P(n,r) = conv {(af;,y) €Zy ! x 2y szl — Ny, = r} , (2)
i=1

where r,n € Z, and 0 < r < n; and the Master Knapsack Polyhedron (MKP), which is defined as

K(r):conv{xEZ’jr:Zixi:r}, (3)

i=1



where r € Z and r > 0.

Facets of P(n,r) are a useful source of cutting planes for general MIPs. The Gomory mixed-
integer cut (also known as the mixed-integer rounding (MIR) inequality) can be derived from a facet
of P(n,r) [10]. For work on other properties and facets of the Master Cyclic Group Polyhedron,
see [2,4,5,6,7,8,11, 12, 13]. In particular, several relationships between facet-defining inequalities
of the MCGP and facet-defining inequalities of the MKP were established in [2]. The Master Cyclic

Group Polyhedron is usually presented as

n—1
P'(n,r) = conv {x ezt szl =r mod n}
i=1
which is the projection of P(n,r) in the space of x variables. We use (2) as it makes the comparison
to K(n,r) easier and clearer.

Gomory [9] and Araoz [1] give an explicit characterization of the polar of the nontrivial facets
of P(n,r) and K(r). In this paper, we give a similar description of the nontrivial facets of K (n,r),
yielding as a consequence a polynomial time algorithm to separate over it. We also analyze some
structural properties of the MEP and relate it to the MCGP.

In addition, we describe how to obtain valid inequalities for general MIPs using facet defining
inequalities for the MEP. Another motivation to study the MEP is that it also arises as a natural
structure in a reformulation of the Fixed-Charge Network Flow problem, which has recently been
used in [15] to derive strong cuts for the Capacitated Minimum Spanning Tree Problem and can
also be used in other problems such as the Capacitated Vehicle Routing Problem.

In the next section, we present our characterization of the polar of the nontrivial facets of
K(n,r), for any n > 0 and any r satisfying 0 < r» < n. In Section 3, we study K(n,r) when
r = 0. Based on the results of these sections, we describe how to separate a point from K (n,r)
for arbitrary r (including the case r > n) in Section 4. In Section 5 and Section 6, we discuss how
some, but not all, of the facets of K(n,r) can be obtained by lifting facets of P(n,r). In Section 7,
we follow the approach of Gomory and Johnson [10] and derive valid inequalities for mixed-integer
programs from facets of K(n,r) via interpolation. We conclude in Section 8 with some remarks

on directions for further research on K(n,r), along the lines of the work of Gomory and Johnson
[10, 11] on P(n,r).

2 Polyhedral Analysis of K(n,r)

Throughout this section, we assume 0 < r < n. The cases r = 0 and r > n are studied in Sections 3
and 4. We start with some notation and some basic polyhedral properties of K (n,r).
Let e; € R?” be the unit vector with a one in the component corresponding to z; and let f; € R??

be the unit vector with a one in the component corresponding to y;, for i =1,...,n.

Lemma 2.1 dim(K(n,r)) =2n—1.



Proof. Clearly dim(K(n,r)) < 2n—1 as all points in K (n,r) satisfy > ;" | iz; — > ., iy; = r. Let
U be the set of 2n points p; = rej, p; = re1 +e; +if) fori =2,...,n, and ¢; = (r +i)e; + f; for
i=1,...,n. U is an affinely independent set, as {u — p1 : uw € U,u # p1} is a linearly independent
set. As U C K(n,r), dim(K(n,r)) > 2n — 1. .

Lemma 2.2 The nonnegativity constraints of K(n,r) are facet-defining if n > 2.

Proof. Let U be defined as in the proof of Lemma 2.1. For any 7 # 1, the sets U \ {p;} and U \ {¢;}
are affinely independent, and satisfy x; = 0 and y; = 0, respectively. Therefore x; > 0 and y; > 0
define facets of K(n,r) for i > 2. To see that y; > 0 is facet defining, replace p; (2 < i < n) in
U by p, = rej + ne; + if, to get the affinely independent set U’ C K (n,r). All points in U’ other
than ¢; satisfy y; = 0. Finally, let V' be the set of points tg = e, + (n — ) f1, t; = to + ie, + nf;
fori=1,...,n,and s; = tg+e;+if; fori =2,...,n—1. V is contained in K (n,r), and is affinely
independent as {v —tg : v € V,v # to} is linearly independent. The points in V' also satisfy x1 = 0.

Clearly, K (n,r) is an unbounded polyhedron. We next characterize all the extreme rays (un-
bounded one-dimensional faces) of K (n,r). We represent an extreme ray {u-+Av : u,v € R2", X\ > 0}

of K(n,r) simply by the vector v. Let r;; = je; +if; for any 4,5 € {1,...,n}.
Lemma 2.3 The set of extreme rays of K(n,r) is given by R = {r;; : 1 <4,j <n}.

Proof. Let (c,d) be a ray of K(n,r), that is, > i ic; — >, jd; = 0. We will show, by induction
on the number of nonzero components of (¢,d), that (¢,d) can be written as a conic combination
of rays in R.

First, we can assume that (c,d) # 0. In such a case, ¢ # 0 and d # 0. Therefore, (¢,d) has at
least two nonzero components. If (c,d) has exactly two nonzero components, we have ic; = jd; for
some ,j and therefore, (c¢,d) = d;j7;; where §;; = ¢;/j. On the other hand, if (¢,d) has more than
two nonzero components, pick any 4, j such that ¢;,d; > 0 and let 6;; = min{¢;/j,d;/i}. Notice
that (¢',d') = (c,d) — dijry; satisfies Y1, ic; — 37, jd; = 0 and has fewer nonzero components
than (¢, d). By induction, (¢/,d") can be written as a conic combination of rays in R, and therefore,
so can (¢, d).

We have shown that R contains all extreme rays of K(n,r). To complete the proof, it suffices
to notice that a conic combination of 2 or more rays in R gives a ray with at least 3 nonzero entries

and therefore a ray in R cannot be written as a conic combination of other rays in R. .

As K(n,r) is not a full-dimensional polyhedron, any valid inequality 7z + py > 7, for K(n,r)
has an equivalent representation with p, = 0. If a valid inequality does not satisfy this condition,
one can add an appropriate multiple of the equation Y ;" | ix; — > i | iy; = r to it. We state this

formally in Observation 2.4, and subsequently assume all valid inequalities have p,, = 0.

Observation 2.4 If mx + py > 7w, defines a valid inequality for K(n,r), we can assume p, = 0

without loss of generality.



We classify the facets of K(n,r) as trivial and non-trivial facets.

Definition 2.5 The following facet-defining inequalities of K (n,r) are called trivial:
:EiZO,\V/i: 1,...,’1’L

yi >0Vi=1,....,n—1
All other facet-defining inequalities of K(n,r) are called nontrivial.

According to this definition, the inequality y,, > 0 defines a non-trivial facet. With this distinction
between 1, > 0 and the other trivial facets, our results are easier to state and prove. There is
nothing special about the y,, > 0 inequality except that it is the only nonnegativity constraint that
does not comply directly with the p,, = 0 assumption. A consequence of the above assumptions
and definitions is: if Tz + py > 7, defines a non-trivial facet of K (n,r), then for i = 1,... n, there
exists an integral point x? in K(n,r) lying on the facet such that el x* > 0. A similar property

holds for the components corresponding to y;,7 =1,...,n — 1.

