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MINGLING:
MIXED-INTEGER ROUNDING WITH BOUNDS

ALPER ATAMTURK AND OKTAY GUNLUK

ABSTRACT. Mixed-integer rounding (MIR) is a simple, yet powerful procedure
for generating valid inequalities for mixed-integer programs. When used as cut-
ting planes, MIR inequalities are very effective for problems with unbounded
integer variables. For problems with bounded integer variables, however, cut-
ting planes based on lifting techniques appear to be more effective. This is not
surprising as lifting techniques make explicit use of the bounds on variables,
whereas the MIR procedure does not.

In this paper we describe a simple procedure, which we call mingling, for
incorporating variable bound information into mixed-integer rounding. By
explicitly using the variable bounds, the mingling procedure leads to strong
inequalities for mixed-integer sets with bounded variables. We show that facets
of the mixed-integer knapsack sets derived earlier by superadditive lifting tech-
niques are mingling inequalities. In particular, the mingling inequalities de-
veloped in this paper subsume the continuous cover and reverse continuous
cover inequalities of Marchand and Wolsey [9] as well as the continuous in-
teger knapsack cover and pack inequalities of Atamtirk [1, 3]. In addition,
mingling inequalities give a generalization of the two-step MIR inequalities of
Dash and Giinliik [7] under some conditions.
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1. INTRODUCTION

Mixed-integer rounding (MIR) is a general procedure for deriving valid inequali-
ties for mixed-integer programming. The MIR cuts, introduced by Nemhauser and
Wolsey [11, 12], are applied to a single constraint (possibly implied by other con-
straints) of a mixed-integer program (MIP), much like the Chvétal-Gomory integer
rounding cuts [5] for pure integer programs. MIR cuts are equivalent to Gomory’s
fractional cuts for MIPs [8] and split cuts of Cook, Kannan, and Schrijver [6] and
are a special case of the disjunctive cuts of Balas [4].

Marchand and Wolsey [10] show that when applied carefully MIR cuts can give
some of the well-known strong cuts for special mixed-integer sets. In their computa-
tional study, they make a convincing case that applying MIR cuts after aggregating
constraints into a single constraint and complementing variables—that is, replacing
a variable x satisfying 0 < z < w with = u — « by appropriately updating the
coeflicients of the constraint—is very effective in solving MIPs. MIR cuts are imple-
mented in major commercial MIP solvers, more or less, by following this approach.

Unlike lifted inequalities for sets with special structures, the MIR cuts do not
explicitly use the upper bounds of the variables; however, they use their lower
bounds. Therefore, complementing variables allows mixed-integer rounding to make
use of the upper bound information to some degree. In this paper we present a new
way of incorporating upper bounds of the variables by a simple procedure, which
we refer to as mingling the variables. By explicitly using the variable bounds, the
mingling procedure leads to strong inequalities for mixed-integer sets with bounded
variables. We show that facets of the mixed-integer knapsack sets derived earlier
by superadditive lifting techniques are, indeed, mingling inequalities or two-step
mingling inequalities.

Let us now recall the MIR inequalities. Consider the mixed-integer set given by

Zaixi+32b,xEZf,sER+, (1)
ieN
where the base inequality ax + s > b may be implied by constraints of an MIP. For
any a > 0, the a-MIR inequality for (1) is
Z ﬂa,b(ai)xi + s Z /La,b(b)v (2)
ieN
where
Papla;) =rla;/a) +min{r,r;}, i € N,
and
r=b—alb/al, r;=a; —ala;/a], i € N.

Observe that an o-MIR inequality is the 1-MIR inequality written after dividing
the base inequality by a > 0. In order to highlight the inequalities of this paper,
it is important to remark that nonnegativity of (x,s) is necessary for the validity
of the a-MIR inequality (see Wolsey [13] for a simple proof of validity of the MIR
inequalities).

Lemma 1. [11] The MIR function jiap is nondecreasing and subadditive for oo > 0.
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If it is known that a,b > 0, then using the nonnegativity of the variables, we can
first strengthen the base inequality as

Z min{a;, b}z; +s>b (3)
ieN

and then apply a-MIR to obtain
Y tap(min{az, bH)ai + 5 = pap(b), (4)

iEN
which dominates a-MIR inequality (2) as fiq,» is nondecreasing.

In this paper, we present a similar strengthening idea when the coefficients of
the base inequality are unrestricted in sign by using the lower bounds as well as the
upper bounds of the variables. We illustrate this point with a simple set in the next
section. In Sections 3 and 4 we present the mingling inequalities in general form
and in Section 5 we show the connection of the mingling inequalities with other
inequalities given in the literature before. Finally, in Section 6 we conclude with a
few closing remarks.

2. A SIMPLE SET

In this section, we describe a simple mixed-integer knapsack set to give an in-
tuition for the inequalities that incorporate variable bound information into MIR.
Consider the following three-variable set

S:{$€Z2,S€Rlalxl+x2+52b, z1 >0, ug > x9 >0, 520},

where the coefficients satisfy a1 < 0 < b <1 < us. Because a; < 0, coefficient
improvement as in (3) is not applicable to the base inequality a1z1 + x2 + s > b.
However, in this case, we can utilize the upper bound of x5 in order to derive a
valid inequality that generalizes the MIR inequalities.