2.1 Characterization of the non-trivial facets

Let N ={1,...,n}. We next state our main result:

Theorem 2.6 The inequality T7x + py > 7, defines a nontrivial facet of K(n,r) if and only if it
can be represented as an extreme point of T C R*™ 1 where T is defined by the following linear

equations and inequalities:

T+ Pj 2 Ti—js Vi, j € N, 1> 7, (SA1)
T+ T > Wit Vi,j € N, i+j<n, (SA2)
pe+ i+ T > Wik Vi, k€N, 1<i+j—k<n, (SA3)
T + Ty = T, Vi € N, i<, (EP1)

Ty = Mo, (EP2)

T+ Pi—yr = Mo, Vie N 1>, (EP3)

pn =0, (NC1)

o = 1. (NC2)

We call constraints (SA1)-(SA3) relaxed subadditivity conditions as they are implied by the

following pair-wise subadditivity conditions on the facet coefficients:

T+ pj > Wi, Vi, 7 € N, i>7, (SA1)
T+ p5 > pi—i, Vi, jEN, i<y, (SAT)
T+ T > Wity Vi, j € N, i+7<mn, (SA2)
pi+pj 2 pitj,  Vi,jEN, i+j<n. (SA2’)



As we show later, any non-trivial facet defining inequality 7x + py > 7, for K (n,r) satisfies (SA1)-
(SA3) as well as (SA1’) and (SA2’). We think it would be more natural to have a description
of the coefficient polyhedron T that uses pairwise subadditivity conditions instead of the relaxed
subadditivity conditions but we were not able to derive such a description.

The equations (EP1)-(EP3) essentially state that the following n — L%J points, which we call
the elementary points of K(n,r),

{eite—i: 1<i<riU e U{e+ fi—r,: r<i<n}

lie on every non-trivial facet of K(n,r). In other words, K (n,r) has a low dimensional face where
all non-trivial facets intersect. Note that the dimension of this face is at least n — Lr—glj — 1 as the
elementary points are affinely independent.

The last two constraints (NC1) and (NC2) are normalization constraints that are necessary to
have a unique representation of nontrivial facets.

Note that the definition of T" in Theorem 2.6 is similar to that of a polar. However, T is not
the polar of K(n,r), as it does not contain extreme points of the polar that correspond to the
trivial inequalities. In addition, some of the extreme rays of the polar are not present in 7. It is
possible to interpret T as an important subset of the polar that contains all extreme points of the
polar besides the ones that lead to the trivial inequalities. In the rest of this section we develop

the required analysis to prove Theorem 2.6.

2.2 Basic Properties of T

We start with a basic observation which states that any valid inequality for K (n,r) has to be valid

for its extreme rays and elementary points.

Observation 2.7 Let mx + py > 7, be a valid inequality for K(n,r), then the following holds:

Jmi +ip; > 0,Vi,j € N (R1)
T+ Ty > W, Vi € N,i < T, (P1)
T 2> Ty, (PQ)

T + pPieyr > o, Vi € N,i > 1. (P3)

We next show that nontrivial facet-defining inequalities satisfy the relaxed subadditivity condi-

tions and they are tight at the elementary points of K(n,r).

Lemma 2.8 Let mx + py > 7w, be a nontrivial facet-defining inequality of K(n,r), then it satisfies
(SA1)-(SA3) as well as (SAY’), (SA2’) and (EP1)-(EP3).

Proof. (SA1): Let (z*,y*) be an integral point in K (n,r) lying on the facet defined by mx+py > 7,
such that z7_; > 0. Then (2*,y") + (e; + f;j — €i—;) is contained in K (n,r). Therefore, (SA1) holds.



The proofs of (SA2), (SA3), (SA1’) and (SA2’) are analogous.
(EP1): Let («/,y') and (2”,y”) be integral points in K(n,r) lying on the facet defined by
7z + py > 7, such that = > 0 and z/_, > 0. Then (z,7) = («/,¢') + (2", y") —ei —er—; € K(n, 7).
Therefore
r7x+py=mx' +py +mx" 4+ py — i — Ty = 2My — W — Ty > o
The last inequality above implies that m; + 7,_; < 7, and therefore (P1) = (EP1).
The proofs of (EP2) and (EP3) are analogous, using (P2) and (P3) instead of (P1). .

We next show that the normalization condition (NC2) does not eliminate any nontrivial facets.

Lemma 2.9 Let mx + py > m, be a nontrivial facet-defining inequality of K(n,r), that satisfies
pn =0. Then m, > 0.

Proof. By (R1), we have, for all i € N, nm; + ip, > 0 and therefore m; > 0. Also by (EP2), we
have m, = m, which implies that 7, > 0.

Assume 7, = 0. As 7 > 0, using (EP1) we have m; = 0 for ¢ = 1,...,r. But then, (SA2) implies
that

O4+mi1>m >0, fori=2,...,n.

Starting with ¢ = r + 1, we can inductively show that m; = 0 for all 7 € N. This also implies that
pr =0 for 1 <k <n-—rby (EP3). In addition py >0 for n —r +1 < k <n by (SA3).

Therefore, if 7, = 0, then 7 = 0, p > 0 and therefore 7z 4+ py > 0 can be written as a conic

combination of the nonnegativity facets, which is a contradiction. Thus 7, > 0. .

Combining Lemmas 2.8 and 2.9 we have therefore established the following.

Corollary 2.10 Let mx+ py > m, be a nontrivial facet-defining inequality of K (n,r), that satisfies
pn=0. Then %(Tr,p, 7o) € T.

In the following result, we show that a subset of the conditions presented in Theorem 2.6 suffices

to ensure validity of an inequality for K (n,r).

Lemma 2.11 Let (m, p,7,) satisfy (EP2), (SA1), (SA2) and (SA3). Then wx + py > 7, defines a
valid inequality for K(n,r).

Proof. We will prove this by contradiction. Assume that 7z + py > m, satisfies (EP2), (SA1),
(SA2) and (SA3) but 7z + py > 7, does not define a valid inequality for K(n,r), r > 0. Let
(z*,y*) be an integer point in K (n,r) that has minimum L; norm amongst all points violated by
T + pYy = To.

If [|(z*,y*)|[1 = 0 then (z*,y*) =0 & K(n,r). If [|(z*,y*)|[1 = 1 then clearly z* = e, and
y* =0 but as m, = 7,, (z*,y*) does not violate the inequality. Therefore ||(z*,y*)||1 > 2. We next
consider three cases.

Case 1: Assume that y* = 0. Then )", iz} = r. By successively applying (SA2), we obtain
n n
To > me? > Zﬁz’x; 2 T g = Tp
i=1 i=1

6



which contradicts (EP2). Therefore y* # 0.

Case 2: Assume that 2} > 0 and y§ > 0 for some i > j. Let (2/,y') = (2", y") + (ei—j — ;i — f;).
Clearly, (2',y') € K(n,r), and ||(2’,y")|]1 = ||(z*,y*)|l1 — 1. Moreover, as 7z + py > 7, satisfies
(SAL), ma’ + py' = ma* + py* + mi—j — m — pj < ¥ + py* < m,, which contradicts the choice of
(*,y*). Therefore i < j whenever z} > 0 and y; > 0.

Case 3: Assume that for any 4,7 € N, if 27 > 0 and y; > 0, then ¢ < j.  Assume that
either there exists 4,7 € N such that 7 > 0, ac;‘ > 0 or there exists ¢ € N such that 27 > 2 (in
which case, we let j = i4). If i +j < n, let (2/,9) = (z*,y") + (eir; —ei —¢j). f i+ j > n, as
y* # 0, there exists k such that y; > 0 and k > ¢, and therefore ¢ + j — k < n. Then let (z/,y) =
(*,y*) + (€irj—r — i — € — fr). In either case, (z/,y) € K(n,r) and ||(z/,y)||1 < [|(z*,y")|]i-
Moreover, as (7, p, 7,) satisfy (SA2) and (SA3), in either case ma’ + py’ < 7a* + py* < m,, which

contradicts the choice of (z*,y*). .
Corollary 2.12 Let (m,p,m,) € T, then wx + py > 7, is a valid inequality for K(n,r).

Remark 2.13 The proof technique in Lemma 2.11 can be used to show that the pair-wise subad-
ditivity conditions and the condition 7, = 7, imply mx + py > 7, is a valid inequality for K(n,r).
More precisely, an inequality satisfying (SA1), (SA2), (SA1’) and w, > 7, is valid for K(n,r).

We next determine the extreme rays of 7'

Lemma 2.14 The extreme rays of T are (fy,0) € R*"*! forn —r <k <n

Proof. First note that (fg,0) is indeed an extreme ray of T' for n —r < k < n.

Let (m,p,m,) be an extreme ray of T that is not equivalent to fi for some n —r < k < n.
Clearly m, = 0. In this case, 7z + py > 0 is a valid inequality for K(n,r). Using the same
arguments presented in the proof of Lemma 2.9, it is straight forward to to establish that 7; = 0
foralli e N, pp =0for 1 <k <n—randpy>0forn—r+1<k<mn. But then, (7, p,7,) can

be written as a conic combination of the rays (fx,0) for n — r < k < n, a contradiction. .

2.3 Facet characterization

Let

be the set of coefficients of nontrivial facets of K(n,r) with p, = 0 and 7, = 1. Note that by
Lemma 2.9 these two assumptions do not eliminate any nontrivial facets. Also, as y, > 0 is a
nontrivial facet, 7 # (). By Lemma 2.8, F C T.

We are finally ready to prove Theorem 2.6. We do it in two steps.

Lemma 2.15 If (w,p,m,) € F, then (m, p,m,) is an extreme point of T



Proof. Assume that (7, p,7,) € F but is not an extreme point of 7', and therefore can be written
as a convex combination of two distinct points in 7. The normalization conditions p, = 0 and
7, = 1 imply that any two distinct points in T" represent two distinct valid inequalities for K (n,r)
in the sense that neither inequality can be obtained from the other by scaling or by adding multiples
of the equation ;" ,ix; — > i, iy; = r. Therefore 7z + py > 7, can be written as a combination

of two distinct valid inequalities for K (n,r), and therefore does not define a facet of K(n,r). .
Lemma 2.16 If (w,p,m,) is an extreme point of T, then (mw,p,7,) € F.

Proof. Let (7, p, 1) be an extreme point of 7. By Lemma 2.11, (7, p, 1) defines a valid inequality
for K(n,r) and therefore it is implied by a conic combination of facet defining inequalities plus a
multiple of the equation Y 1, ix; — > i, iy; = r. In other words, there exists multipliers A € Rf
and a € R such that

M

A=) emf o, Vie N (4)
k=1
M

pi = Y Ml —ia,  Vie N\{n} (5)
k=1
M

pn = Y ek —na, (6)
k=1
M

1 < Z)\k+roz (7)
k=1

hold. The inequalities in (4) and (5) correspond to the fact that x; > 0 fori=1,...,n and y; >0
for i = 1,...,n — 1 are not included in the non-trivial facets, whereas the equality in (6) is due
to the fact that g, > 0 is considered to be nontrivial. As p, = 0 and p¥ = 0 for all nontrivial
facet defining inequalities, (6) implies that o = 0. Furthermore, p, = 1 and p¥ = 1, for all k, and
therfore, combining (5) and (7) we conclude that Z,iwzl A = 1.

For any i < r, inequality (4) for i and r — i combined with the equation (EP1) implies that

M
L=+ > Y M(mf +mfy) =1
i=1
which can hold only if &; = zlj‘il e for all i < 7.

Similarly, for ¢ > r, we use the equation (EP3) to observe that

M
L=+ pir 2 Ml(mf + i) =1

i=1

and therefore #; = Zf\il )\kﬂf and p;_, = Zf‘il /\kpf_r for all i > r,.



Finally as p; > Zf\il )\kpf for i > n—r, we can write (7, p, 1) as a convex combination of points
of F plus a conic combination of extreme rays of 7. This can only be possible if (7,p,1) € F.

Thus, (7, p,1) is a nontrivial facet. .

As a final remark, it is interesting to note that conditions (R1) do not appear in the description
of T' even though they are necessary for any valid inequality. This is because conditions (R1) are
implied by (SA1), (SA2) and (SA3). The proof is analogous to the proof of Lemma 2.11, so we just

state it as an observation.
Observation 2.17 Let (m,p,m,) € T. Then jm; +ip; > 0,Vi,j € N.
We next show that coefficients of facet defining inequalities are bounded by small numbers.

Lemma 2.18 Let (7, p,m,) be an extreme point of T, then
0<m <[k/r] and —T[k/r] <pr<][n/r]
forall k € N.

Proof. Using Observation 2.17 with j = n and the fact that p,, = 0, we have = > 0.

For k < r, combining inequality (EP1) 7y + m,—x < 1 with = > 0 gives m < [k/r]. For k > r,
let k = |k/r]r+q, where 0 < ¢ < r. If ¢ =0, by (SA1) we have 7y, < |k/r|m, = [k/r]. Similarly,
if ¢ > 0 we have 7, < |k/r| 7, + 7y = |k/r] + 74, where my; < 1. Therefore, 0 < m;, < [k/r].

The inequality (SA3) with ¢« = 1 and j = k implies that py > —m and therefore pp > — [k/r|
forall k € N . If k <n —r, (EP3) implies that pp = 7 — mpqr <1 < [n/k]. If k > n —r, then
as (m,p,m,) is an extreme point of 7', at least one of (SA1) and (SA3) must hold with equality, in
which case, py < m;, for some i € N. Thus px < [n/r] .

3 The case r =0

Observe that LK (n,0), the linear relaxation of K (n,0), is a cone and is pointed (as it is contained
in the nonnegative orthant) and has a single extreme point (z,y) = (0,0). Therefore LK (n,0)
equals its integer hull, i.e., LK(n,0) = K(n,0). In Lemma 2.3, we characterized the extreme rays
of K(n,r) and thereby showed that the characteristic cone of K(n,r) is generated by the vectors
{ri;}. But the characteristic cone of K (n,r) for some r > 0 is just K(n,0). Therefore, LK (n,0) is

generated by the vectors {r;;}, and the next result follows.