Adding and subtracting usx1, we rewrite the base inequality as

(a1 +u2)xy + (w2 — ugwy) + s > b. (5)

By considering the disjunction x; = 0 and x; > 1, we obtain from (5) the valid
inequality
(a1 +ug)xy + b(xg —ugxy) +5>0 (6)
for S.  Observe that this type of coefficient improvement using the upper bound
of x4 is valid even if a1 + us < 0.
If a; + ug > 0, the 1-MIR inequality
pap(ar)rr + pap(1)w2 + 5 > p1 p(b) (7)
is at least as strong as (6). Writing (7) explicitly as
min{a; — |a1],b}x1 + b(xe + |ar1]x1) + s> b (8)
makes the comparison easier. Now, defining k := min{us, —|a1 ]}, we can generalize
(6) and (8) as
minf{a; + k,b}xy + b(xy — kx1) + s > b. (9)

Observe that if ug is less than —|aq], (9) stronger than 1-MIR inequality (8).
On the other hand, if ug is larger than —|ay |, (9) is stronger than (6). Indeed,
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inequality (9) is facet-defining for conv(.S), which is easily checked with the affinely
independent points (x1,x2,s) of S listed below:

(0,0,b), (0,1,0), (1,k,(b—as —k)*).

Hence, by using the variable upper bound information, we have strengthened the
basic MIR inequality (7). In Section 3, we generalize inequality (9) to obtain the
mingling inequality (21).

Remark 1. We should point out that complementing x5 in the base inequality and
then applying 1-MIR does not lead to a new inequality as

pip(ar)ey + pyp(—1)(ug — x2) + 5 > p1p(b — u2),
which equals
w1 p(ar)zs —blug — x2) +5 > b —bug
for any us € Z, is the 1-MIR inequality (7) obtained without complementing x5.

2.1. A two-step inequality. Next we will derive a new inequality based on (9).
First we consider the case a; + k < b. As inequality (9) and

(a1 + k)z1 + (22 — kx1) + 5 > b.
are both valid for S, their convex combination
(a1 + k)x1 + B(xe — kx1) + 5 > b, (10)
where b < 3 < 1, is valid as well. Choosing 8 = af[b/a] < 1 for some a > 0 and
applying a-MIR to (10), we obtain
tap(@1 + K)o1 + prap(@b/al) (@3 — kz) + 5 > iap(b), (1)
or, equivalently,
Pap(ar + k)z1 + pap(b)(z2 — kx1) + 5 > pap(b). (12)
Next consider the case a; + k > b. We now write the base inequality as
(a1 + (k= 1)z + (x2 — (k= 1)x1) + s > b,
which, as a; + (kK — 1) < 0 in this case, can be relaxed to
Wzg — (k—1)x1) +s >0,
Also inequality (9) can be written in a similar form as
blxg — (k—1Dax1)+s>D
as well. Then,
Blag—(k—1x1)+s>b (13)

where b < 3 < 1, is valid as well. Choosing 8 = af[b/a] < 1 for some a > 0 and
applying a-MIR, to (13), this time, we obtain

fap(b) (22 = (K = 1)x1) +5 > pap(b). (14)
Combining (12) and (14), we obtain the following valid inequality for S:
top(min{ar + k,b})x1 + pap(d) (@2 — k1) + 5 > piap(). (15)

We note that when us > —la;], inequality (15) becomes the two-step MIR
inequality [7]. In Section 3, we generalize inequality (15) to obtain the two-step
mingling inequality (31).
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Remark 2. Tt is of interest to know how inequality (15) compares with a direct
application of MIR to inequality (9). In order to do so, we collect the terms for x
in (9) and rewrite it as

(min{ay + k, b} — bk)x1 + bxo + s > b.
Applying a-MIR we obtain
Ko p(min{aq + k, b} — bk)z1 + pap(b)za + 5 > pap(D). (16)

If @ is chosen as above, then the difference between (15) and (16) is only the
coefficient of x;. However, because (i is subadditive and k € Z, we have

pap(min{ay + k, b}) fop(min{ay + k, b} — bk) + f1a. b (0K)

<
< pap(min{ay + k, b} — bk) + kpiq ()

and, therefore, (15) is at least as strong as (16). The numerical example below
illustrates that (15) dominates (16) strictly.

Example 1. Let set S be given as
—5r14+224+5>05, s>0, 1 >0, 2> 29 >0.

Then k = min{2,5} = 2 and inequality (9) is

—3x1 4+ 0.5(xy — 221) + s > 0.5.
For @ = 0.3, we have r = 0.2, and inequality (12)

—1.2z1 4+ 04(z2 — 221) + s > 0.4,
strictly dominates inequality (16)

—1.621 + 0.425 4+ s > 0.4.