Theorem 3.1 The inequality 7x + py > 7, is facet defining for K(n,0) if and only if (mw, p,7,) is

a minimal face of

T, =
7o = 0.



In his work on the MCGP, Gomory also studied the convex hull of non-zero integral solutions
in P(n,0) and gave a dual characterization of its facets. We now consider a similar modification of
K (n,0) and study the set:

n n
K(n,0) = conv{(m,y) SV YA Zml - Zzyl =0,(z,y) # 0}
i=1 i=1
We will next prove that all non-trivial facet defining inequalities for K (n, 0) are given by the extreme

points of T, defined below.

Definition 3.2 Let T, C R?>"t! be the set of points that satisfy the following linear equalities and

inequalities:

T 4+ pj > Ti—j, Vi,j €N, 1i>j, (SA1)
T 4+ pj = Pji—i, Vi,j € N, i<}, (SAT)
T + Pi = To, Vi € N, (EP1-R0)
To =1, (N1-RO)
pn = 0. (N2-R0)

It is easy to see that the conditions (SA1), (SA1’), and (EP1-R0) are together equivalent to the
conditions (SA2), (SA2’) and (EP1-R0). For example, replacing m; by m, — p; and m;—; by m, — p;—;
in (SA1), we get (SA2’). Therefore, a point in 7T, satisfies all the pair-wise subadditivity conditions

given in the previous section.
Lemma 3.3 If (7,p,7,) € T, then mx + py > 7, is a valid inequality for K(n,0).

Proof. Suppose 7z + py > 7, is not valid for K(n,0). Then, let (z*,y*) € K(n,0) be the integer
point in K (n,0) with smallest L; norm such that 7z* + py* < 7,. Note that any point in K (n,0)
has L1 norm 2 or more.

If ||(z*,y*)|l1 = 2, then (z*,y*) = e; + f; for some i € N, but by (EP1-R0), mz* + py* = 7,,
which is a contradiction. So we may assume that ||(z*,y*)|1 > 2.

As (z*,y*) € K(n,0), there exists 4,j € N such that z} > 0 and y; > 0. Let,

fi—i i<y,

(:L'/,y/) — (m*,y*) — e — fj + 0 if 1 = j7

€i—j ifi>j
Clearly, (z',y) is an integer point in K(n,0) and ||(z',y")||1 < ||(z*,y*)||1 — 1. Furthermore, as
(m, p,m,) satisfies (SA1), (SA1’) and (EP1-R0), we also have mx’ + py’ < wa* 4 px* < m,, which

contradicts the choice of (z*,y*). ]

Theorem 3.4 The inequality Tx + py > m, defines a nontrivial facet of K(n,0) if and only if it

can be represented as an extreme point of T,.
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Proof.

(=):

Let mx + py > 7, define a nontrivial facet of K(n,0). We first show that (m, p, 7,) satisfies (SA1),
(SAT’) and (EP1-R0), and can be assumed to satisfy (N1-R0) and (N2-R0).

(SA1) - (SAY’): Let 4,5 be indices such that 7,5 € N and i > j. Let z = (2*,y*) be an integral
point lying on the above facet such that x7_; > 0. As z+ (e; + f; — €;—;) belongs to K(n,0), (SA1)
is true. The proof of (SA1’) is similar.

(EP1-RO): Let v = (m,p). Let 2! = (z',y') and 22 = (22,9?) be integral points lying on
the facet such that 2} > 0 and y? > 0. Then z = z! + 22 —¢; — fi € K(n,0), and therefore
vz =2t 42 == pp = 2y — W — pi > T = Wi+ pi < To. But as e; + f; € K(n,0), m+p; > 7,
and the result follows.

(N1-R0): Assume 7, < 0, and let (z*,y*) be an integral point in K (n, 0) satisfying ma*+ py* =
7o. As a(z*,y*) € K(n,0) for any positive integer a, whereas max* + pay* = ar, < 7,, we obtain
a contradiction to the fact that points in K (n,0) satisfy 72 + py > 7.

If 7, = 0, then (EP1-R0) implies that p; = —m; for all ¢ € N. This fact, along with (SA1) and
(SAYT’) implies that m; = im; and p; = —im for all ¢ € N. But then 7z + py > 7, is the same as
m (30 dx; — SO iy;) > 0, and therefore cannot define a proper face of K(n,0). Therefore, for
any non-trivial facet, m, > 0 and can be assumed to be 1 by scaling.

We can assume, by subtracting appropriate multiples of Y " | iz, —> v | iy; = 0 from 7wz + py >
To, that (N2-RO) holds.

Therefore (, p,7,) can be assumed to be contained in 7T,. If it is not an extreme point of 7T,
it can be written as a convex combination of two distinct points of T}, different from itself, each
of which defines a valid inequality for K(n,0) (by Lemma 3.3). As the normalization conditions
(N1-R0) and (N2-R0) mean that each non-trivial facet-defining inequality corresponds to a unique
point in T}, this implies that (7, p, 7,) is an extreme point of 7.

(<):

Let F = {(wk,pk,wﬁ)}i/il be the set of all nontrivial facets of K(n,0) such that p, = 0 and
7% = 1. Let (7, p,1) be an extreme point of T,. By Lemma 3.3, (7, p,1) defines a valid inequality

for K(n,0), and therefore there exist numbers A\* and « such that

at + Z,{C\il )\kﬂf <m,Vie N

—ai + ch\/‘le Mol < pi,VieN
24:1 Ak 21

A>0,« free

Clearly, mz+py > Z,iwzl Ak is a valid inequality for K(n,0). Ase;+f; € K(n,0) and me;+pfi = 1, we
can conclude that Z,iwzl Ar = 1. (EP1-RO) implies that for all i € N, 1 = m; + p; > Zf\il eo(mF +
pF) = 1, and therefore m; = 37 N and p; = SSM ApF. In other words, (m,p,1) can be
expressed as a convex combination of the elements of F, each of which is contained in 7T,. This is

possible only if (7, p, 1) is itself an element of F, i.e., it defines a nontrivial facet of K (n,0). .
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4 Separating over K(n,r)

Let LK (n,r) be the linear relaxation of K (n,r). Define the (facet-) separation problem over K (n,r)
as follows: given (x*,y*) € LK (n,r), either verify that (z*,y*) € K(n,r) or find a violated (facet-
defining) valid inequality for K(n,r). Note that the condition that (z*,y*) € LK (n,r) is easy to
satisfy.

The next result is an immediate consequence of Theorems 2.6, 3.1 and 3.4.

Theorem 4.1 Given (z*,y*) € LK(n,r), with 0 < r < n, the separation problem over K(n,r) can

be solved in polynomial-time using an LP with O(n) variables and O(n3) constraints.

Proof. If r > 0, solve
min{rz* + py* : (m,p,m) € T}.

As (z*,y*) € LK (n,r) and y* > 0 and the extreme rays of T are given by (f,0) for n —r < k <n,
the above problem is bounded and has a solution.