We note that this inequality is not facet defining for S

3. A MINGLING PROCEDURE

In this section we generalize inequalities (9) and (15) to obtain valid inequalities
for the mixed-integer knapsack set

K> = r eV, SGR:Zaizi+Zaj:cj+st, u>x>0, >0,
il jed

where ([, J) is the partitioning of N with a; > 0 fori € I and a; < 0 for j € J. We
allow the upper bound on each variable to be either a positive integer or infinite.
Throughout this section we assume that b > 0 and derive valid inequalities for K>
using upper bounds u;, ¢ € I. In the next section, we derive similar inequalities
when b < 0 using upper bounds u;, j € J.
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3.1. Mingling inequalities. We next introduce some notation to help write the
inequality defining K> in a more convenient form. Let IT C {i € [ : a; > b} =:
{1,...,n} be indexed in nonincreasing a;, £ = Y, ;¢ a;u;, and J={jeJ:
a; + £ < 0}. Remember that b > 0.

For any j € J\ J, we next define a set I; and numbers 0 < u;; < u; for i € I
such that a; + Zielj a;t;; > 0. More precisely, j € J \ J,

P
I; :==A{1,...,p(j)}, where p(j) := min {p elt:a;+ Zaiui > 0} (17)

i=1
and
p(i)—1
kj:=mind k€Zy :a; + Z a;u; + apiyk >0 . (18)
i=1

Furthermore for j € J\ J, and i € 1;, let
U5 = e - . . 19
! {’fj if i = p(j) 19)
For j € J, we let I; :== I*, p(j) :==n, k; := u, and u;; = u; for i € I .
ForieIlet J;:={j€J:i€l} hence, J; =0 for i € I\ I". Observe that
the definitions of mingling sets I; and J; imply that they are nested. Precisely,
fori,kelI™, a;>ar = J,CJ;
and
forj,ked, a;<ar = I, ClIj.
The nestedness property of the mingling sets is crucial for the validity of the min-
gling inequalities introduced next.

Using the mingling sets defined above we can now write the base inequality in
K> as follows:

Zai(m‘i - Z Uijxj) + Z(aj + Z a;U;j)x; + 5 > b. (20)
icl JEJ; jeJ icl;
The main result of this section is the derivation of the mingling inequality
Z b(.]?l — Z ﬂi]‘l‘j) + Z a;T; + Zmin{b, a; + Z aiﬂij}xj +s>b, (21)
ielt JEJ: i€I\I+ JjeJ i€l

from (20). Observe that if I™ = (), then inequality (21) reduces to the base inequal-
ity (20). The validity of the mingling inequality for K> is not obvious and does not
follow from mixed-integer rounding of (20) because the terms (z; — ;¢ ;. Uiz;),
i€ It and (a; + Zielj a;U;j), j € J, are not necessarily nonnegative. Further-
more, it is not possible to derive inequality (21) as a straightforward extension
of (9). In the following, we first prove the validity and then the strength of the
mingling inequality.

Proposition 1. The mingling inequality (21) is valid for K.
Proof. First we will write inequality (21) more explicitly with the aid of some new
notation. For j € J, let
p(j)—1
0; =a; + Z a;U; + ap(j)kj. (22)

i=1
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We have 6; < 0 for j € J and §; >0 for j € J\ J. For j € J\ J and i € I}, let
ﬂij = kj if ¢ :p(j) and (Sj <b, (23)
k; —1, ifi=p(j) and 6; > b.

Note that @;; = @;; — 1 if i = p(j) and &; > b. Also observe that for j € J \ J

7 dj >0 ifd; <b
vt ami:{ j <0 i >b. (24)
’ zézl:g ! 6j_ap(j) <0 lféjzb

Now let w = s + Ziel\ﬁ a;x;. Instead of u, using @ let us write the mingling
inequality (21) explicitly as

’LU+Z b[iL’Z*ullL'(j)f Z ﬁijxj]+2(aj+lﬁl)1’j+z (aj+z aiﬁij)erj 2 b. (25)

iel+ JETNT jeJ jEJI\J i€l

Using the same notation, consider also the following relaxation of the base inequality

w—&-Zal[;ﬁl—ulx(j)— Z ﬂijxj]—i—Z(aj—i—/i)mj—i—Z (aj—i—z ai&ij)"’xj > b. (26)
il FETNT jet jeNT i€l
Let (Z,5) be a feasible point of K>. We will examine two cases and show

that (Z,5) satisfies inequality (25). First assume that Z(J) > 1. In this case
[Z; — u;z(J) — > jesing WijTj] < 0foralli € I as 7; < u;. Therefore, inequality
(25) is a relaxation of (26) for (z,5).

We can now assume that z(J) = 0. If Z(J \ J) # 0, let j/ := argmin{a; €
J : Z; > 1} and note that 5/ € J\ J as Z(J) = 0. Now let ¢ := p(j'); thus,
Ij; = {1,...,4}. In other words, j* € J; for all ¢ = 1,...,¢ and j' ¢ J; for all

i ={+1,...,n. Furthermore, observe that u;; = u; for ¢ < ¢ and z; = 0 for
j € J;\ J for i > . Therefore,
_ S <0 ifi</? R
i — ZUijxj{ZO i 0 forallie IT. (27)
jEJi\J

If, on the other hand, Z(J \ J) = 0 then let [ = min{i : i € I"*} and notice that
(27) still holds. As (Z,5) € K>, it satisfies (26) and as a; > a, for i < £ and a; < ay
for ¢ > £ it also satisfies

w+ Z ag[z; — Z Ui;xj] + Z(aj + Z aiiizj)ta; > b. (28)
iel+ jeJ\J jeJ i€l

Therefore, it has to satisfy the a,-MIR inequality for (28)

w + Z b[l’7 — Z ﬂijmj] + Z(aj + Z aiﬂij)erj Z b, (29)
iel+ jeJi\J jeJ 1€l

which is same as (25) when z(J) = 0.
O

We next show that the mingling inequality is facet-defining for conv(K>) when
I is chosen to be {i € I : a; > b}. Furthermore, when J # (), then it can also be
facet-defining when I is a proper subset of {i € I : a; > b}.

Proposition 2. The mingling inequality (21) defines a facet of conv(K>) if b —
min{a; + k:j € J} >max{a; :a; >b, i € I\ It}
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Proof. We use the notation introduced in the proof of Proposition 1. In addition,
let J=JUJ' UJ" where J'={j € J\J : 5 <bland J" ={j e J\J :d; >b},
and let I =ITUI'UI" where I'={i€l:a; <b}and I" ={i eI\ It :a; > b}.
Furthermore, let j* = argmin{a; : j € J}, and note that if J = () then I = I'" and
I" = () by the assumption of the proposition.

It is easily seen that the following |I|+|J|+ 1 affinely independent points are on
the face defined by (21) (each row shows only the nonzero components of a point).

:s=0>,
icIt:s=0, x; =1,
icl :s=b—a,, x; =1,
jedJ :s=b—a; —k, x;=w;, 1 €I, z; =1,
jeJ 1s=b—4;, T = Wy, 1 € I, z; =1,
jeJ’s= T = U, 1 € I; \ p(j), Tpjy = Uiy + 1, x5 =1,
ie€l” is=b—aj —k—a;, xp=u keI, =1, z; =1,

O

3.2. Two-step mingling inequalities. Next we will derive a second class of in-
equalities based on the mingling inequalities

s + Z b(l‘l — Z ’aijl‘j) + Z a;x; + Zmin{b, aj + Z aiﬁij}xj > b. (30)

ielt+ JjeJ; i€I\It+ jed i€l

For any a > 0 such that a[b/a]| < min;cr+ a;, let the two-step mingling inequality
be defined as

S pan®)(@i—Y Wia)+ Y pan(ai)zity | pap(mingb, a;+Y aitii; })a; > fi(b)
ielt JEJ; ISAVAS jeJ i€l
(31)
where 14,5 is the MIR function described in Section 1.

Observe that if It = @, then inequality (30) is same as the base inequality (20)
and therefore inequality (31) simply becomes the a-MIR inequality obtained from
inequality (20). If It # 0, however, this is not the case even though inequality (31)
is obtained by applying the MIR function jio 4 to the coeflicients of the variables in
inequality (30). Notice that the terms (v; =), ; wi;x;), @ € I'" are not necessarily
nonnegative and therefore validity of (31) does not follow from mixed-integer round-
ing. As shown in Remark 2, due to subadditivity of pq 5, mixed-integer rounding
of (30) produces a weaker inequality than (31) for the same a.

Proposition 3. The two-step mingling inequality (31) is valid for K.

Proof. We use the notation introduced in the proof of Proposition 1. Let (Z, 3) be
a feasible point of K> and consider the relaxation (26) of the base inequality. If
Z(J) = 0, then using the same arguments as in the proof of Proposition 1, inequality

w—i—z ag[xi—uia:(j)— Z ﬂijl‘j}-i-z:(aj-i-lﬁ)l‘j—FZ (aj—i—z aiﬂij)+xj >b (32)

ielt JETNT jeJ jeINT i€l
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is valid for (Z, 3) for some [ € I™. Consider, again, mingling inequality (21), written
in its explicit form

w4+ Z blz;—u;z(J)— Z ﬂijxj]—i—Z(aj—l—/i)xj—i—Z (aj—i—z aitizj)ta; > b (33)

iclt JETNT jeJ jEINT i€l;

As both inequalities (32) and (33) are valid for (Z, 5), inequality

’UJ+Z ﬂ[xlfuiz(j)f Z ﬁijxj]+2(aj+n)xj+z (ajJrZ aiﬂij)+xj Z b (34)
icl+ jETNT jeJ jeEJI\T i€l;

is valid for (Z,3) for any 8 such that b < 8 < ay. Then choosing b < 8 < a :=

min;c 7+ a; ensures validity of (34) for (z,5) provided that z(J) = 0.

On the other hand, if Z(J) > 1, as [z; — u;Z(J) — 2 jesng UijZ;] < 0, inequality
(34) is a relaxation of (26) for (z,5) provided that 5 < a.