If the optimal extreme point (7, p, 1) € T is such that 7z* + py* < 1, then 7wz + py > 1 defines a
facet that separates (x*,y*) from K(n,r). Otherwise, (z*,y*) satisfies all nontrivial facet-defining
inequalities of K(n,r), and (z*,y*) € K(n,r).

In a similar fashion, we can use T, and T, to solve the separation problem over K (n,0) and
K(n,0) respectively. .

The following theorem states that the separation problem over K (n,r) can also be solved for

any value of r.

Theorem 4.2 Given (z*,y*) € LK (n,r), the separation problem over K (n,r) can be solved in time

polynomial in max{n,r} using an LP with O(max{n,r}) variables and O(max{n,r}?) constraints.

Proof. The case r = 0 is unchanged from Theorem 4.1.
Now consider the case 0 < r < n. Suppose that instead of T, we have a set 7" that contains all

nontrivial facets and is contained in the set of valid inequalities. We then solve:
min{rz* + py* — 7, : (7, p,7) € T'}.

If there is a solution (7, p,m,) € T” such that wz* 4+ py* — m, < 0, then 7z + py > 7, defines
a valid inequality that separates (z*,y*) from K(n,r). Otherwise, (z*,y*) satisfies all nontrivial
facet-defining inequalities of K (n,r), and therefore (z*,y*) € K(n,r).

Consider the set T’ obtained by removing (SA3) from 7" and adding (SA1’) to it. By Re-
mark 2.13, Corollary 2.12 is true with T replaced by T”. Lemmas 2.8 and 2.9 imply that Corol-
lary 2.10 also holds with T replaced by T”. Therefore T” satisfies all desired properties and can be
used to solve the separation problem.

Finally, if r > n, then define (z/,y") € R” x R” such that o} = 27;y; =y, fori =1,...,n and
i =y, =0, fori =n+1,...,7. The point (z',y') € K(r,7) < (2*,y*) € K(n,r), and so the

separation can be done in time polynomial in . .
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5 Lifting facets of P(n,r)

Lifting is a general principle for constructing valid (facet defining) inequalities for higher dimensional
sets using valid (facet defining) inequalities for lower dimensional sets. Starting with the early work
of Gomory [9], this approach was generalized by Wolsey [16], Balas and Zemel [3] and Gu et. al
[17], among others.

In this section we discuss how facets of P(n,r) can be lifted to obtain facets of K(n,r). P(n,r)
can also be considered as an n — 1 dimensional face of K(n,r) obtained by setting n variables to
their lower bounds. Throughout this section we assume that n > r > 0.

We start with a result of Gomory [9] that gives a complete characterization of the nontrivial

facets (i.e., excluding the non-negativity inequalities) of P(n,r).

Theorem 5.1 (Gomory [9]) The inequality Tx > 1 defines a non-trivial facet of P(n,r) if and

only if @ € R is an extreme point of

Ti+ T 2 Tayh modn Vi,je{l,...,n—1},
) mi+m = m Yi,j such that r = (i + j) modn,
Q= j > 0 Vje{l,...,n—1},
e = 1.

Given a non-trivial facet defining inequality for P(n,r)
n—1
Z mir; > 1 (8)
i=1
it is possible to lift this inequality to obtain a facet-defining inequality
n—1 n—1
Z TiT; + T Ty + Z piyi > 1 9)
i=1 i=1

for K(n,r). We call inequality (9) a lifted inequality and note that in general for a given starting

inequality there might be an exponential number of lifted inequalities, see [16].

5.1 The restricted coefficient polyhedron 77

First note that a non-trivial facet of P(n,r) can only yield a non-trivial facet of K (n,r). This, in
turn, implies that (7, 7/, p/, 0) has to be an extreme point of the coefficient polyhedron T'. Therefore,
the lifting procedure can also be seen as a way of extending an extreme point of () to obtain an
extreme point of 7T'.

Let p = (7,7, p/,0) be an extreme point of T'. Then, p also has to be an extreme point of the

lower dimensional polyhedron
" — Tm{m:m, Vi € {1,...,n—1}}

obtained by fixing some of the coordinates.
Let L={n—r+1,...,n—1}.
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Lemma 5.2 If inequality (8) defines a non-trivial facet of P(n,r), then T™ # 0 and it has the

form

T > m™m = 0
Pk > VkelL
Pr+ Ty > g Vkel
pa_ ) p—m = fi VkelL
Tn + pp—yr = 1
Pn = 0
Pk = Tk Vke{l,...,.n—r—1}
i = Vie{l,...,n—1}

where numbers ly, ty, fr and T can be computed easily using 7.

Proof. First note that 7 € @ and therefore 7 satisfies inequality (SA2) as well as equations (EP1)
and (EP2). In addition, as 7; + 7; = 1 for all 7, j such that r = (i + j) modn, equality (EP3) can
be rewritten as p; = m,—; for all 1 <i < n—r. Further, as 7 is subadditive (in the modular sense),
inequalities (SA1) and (SA3) are satisfied for all k € {1,...,n —r — 1}. Therefore, setting

Tk fke{l,....n—r—1},
=0 and pr =
1 otherwise ,

produces a feasible point for T, establishing that the set is not empty.

We next show that the 7™ has the form given in the Lemma, and also compute the values of
Ik, ty, fro and 7.
Inequality (SA1): If ¢ = n, this inequality becomes m, + pr > Tp_k. If i # n, it becomes
Pk > Ti_p — T, and therefore py > l,lC = maXp>isk{Ti—k — T }-
Inequality (SA2): The only relevant case is i+j = n when the inequality becomes m,, < T;+7p—;.
When combined, these inequalities simply become 7, < 7! = min,~;>o{7: + Tn_: }.
Inequality (SA3): Without loss of generality assume ¢ > j. We consider 3 cases.
Case 1, k = n: In this case the inequality reduces to m; +m; > m;4j_, which is satisfied by 7 when
1,7 < n. For ¢ = n, this inequality simply becomes 7, > 0.
Case 2, k <mn and i+ j —k = n: In this case the inequality becomes pj, —m, > —m; —7m;. If i,j <n
these inequalities can be combined to obtain pg — m, > f,i = MaX1<; j<n, k=itj—n { — T — ﬁj}. If,
i =n, then 5 = k and the inequality becomes pj > —7.
Case 3, k <n and i+ j—k <n: If i, j < n the inequality becomes p, > m;1;_ — m — m;. These
inequalities can be combined to obtain pj > l,% = MaxXi<; j<n: k<i+j<ntk {ﬁiﬂ_k — T — ﬁj}. If
i = n then j < n, so the inequality becomes 7, + p > Tp4j_i — 7, implying m, + p > 75,1c =
maxgsj {frnﬂ-_k — ﬁ'j}.

Therefore, combining these observations, it is easy to see that T™ has the above form where
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Ik, t, fr and 7 are computed as follows:

[, = max {li,li,—ﬁk},
tr = max {tllf,ﬁ'n_k} = Tp—k,
fr = fi

T = min{Tl, L—ln—yp, (1= foer)/2}.