Hence, (34) is valid for all (z,5) € K> provided that b < 8 < a. By taking g =
afb/al, (31) simply becomes the a-MIR inequality for (34). Note that, pq (b)) =
Hap(afb/a]) by definition, and as 8 = a[b/a], i.e. an integer multiple of «, it is
not necessary for (x; — u;x(J) — 2 jeang i), i € I" to be nonnegative in (34)
for the corresponding a-MIR inequality to be valid. O

Remark 3. If I™ = {i € I : a; > b} and « is chosen such that min;e;+ a; > a > b,
then mingling inequality (21) dominates two-step mingling inequality (31). To see
this, observe that for such «, we have pqp(a) = a for 0 < a < b. On the other
hand, ,ua’b(a) > q for any a < 0 and a > 0.

Proposition 4. The two-step mingling inequality (31) is facet-defining for conv (K> )
ifJ=0,I"={iel:a; >al[b/a]}, and a = a; for some i € I.

Proof. We show in Section 5.2 that if I* = {i € I : a; > af[b/a]}, then two-step
mingling inequalities become the continuous integer cover inequalities [1] obtained
by superadditive lifting with integer variables [2]. These inequalities are facet-
defining for conv(K>) when J = () and o = a; for some i € I as shown in Theorem 6
of [1]. O

4. SYMMETRIC INEQUALITIES

In this section we present inequalities for the mixed-integer knapsack set K>
when b < 0. The two classes of inequalities we present below are “symmetric” to
the mingling inequality (21) and the two-step mingling inequality (31) developed
for the case when b > 0.

To develop the symmetric inequalities, we use a basic observation that shows the
correspondence between the facets of conv(K>) and the facets of conv(K<), where

KS:{ZGZN,ISGR: ar <b+t, u>x >0, tZO}.

Based on this observation, we utilize the results in the previous section. Note that
we do not restrict the sign of a or b in the following lemma.

Lemma 2. Inequality mx+s > 7, is valid for K> if and only if inequality (a—m)x
b—m, +t is valid for K<. Moreover, mx + s > 7, defines a facet of conv(K>
and only if (a — )z <b—m, +t defines a facet of conv(K<).

<
if



10 ALPER ATAMTURK AND OKTAY GUNLUK

Proof. To see the first part, by adding a slack variable s let us write K< as
K:{xEZN,s,tG]R: ar+s=b+t, u>xz >0, s,tZO}

and consider its “relaxation” K> obtained by dropping t. Because mx + s > m,
is valid for K>, it is also valid for K. Substituting b + ¢t — ax for s, we obtain
(a —m)z; <b—m,+t as a valid inequality for K<. The other direction is the same.
For the second part, observe that conv(K<) is isomorphic to conv(K), which is
isomorphic to conv(K>). Thus, there is a one-to-one correspondence between the
facets of conv(K<) and conv(K>). O

Based on this observation, it is relatively straightforward to produce valid in-
equalities for K> when b < 0. First we multiply the base inequality axz > b by -1 to
obtain an equivalent representation of the set in K< form with a positive right hand
side. We then use Lemma 2, and utilize the facets of the corresponding K> set
(again with a positive right hand side) to obtain facets of the K< representation.
The inequalities presented below generalize the reverse continuous cover inequality
developed by Marchand and Wolsey [9] and the (continuous integer knapsack) pack
inequality of Atamtiirk [1, 3]. We discuss the comparison in detail later in Section 5.

4.1. Symmetric mingling inequalities. We now consider the case b < 0 for
K>. Our approach this time is to update the coefficients of z;, ¢ € I in the base
inequality of K> using the upper bounds of z;, j € J to get a more convenient
form (36). Toward this end, let J= C {j € J :a; < b} =: {1,...,m} be indexed in
nondecreasing order, v := Y ajuj,and [ :={i€l:a;+v >0} Forie I\I

jeJ—
let
P
Ji:={1,...,p(@)}, where p(i) :=min<p € J™ :a;+ Zajuj <0
j=1
and
p(i)—1
ki:=min k € Z; : a; + Z ajuj + apipnk <0
j=1
Fori € I, welet J; := J*, p(i) := m, and k; := u,,. For and i € I and j € J;, let
oy, i g <p(d),
R ‘_{ ki it = pli) (35)

ForjeJletI; :={iel:jeJ} Notel, =0forje J\J . Using these
mingling sets, the base inequality of K> can be written as

Zaj(acj — Z ’L_LJZ.’EZ) + Z(al + Z ajﬂji)xi + s 2 b. (36)
jed icl; il jed;
We define the symmetric mingling inequality corresponding to (36) as
Z (Clj — b)(xj — Z ’U,jiﬂﬁi) + Zmin{ai + Z a;jUj; — b, O}l‘l +s5>0. (37)
jeJ- = iel jed;
Observe that if J— = (), then inequality (37) reduces to s > 0.