The second equality in the description of fj states that ¢t = 7,,_p comes from the fact that 7 is
sub-additive and therefore 7, _ +7; > 7,4 for all j < k. The 1—1,_, and (1— f,—,)/2 terms in
the last equation come from using the bounds on p,,_, together with the equations and inequalities
of T™ to obtain implied bounds for ,,.

We next make a simple observation that will help us show that 7™ has a small (polynomial)

number of extreme points.

Lemma 5.3 If p= (7,7, p,0) is an extreme point of T™, then
pr, = max {ly, ty — m,, fio + 7, }

forallk € L.

Proof. Assume that the claim does not hold for some k € L and let § = max {lk, ty — 7, fr+ Tr;L}
As p € T™, p) > 0 and therefore € = p) — 6 > 0. In this case, two distinct points in T7 can be
generated by increasing and decreasing the associated coordinate of p by ¢, establishing that p is

not an extreme point, a contradiction. .

We next characterize the set possible values 7/, can take at an extreme point of T7.

Lemma 5.4 Let p = (7,7, p',0) be an extreme point of T™, if 7, & {0,7}, then

meA= | {tk—lk,lk—fk} Ul u {(tk_fk)/z}

kel keLs

where Ly = {k €L : tp+ fr <2} and Ly = L\ Ly.

Proof. Notice that the description of T™ consists of 3(r — 1) inequalities that involve pj, variables
and upper and lower bound inequalities for 7/,. Being an extreme point, p has to satisfy r of these
inequalities as equality. Therefore, if w/, & {0,7} then, there exists an index k € L for which at

least two of the following inequalities

pe = g (a)
Pk 4T >t (b)
Pk —Tn > [k (c)
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hold as equality. Clearly, this uniquely determines the value of 7/, and therefore
moe At = | {tk — Ul — i, (B — fk)/Q}
kel
Furthermore, for any fixed k € L, adding inequalities (b) and (c) gives 2py > tx + fr. Therefore
if tx, + fr > 2l inequality (a) is implied by inequalities (b) and (c) and it cannot hold as equality.
Similarly, if ¢x+ fx < 2lx, inequalities (b) and (c) cannot hold simultaneously. Finally, if ¢+ fr = 2l
then it is easy to see that tx — Iy = Iy — fr = (tx — fx)/2. Therefore letting

L, = {kES : tk+fk<2lk}, Ly = L\Ll

proves the claim. .

Combining the previous Lemmas, we have the following result:

Theorem 5.5 Given a non-trivial facet defining inequality (8) for P(n,r), there are at most 2r
lifted inequalities that define facets of K(n,r).

Proof. The set L has r — 1 members and therefore together with 0 and 7, there are at most 2r
possible values for 7}, in a facet defining lifted inequality (9). As the value of 7], uniquely determines

the remaining coefficients in the lifted inequality, by Lemma 5.3, the claim follows. .

In general, determining all possible lifted inequalities is a hard task. However, the above
results show that obtaining all possible facet-defining inequalities lifted from a facet of P(n,r) is
straightforward and can be performed in polynomial time. We conclude this section by presenting

a result from Wolsey [16] adapted to K (n,r), which allows us to state a result on sequential lifting.

Lemma 5.6 (Wolsey [16]) Given a facet defining inequality (8) for P(n,r) and a lifting sequence
for the variables x,, and y; fori=1,...,n—1, sequential lifting procedure produces a facet defining
inequality for K(n,r).

Furthermore, at each step of lifting, the variable being lifted is assigned the smallest possible
facet coefficient for a lifted facet that has the same coefficients for the variables that are already
lifted.

Lemma 5.7 If variable x,, is lifted before all yi for k € {n—r,... ,n— 1}, then independent of the
rest of the lifting sequence the lifted inequality is

n—1 n—1
Zﬁﬂi + Z Tn—i¥i = 1.
i=1 i=1

Proof. By Lemma 5.6, we know that variable x, will be assigned the smallest possible facet
coefficient for a lifted facet. As m, > 0 in the description of 7 and as T™ does contain a point
with 7, = 0 (described in the proof of Lemma 5.2), we can conclude that m,, = 0 in the lifted facet.

Therefore, by Lemma 5.3, pj, = min {lk,ﬁn_k, fk} and we need to show that 7,_ > [, t; for
all k € {1,...,n— 1}. First, observe that 0 > t; and therefore 7,y >t for all k € {1,...,n—1}.
Finally, recall that 7 is subadditive (in the modular sense), and therefore 7,,_x + 7; > 7;_ for all
n>i>kand T, +7; +7; > T foralli,j<n, k<i+j<n+k. .
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6 Mixed integer rounding inequalities

In this section we study MIR inequalities in the context of K(n,r). Our analysis also provides
an example that shows that lifting facets of P(n,r) cannot give all facets of K (n,r). Throughout,
we will use the notation # := x — |x] and (z)* = max{x,0}. Recall that, for a general single row
system of the form: {w e Zf : ¥ | a;w; = b} where b > 0, the MIR inequality is:

M*B

(La,-j + min (cz,-/zs, 1)) w; > [b].

i=1
We define the %-MIR (for t € Z4) to be the MIR inequality obtained from the following equivalent
representation of K(n,r) = {(z,y) € Z% x Z% : 31" | (i/t)z; — >y (i/t)y; = 1/t}.

Lemma 6.1 Given t € Z such that 2 <t <mn, the %—MIR nequality

S (3] min (g 1)) e o (<[] o (52 0) )= )

1=1

is facet defining for K(n,r) provided that r/t € Z.

Proof. Let mx + py > 7w, denote the %—MIR inequality and let F' denote the set of points that
are on the face defined by this inequality. Also let v denote (r mod t) and ¢’ denote (i mod t)
and note that using this definition r = v + |[r/t] and i = ¢* + [i/t].

For i € N\ {1,t}, consider the point

w'=e; + ([r/t] = [i/t])Tee + (lift] = lr/th T fe+ (v —a)Ter + (¢ —v)"

and observe that w' € K(n,r). Moreover,
T, i _ (|, oL : (v—q")"
(m, p)" w' = ([i/t] + min{g’/v,1}) + ([r/t] = |i/t]) + ———
and therefore w' € F. Similarly, let —i = — [i/t] + m¢, with 0 < m® < ¢ and consider the point

2= fi+ (|r/t] + [i/t)es + (v —m) FTer + (m! —v) T f

fori € N\ {1,t}. Clearly z° € K(n,r). Furthermore,

=|r/t|]+1=m,

; — )t
() = (= [i/6] + minfm /v, 13) + (/o) + Tift]) + 20 = ) 41 =
and therefore 2* € F.
Additionally the following three points are also in K(n,7) N F: u' = |r/t]e; + vey, u? =
(Lr/t]+1)e+(t—v) f1, u® = (|r/t]+1)es+ fi+ver. Therefore, {u'}?_ | U{w' e (1,0 U{2 Hien 1.0
is a set of 2n — 1 affinely independent points in F'. .