Proposition 5. The symmetric mingling inequality (37) is valid for K>. Further-
more, it is facet-defining provided that

min{a; : a; <b, j € J\J } > max{a; +v:i€ I}
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Proof. After rewriting the base inequality of K> as
Z —a;x; + Z —a;x; < —b+s
jeJ icl
in K< form, we use the corresponding K> set
Z —a;T; + Z —a;T; +5> —b (38)
jeJ iel
to generate mingling inequalities of Section 3.1 as —b > 0. Using the mingling sets
defined in this section, the corresponding mingling inequality (21) for (38) is

Z—b(l‘j —Z ﬂji$¢)+ Z —a;T; +Z min{—b, —a; —Z ajﬂji}mi—i—s > —b. (39)
jeJ- icl; jeINI- il jed;
Translating this inequality for the original K< set using Lemma 2, we obtain
Z (—aj + b)xj - Z Z bﬂjil‘i + Z(—U,i — min{—b, —a; — Z ajﬂji})xi <s,
jeJ— jeJ— i€l i€l JjEJ;
which is equivalent to (37).
The second part of the claim (facet conditions) simply follows from Proposition 2

and Lemma 2.
O

4.2. Symmetric two-step mingling inequalities. In this section, we give the
symmetric class of inequalities for two-step mingling inequalities for the case b < 0.
For any a > 0 such that max;c ;- a; < a[b/a], let us define the symmetric two-step
mingling inequality corresponding to (36) as

> (a5 + pra—s(=0) (= Y wpw) + > (4 + pa,—n(—a;))z;

jeJ- i€l jeINI~
+ > @i+ Y Ui+ pra,—p(min{—=b,—a; = a;u;i}))ai + 5 > b+ o, b(—b).
iel Jj€J; jed;

(40)
Observe that if J~ = (), then inequality (40) reduces to

D (@i + pra,p(—a:))zi + 5 > b+ o, -5 (=)
ieN

which equals a-MIR inequality

> tap(ai)zi + 5 > pas(b)

ieN
because o p(a;) = a;+ pta,—p(—a;) for a; € R as checked below. Let r = b—a|b/a]
and 1, =a; —ala;/al, i € N. If a;/a & Z, then

Pap(@i) = pto,—p(—a;) = rla;/a) +min{r,r;} — (o —r)|—a;/a] —min{a — 7, — 1}
= rla;/a) + min{r,r;} + (@ —r)[a;/a] — a + max{r,r;}
= min{r,7} + afa;/a] —r — a+ max{r,r;}
= alai/o]—r+r+1;
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On the other hand, if a;/a € Z, we have pqp(a;) — po,—(—a;) = r(a;/a) — (o —
r)(—a;/a) = a;.

Proposition 6. The symmetric two-step mingling inequality (40) is valid for K>.
Furthermore, it is facet-defining for conv(K> ) if I =0, J~ ={j € J : a; < a|b/a]},
and a = a; for some j € J.

Proof. Applying Proposition 3 to inequality (39), for any @ > 0 such that o[ —b/a] <
min;c - —a;, we obtain

D tas(=0) (@ =Y Wjw) + Y pa—b(—a;);

jeJ- i€l JeINT-
+ ) o, —p(—max{b,a; + Y a;li;i})wi + 5 > pra,p(=b)  (41)
el JjEJ;

Translating it to the original K< form using Lemma 2 gives

D (—ai—pao(=0))zit D (=0 pa,o(—0)Tj e, p(=D) DY Wi
jeJ— JEJ\I~ jeJ—iel;
+ Z(—ai — g, —p(min{—b, —a; —Z a;uj;}))x; < s—b— pa,—p(—b),
iel Jje€Ji
which is equivalent to (40).

The second part of the claim (facet conditions) simply follows from Proposition 4
and Lemma 2. O

5. CONNECTIONS WITH OTHER INEQUALITIES

We next present some well-known valid inequalities from the literature for knap-
sack sets and describe how to obtain them as (symmetric) mingling or (symmetric)
two-step mingling inequalities. In particular, we consider the continuous cover and
reverse continuous cover inequalities of Marchand and Wolsey [9] and the contin-
uous integer knapsack cover and pack inequalities of Atamtiirk [1, 3]. We would
like to emphasize that all these inequalities can be obtained by mingling when the
set It (or, J—, respectively) is taken to be {i € I : a; > b} (or, {j € J : a; < b},
respectively). When subsets of {i € I : a; > b} ({j € J : a; < b}) are used for I'"
(J7), the mingling procedure leads to new inequalities for these sets.

5.1. Continuous 0-1 cover inequalities. Consider the mixed 0-1 knapsack set
K; = {xe {0,1}V, seR : Zaixi <b+s, 320},
ieN
where a > 0. A subset C of N is called a cover if A\ := ), ~a; —b > 0. Letting
z; =1—x;, 1 € C, after rewriting the base inequality as
Zaﬁ:i + Z —a;x; + 8> A, (42)
icC iEN\C
for I"C{i€C:a; > A} and J = N\ C, we obtain the mingling inequality

Z ANz — Z xj) + Z a;T; + Z min{\, —a; + Z a;i}x;+s> A (43)

iel+t JEJ; ieC\It JEN\C i€l
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For IT = {i € C : a; > A}, mingling inequality (43) reduces to
X:min{)\7 a; }T; + Z (=ML + min{\, —a; + Z a;})xj+s> A, (44)
ieC JEN\C i€J;

which is equivalent to the continuous cover inequality (Marchand and Wolsey [9]).
We will illustrate inequality (44) in Example 2.

Now assume that there exists a k € C such that § = ar — A > 0. In this case
writing the base inequality as

Z a;T; + Z —a;T; + 8 Z —0, (45)
i€C\k i€N\(C\k)
for J- C {j € N\ (C\k):a; >0} and I = C\ k, we obtain the symmetric
mingling inequality
Z min{0, a; — Z a; +6}z; + Z (0 —aj)(xz; — Zsﬁl) +s5>0. (46)
i€C\k J€J; jeJ- iel;
For J= ={j € N\ (C\k) : a; > 6}, symmetric mingling inequality (46) reduces to
> (min{0,a;— Y aj+pt+ Y (a;-0)Ti— > (a;—0)Ta;+s5>0, (47)
1€C\k JjEJ; jeJi JEN\(C\k)
which is the reverse continuous cover inequality [9].

5.2. Continuous integer cover inequalities. Consider now the mixed-integer
knapsack set with finite upper bounds for all integer variables

K% = {a:EZ, seR: Zaimigb—i—s, u>x >0, 520},
ieN
where a > 0. A subset C of N is called a cover if X := ), ~a;u; —b > 0. After
letting T; = u; — x;, ¢ € C, by rewriting the base inequality as
Za,-fi + Z —a;T; + 8 Z )\, (48)
icC iEN\C
for It C{ieC:a; > )} and J = N\ C, we obtain the mingling inequality
Z )\(i‘z —Z ’U,ijxj) + Z a;T; —|—Z min{)\, a; —|—Z aiﬂij}xj +s> A (49)
ielt jeJi i€C\It jeJ i€l

Now assume that there exists a k € C such that 6§ = apui — X > 0. Furthermore,
let n = [0/ax| and r = 0 —ag|0/ar]. Then [N ag] = ur—n+1and A\—ag| A/ ag] =
ar —r. For IT C {i € C: a; > ag[A\/ax]}, the corresponding two-step inequality
for (49) with o = ay, is then

> (uk—n+Dlax =)@ — > x)+ > Hapa(a:)Ts

ielt Jj€J; i€eC\I+
+ 3 prag amin{X, —a; + > aiti;})r; + 5 > (up —n+1)(ar — 7). (50)
JjeJ €1

Observe that if uy, = 1, then we have ay —r = A and n = 1. In this case, inequalities
(49) and (50) are the same if It ={i € C :a; > ax[\/ar|} and J = 0.
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Alternatively, writing the base inequality as

Z a@i -+ Z —a;x; + S Z 79, (51)

i€C\k iEN\(C\k)

for J- C {j € N\ (C\k):a; >0} and I = C\ k, we obtain the symmetric
mingling inequality

Z min{07ai - Z ajﬂji + 9}.’?1 + Z (9 - aj)(xj — Z ’L_Lji.’fi) + s 2 0. (52)

i€C\k jed; jeJ- iel;

For J= C{j € N\ (C\k):a; > ai[8/ar]}, the corresponding symmetric two-step
inequality for (52) with o = aj, is then

S (=aj )z = > wE) + Y (—a; + pray.0(a;))z;

jeJ- icl; jEJ\J~

+ ) (ai+ Y Ui + oy o(min{f, —a; +Y | a;u;i})Ti+s > —0 40, (53)
i€\ jedi i€d;

Observe that if ug = 1, then we have r = 6 and n = 1. In this case, inequalities
(52) and (53) are the same if J~ = {j € N\ (C \ k) : a; > ax[0/a;]} and I = (.

For a cover C, Atamtiirk [1, 3] gives the following continuous integer knapsack
cover and pack inequalities

D —Ou(—a)@i+ Y —wlag)z; + 5 > (up —n+1)(ax — 1) (54)
ieC jeJd
and
Z —®p(aj)x; + Z —wp(—a;)T; +s > —0 +nr, (55)
jed icC\k
where

(n—up—D(axg —r) ifa< =X\
Oi(a) =1 a— fayp(a) if —A<a<@, forkeN
a—mnr ifa>0,

and 7y, and wy, are superadditive lifting functions [2] described explicitly in these
references. By inspection, it can be verified that if I = {i € C : a; > ax[N/ax|},
then

vilag) = i (ux =1+ 1)(ax — ) = pa(min{X, (—a; + Y aitis;)}) for j € J
i€l i€l

and if J- ={j € N\ (C\k):a; > ap[0/ax]}, then

wr(ai) = a; + Z Uji(nr — 1) — pia,e(min{0, (a; + Z ajuj;)}) forie C\k.
JEJ; JjeJi

Hence, inequalities (50) and (53) are equivalent to (54) and (55), respectively.
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5.3. C-MIR inequalities. As mentioned in the Introduction, complemented MIR
inequalities, developed by Marchand and Wolsey [10], have been successfully imple-
mented as cutting planes in commercial MIP solvers. These cuts involve obtaining
a base inequality from the mixed-integer program via constraint aggregation and
then complementing some of the variables that have finite upper bounds. An a-MIR
inequality is then written for the complemented base inequality.