We next show that %—MIR inequalities are not facet defining unless they satisfy the conditions
of Theorem 6.1. First, observe that the inequality is not defined if ¢ divides r. Next, we show that
1/n-MIR inequality dominates all %—MIR inequalities with ¢ > n.
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Lemma 6.2 Ift > n, then %—MIR inequality is not facet defining for K(n,r)

Proof. When t > n, %-MIR inequality becomes

.y t—1
me{z/r, 1}a; — | Z <1 - >y, >1
iEN i>t—r
and is dominated by the 1/n-MIR:

S minfi/r e — Y (1—”;i> yi > 1

1EN ©i>n—r n

We conclude this section by showing that %—MIR inequalities give facets that cannot be obtained
by lifting facets of P(n,r).

Theorem 6.3 Not all facet-defining inequalities of K(n,r) can be obtained from lifting facet-
defining inequalities of P(n,r), forn>9 and 0 <r <n — 2.

Proof. When 0 < r < n — 4, consider the facet induced by the ﬁ—MIR inequality wx + py > 7,

4
pn = —2 + min (”—1) — 1.
T

We therefore subtract + times Y7 éz; — Y i, iy; = 7 to the inequality to obtain 7’z + p'y > =)

where

where p), — 0 and therefore it satisfies the normalization condition (NC1). Notice that

/ /
Tr41 + Th—1

Il
7N
—

I

<
S|+
—_
SN—
+
7N
[—
+
S
|
S
S
—
N—

whereas 7. = 1 —r/n < m,.; +m,_;. This proves the claim for 0 < r < n — 4 as all facet defining
inequalities for P(n,r) have to satisfy @ +7m,_; = 7.

For r € {n — 3,n — 2}, the rll—MIR provides such an example. .

For r = n — 1, all points in T automatically satisfy all equations in (). Therefore, any given
facet-defining inequality of K (n,r) can be obtained by lifting a point in (). However, this point is

not necessarily an extreme point of Q.

7 Mixed-Integer extension

Consider the mixed-integer extension of K(n,r):

n n
K'(n,r) = conv {(v+,v_,x,y) € Rﬁ_ X Zi" Sy — U —I—Zmi - Zzyl = 7‘}
i=1 i=1

where n,r € Z and n > r > 0. As in the case of the mixed-integer extension of the MCGP studied
by Gomory and Johnson [10], the facets of K'(n,r) can easily be derived from the facets of K(n,r)
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when r is an integer. To prove such a result, we introduce a few definitions, and also state some
eagy results without proof.

The dimension of K'(n,r) is 2n+1, i.e., one less than the number of variables. The inequalities
x; > 0and y; >0, for i = 1,...,n, and vy > 0 and v_ > 0 define facets of K'(n,r). We refer
to the facets above — other than y, > 0 — as trivial facets, and refer to the remaining facets of
K'(n,r) as non-trivial. Finally, note that the characteristic cone of K’(n,r) contains the vectors
jei +ifj, for any i, satisfying 1 < i,j < n. For K'(n,r), let e; and e_ be the unit vectors in
R?"*2 with ones in, respectively, the v component, and the v_ component, and zeros elsewhere.
For a vector y in the K'(n,r) space, define its restriction to the K (n,r) space by removing the v

and v_ components, and denote it by Yy e.

Proposition 7.1 All non-trivial facet defining inequalities for K'(n,r) have the form

n n
TV + p1o— + Z T + Z Pili = To. (10)
i=1 i=1
Furthermore, inequality (10) is facet defining if and only if mx + py > 7, defines a non-trivial facet
of K(n,r).

Proof. Let mz + py > m, define a non-trivial facet of K(n,r). We first show that the inequality
(10) is valid for K'(n,r). Assume (10) is violated by some integral point xy € K’'(n,r) (the z
and y components of x are integral). Then the left hand side of (10) evaluated at x equals a
number z less than m,. Let v/, = e{x and v". = eTy. The property (R1) in Observation 2.7
implies that 7 + p1 > 0. Therefore, if min{v/ v} = € > 0, then (10) is also violated by the
point x — e(e; +e—) € K'(n,r). We can thus assume that y satisfies min{v/ ,v”} = 0. But
min{v/_,v”} = 0 combined with the integrality of y implies that v/ and v’ are both integers.
Therefore x' = xre + v/ €1 + v f1 is an integral point contained in K (n,r), and (, p) X =z <7,
which contradicts the fact that 7z + py > 7, is satisfied by all points in K (n,r).

To see that (10) defines a facet of K’'(n,r), let x!,...x?"~! be affinely independent integral
points in K (n,r) which satisfy (m, p)Tx* = m,. As the facet defined by 7z + py > 7, does not equal
the facet defined by either x1 > 0 or y; > 0, there are indices j, k such that el x/ = s > 0 and
ffx* =t > 0. Define 2n + 1 affinely independent points in R?"*2 as follows:

Y= (0,0,x") fori=1,...,2n — 1;

Yt = sey —sep; YT =YF fte —tf.

These points satisfy (10) as an equation, and therefore (10) defines a facet of K'(n,r).

We now show that every non-trivial facet of K'(n,) has the form in (10). Let n” (vy,v_,z,y) >
7o define a non-trivial facet F of K'(n,r). Let n = (ag,a_, 7, p), where ay,a_ € R, and 7, p € R™.
There exists a point y € K'(n,r) lying on the above facet such that xTe; > 0. As x —e; + e, €
K'(n,r), we conclude that ay > m. We can similarly conclude that a— > p; and therefore

ar +a_ > m + p1 > 0. The last inequality is implied by the fact that e; + fi is contained
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in the characteristic cone of K'(n,r). If ay + a_ = 0, then clearly oy = m and a_ = p;.
Assume a4 + a— > 0. As F' is not the same as the facet vy > 0, there exists an integral point
x = (Vv ,2",y") € K'(n,r) lying on F such that v/, > 0. If v > 0, let min{v/,,v"} =€ > 0.
Then ! = x —e(ey +e_) € K'(n,r), but ' x' = n, — e(ay + a_) < 1n,. This contradicts the
fact that (n,7,) defines a valid inequality for K'(n,r). We can therefore assume that v/ = 0 and
v/, = t, for some positive integer ¢. Define x? as x —tey +ter. As x? € K'(n,r), it follows that
n'x? > n, = a4 < m. We can conclude that a; = 7;; a similar argument shows that a_ = py.
Finally, we show that if (10) defines a facet of K’'(n,r), then the inequality 7z + py > m,
defines a facet of K (n,r). Firstly, this defines a valid inequality for K (n,r) as any point in K (n,r)
can be mapped to a point in K’'(n,r) by appending zeros in the v, and v_ components. If it
does not define a facet, then (m,p) > >, \i(n?, p?) and m, < >, Ayt for some non-trivial facet-
defining inequalities 7'x + p'y > 7 of K(n,r), and some numbers \; > 0. But that would
imply that (w1, p1,m,p) > >, Mi(mh, pt, 7t p'). By the first part of the proof, the inequalities
miuy + plv_ + 7o + ply > 7t define facets of K’'(n,r), and this contradicts the assumption that
(10) defines a facet of K'(n,r). .

7.1 General mixed-integer sets

Gomory and Johnson used facets of P(n,r) to derive valid inequalities for knapsack sets. In
particular, they derived subadditive functions from facet coefficients via interpolation. We show
here how to derive valid inequalities for knapsack sets from facets of K (n,r) via interpolation. For

a real number v, we define ¢ as v — |v].