Here we apply the C-MIR inequalities to the mixed-integer knapsack set K%
and compare them with the mingling inequalities. Let C' C N be a cover such
that a := max;cca; > A. Complementing z;, i € C, we can then write the
complemented base inequality as

Z(Zii’i -+ Z —a;x; + 8 Z A (56)
ieC ieN\C
where Z; denotes u — z; as before. Consider the a-MIR inequality for (56)
Zmin{)\,ai}i‘i + Z Hax(—a;)x; + s> A (57)
i€C 1EN\C
It is easy to check that the mingling inequality (49) with IT™ = {i € C : a; > \}
dominates (57).

If C' is chosen to be a minimal 0-1 cover, (57) is the familiar 0-1 knapsack cover
inequality
Z)\xi + Z —paxr(—a)z; < A(C|—1)+s (58)
i€C iEN\C
lifted using the MIR function pg . The numerical example below illustrates the
coefficients of z;, i € N\ C for (58) and (43) for comparison.

Example 2. Consider a mixed 0-1 knapsack set given by
1321 + 10z5 + 923 + 84 + 525 + azg < 42+ 5, = € {0,1}°, s > 0.

For cover C = {1,2,3,4,5}, we have A = 3, @ = 13, and the corresponding comple-
mented a-MIR, inequality (58) is

5
Z )\IZ - /.1413,)\(—04)1'6 S 4\ + s. (59)
i=1

The mingling set for x4 is a function its coefficient a. For instance, if 32 < a < 40,
then Iy = {1,2,3,4}, J; = {6} for i = 1,...,4, and J5 = (). Rewriting the base
inequality (56) as

4 4
Z a;[(1 —z;) — xg] + as(1 — x5) + (—a + Zai)xs +s5> A, (60)
i=1 i=1
we obtain the corresponding mingling inequality
4 4
Z)\[(l —2;) — 2] + AM(1 — z5) + min{\, —a + Zai}wg +s5> A (61)
i=1 i=1

or, equivalently, I'(a)

5 4
Z Az; + (4X — min{\, —a + Z a;})xe < 4\ + s. (62)
i=1

=1
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In Figure 2 we plot the coefficient of ¢ as a function of a for mingling and com-
plemented MIR inequalities. In general, we have I'(a) > —pug »(—a) for all a > 0.

5
4 e
3\ RECEE SR -

2) e i

13 23 32 40 45 a

F1GURE 1. Coeflicients of mingling and c-MIR inequalities compared.

5.4. Two-step inequalities. We next consider the case when variables do not
have finite upper bounds. In this case, let I*T C {i € I : a; > b}, IT #0, and let
a:=a; =max{a; :i € ['T}. Asu; = oo foralli € I't, we have J = (), and therefore
p(j) =1 and I; = {1} for all j € J. Furthermore, J; = J and J; = 0 for i > 1.
Letting
kj = ﬂlj = 7L(1j/(_lJ, and T = aj 7C_LL(1J'/ELJ, ] S J,
inequality (21) becomes
b(xl—z laj/a]x;) Z bx; + Z axz—l—me{b ritej+s >0,
jeJ ielt\1 i€I\I+ jeJ
which, if IT = {i € I : a; > b} reduces to
s+ Z(min{b, rit+bla;/al)z; + Z min{a;,b}x; > b,

jed iel
or, equivalently, the a-MIR inequality

s+ Zﬂmb(ag‘)l'j + Zﬂa7b(ai)$i > pap(b) =0

jed icl

applied to the base inequality. In addition, for o > 0 such that a[b/a]| < min{a; :
i € I'"} inequality (31) becomes

s+ Z Mab )i + Z Pa,b (i 331"‘2 Hob (min{b, rj}) Mab( )k ] j > :uab<b)
eI+ ieI\I+ jed

which is the two-step MIR inequality developed by Dash and Giinlik [7] when
applied to a base inequality ax > b that has max{a;} =1 > b.

6. FINAL REMARKS

Mingling is a simple and effective procedure for incorporating upper bound in-
formation into mixed-integer rounding cuts. The fact that many strong inequalities
for the fundamental knapsack sets can also be obtained via mingling suggests that
mingling may be effective in solving general mixed-integer programs. Furthermore,
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because mingling uses only MIR functions to describe the cuts, mingling inequalities
can be easily implemented using existing MIR routines.

We also note that (symmetric) mingling and two-step mingling inequalities can
(and should) be applied after aggregating multiple constraints of the mixed-integer
program to form base inequality that defines the knapsack set. An effective ap-
proach to achieve this has described in [10] for MIR inequalities.

1]

[13]
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