Definition 7.2 Given a facet defining inequality Tz + py > w, for K(n,r), let f*: ZN[-n,n] - R
be defined as:

s ifs>0
fAs)=q¢ 0  ifs=0
p_s ifs<0
We say that f : [—n,n] — R is a facet-interpolated function derived from (m,p,7,) if

fw) =@ =0)f*(lv]) +of*([v])
The function f, as defined above, equals f#(v) when v is an integer, and therefore satisfies:
fw) =@ =20)f([v]) +of([v]). (11)

In the next result, we show that continuous functions arising via interpolation from facets of

K (n,r) satisfy continuous analogues of the pair-wise subadditivity conditions.

Proposition 7.3 Let f be a facet-interpolated function associated with K (n,r). Then:

fw)+ f(v) > flu+v) if u,v,u+v € [-n,n].
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Proof. The proposition is true when u and v are integers; the condition f(u) + f(v) > f(u + v)
translates to one of (SA1), (SA2), (SA1’) or (SA2’). Assume w is not an integer. As u+v € [—n,n|,
clearly |u+ v| and [u + v] also belong to [—n,n].

Case 1: 4+ 0 < 1. Then |u+v| = |u] + |v] and [u+v| = [u] + |v]. We can rewrite the

expression for f(u) in (11) as

fw) =0 —a—=20)f([u]) +af([u]) +0f([u]). (12)

Similarly,
f) =0 =a—20)f(lv]) +of([v]) + af(lv]). (13)

Adding the right-most terms in the above expressions, and using the fact that the proposition is

true when v and v are integers, we obtain

flw)+ f0) 2 (A —a—0)f(lutv]) +af([u+v])+of(lu] + [v]). (14)

If v is an integer, then © = 0 and the right-hand side of (14) the above expression equals f(u+wv). If
v is not an integer, then [u + v] = |u]| 4 [v], and again the right-hand side of (14) equals f(u+ v).
Case 2: u+0 > 1. Then |u+v] = |u|+ [v] = [u] + |v] and [u 4+ v] = [u] + [v]. We can expand
af([u]) in (11) as (a4 0 — 1) f(Ju]) + (1 — 0) f([u]). We can similarly expand 0 f([v]). When we
add the expressions for f(u) and f(v) in (11) after writing the expanded terms, we get

fw)+ fw) = (@+0-1)f([u+v])+ 2 —a—2)f(lut+v])
The right-hand side of the inequality above equals f(u + v). .

We say that functions satisfying the property in Proposition 7.3 are subadditive over the interval
[-n,n]. We will see how to generate valid inequalities for knapsack sets from such functions in
Proposition 7.5. Also, we can obtain valid inequalities using slightly more restricted functions:
we say that f is a restricted subadditive function if f(u) + f(v) > f(u + v) for u € [—n,n|, and
v,u+v € [0,n]. In the next result, we show that facet-interpolated functions satisfy the continuous

analogue of the condition (SA3).
Proposition 7.4 Let f be a facet-interpolated function associated with K (n,r). Then:
flw)+ fv)+ f(w) > flu+v+w) ifu € [-n,n|, and v,w,u+v+w € [0,n].

Proof.(sketch) The proposition is true when u,v and w are integers; the condition f(u) + f(v) +
f(w) > f(u+ v) translates to (SA3). As in the proof of (7.3), we assume either that 4 + 0 + w
is contained in (0, 1] or (1,2] or (2,3). In the first case, we expand (1 — a)f(|u]) as (1 — 4 — 0 —
W) f(|u])+ (0 +0)f(|u]), and proceed similarly for the terms involving f(|v]) and f(|w]). In the
third case, we expand 4 f([u]) as (4+04+w—2) f([u])+(2—0—w) f([u]), and proceed similarly for
the terms involving f([v]) and f(Jw]). The second case has a number of sub-cases. For example,

in expanding the terms in the definition of f(u) in (11), we need to consider the value of ¥ + W with
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respect to 1. If &+ < 1, then we write af([u]) as (4 + 0+ w 1)f([u1)+(1 —0—w)f([u]). On
the other hand, if & + 0 > 1, we expand (1 —a)f(lu]) as (2—a—0—w)+ (0 4+ —1))f(|u]). =

It is well-known that subadditive functions yield valid inequalities for knapsack sets; the point

we emphasize in the next result is that one does not need subadditivity over the entire real line.

Proposition 7.5 Consider the set K = {w € ZP : le a;w; = b}, where the coefficients a; and b
are rational numbers. Let t be a number such that ta;,tb € [—n,n] and tb > 0. If a function f is
(i) subadditive over the interval [—n,n| or (ii) satisfies restricted subadditivity and the condition in

Proposition 7.4, then
P

Z f(tai)w; > f(tb)

i=1

s a valid inequality for K.

Proof. By scaling, we can assume the coefficients a; and b in the constraint defining K are all
integers contained in the interval [—m,m]. Let ¢ = n/m. Define the function g : [-m,m] — R
by g(w) = f(tw). In case (i), g is subadditive over the domain [—m,m]. Therefore the vector
g=(g9(=m),g(—m+1),...,9(1),...,g(m)) satisfies (SA1), (SA2), (SA1’), and (SA2’) with respect
to K(m,b), and (by Remark 2.13)

P
Zg(ai)wi > g(b)
i=1
is a valid inequality for K. In case (ii), g satisfies (SA1), (SA2) and (SA3) with respect to K(m,b)
and by Lemma 2.11 the inequality above is valid for K. .

We can now give the mixed-integer extension of the previous result.

Theorem 7.6 Let f be a facet-interpolated function derived from a facet of K(n,r). Consider the

set q )
Q:{@’w)emxza:zcz-sﬁzaz-wz:b},

i=1 i=1
where the coefficients of the knapsack constraint defining @Q are rational numbers. Let t be such
that ta;, th € [—n,n] and tb > 0. Then the inequality

q
(1) (tei)Tsi+ £(— —tei)tsi + Zf (ta;)w; > f(tb),

i=1 z:l i=1

MQ

where (o) = max(q,0), is valid for Q.

8 Conclusion

We studied a generalization of the Master Cyclic Group Polyhedron and presented an explicit
characterization of the polar of its nontrivial facet-defining inequalities. We also showed that one

can obtain valid inequalities for a general MIP that cannot be obtained from facets of the Master
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Cyclic Group Polyhedron. In addition, for mixed-integer knapsack sets with rational data and
nonnegative variables without upper bounds, our results yield a pseudo-polynomial time algorithm
to separate and therefore optimize over their convex hull. This can be done by scaling their data and
aggregating variables to fit into the Master Equality Polyhedron framework. Our characterization
of the MEP can also be used to find violated Homogeneous Extended Capacity Cuts efficiently.
These cuts were proposed in [15] for solving Capacitated Minimum Spanning Tree problems and
Capacitated Vehicle Routing problems.

An interesting topic for further study is the derivation of “interesting” classes of facets for
the MEP, i.e., facets which cannot be derived trivially from facets of the MCGP or as rank one

mixed-integer rounding inequalities.
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