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ABSTRACT
Direct methodsfor solving sparsesystemsof linear equationsare
fastandrobust, but canconsumean impracticalamountof mem-
ory, particularly for large three-dimensionalproblems. Precondi-
tionediterative solvershave the potentialto solve very large sys-
temswith a fraction of the memoryusedby direct methods.The
diversityof preconditionersmakesit difficult to analyzethemin a
unified theoreticalmodel. Hence,a systematicevaluationof ex-
isting preconditionediterative solvers is necessaryto identify the
relativeadvantagesof iterativemethodsandto guidefutureefforts.
We presentthe resultsof a comprehensive experimentalstudyof
themostpopularpreconditioneranditerative solver combinations
for symmetricpositive-definitesystems.A detailedcomparisonof
the preconditioners,the iterative solver packages,anda state-of-
the-artdirect solver gives interestinginsightsinto their strengths
andweaknesses.We believe that theseresultswould be usefulto
researchersdevelopingpreconditionersanditerativesolversaswell
aspractitionerslooking for appropriatesparsesolversfor their ap-
plications.

1. INTRODUCTION
A fundamentalstepin many scientificandengineeringsimula-

tions is the solution of a systemof linear equationsof the form�������
, where

�
is the sparsecoefficient matrix,

�
is the right

handsidevector (RHS) and
�

is the vectorof unknowns. Large
sparselinearsystemsinvolving millions andevenbillions of equa-
tionsarebecomingincreasinglycommonin scientific,engineering,
andoptimizationapplications.Thesesystemsof equationscanbe
solvedusingeitherdirector iterativemethods.Direct methodsare
fastandrobust,but areoftenunsuitablefor largethree-dimensional
problemsdueto their prohibitive memoryrequirements.This lim-
itation hasspurreda lot of interestin iterative solversandprecon-
ditioning methodsdueto their potentialto lower thememoryand
computationalcostof solving largesparselinearsystems.To im-
prove the rateof convergenceof iterative methods,it is essential
to useeffective preconditioners,which canbeproblemdependent
andmay requireproblem-specificfine-tuning. Survey articlesby
Benzi [3] and Saadand van der Vorst [14] describethe relative
strengthsandweaknessesfor awide rangeof preconditioneditera-
tiveschemesfrom atheoreticalperspective. Therehave beena few
empiricalstudiesin the past[5, 9, 4], however, thesefocusedon
a singlepreconditionerandwere, therefore,somewhat limited in
scope.

A typical practitionerhasan overwhelmingnumberof choices
regardingsolversandpreconditionersandtheir parametersin sev-

eral black-boxsolver packages,suchasPETSc[2], Trilinos [12],
ILUPACK [13], Hypre [1], andmany others[8]. However, choos-
ing the appropriateschemeand fine-tuning the parametersfor a
particularlinear systemto be solved hasremaineda blendof art
andsciencedue to several reasons.The diversity of the precon-
ditionersmakesit difficult to analyzethemin a unifiedtheoretical
model.Thereis oftenasignificantvariability in thedifferentimple-
mentationsfor thesamepreconditioner, which limits theutility of
a purely theoreticalanalysis.Finally, mostpreconditionershave a
multitudeof tunableparameters,andthebestsetof parametersfor
the samepreconditionercan vary significantly not only between
problems,but alsofrom oneimplementationto another. Therefore,
athoroughempiricalevaluationcanprovideimportantinsightsinto
the relative strengthsof different preconditioners,and that is the
primarygoalof thispaper.

Themaincontributionsof this paperareasfollows. We present
a detailedempiricalevaluationof themostpopularandpromising
preconditionediterative schemesavailablein freeblackbox solver
packageson a collectionof matricesdrawn from a wide rangeof
scientificapplications.In eachcase,weusemultiplevaluesof each
tunableparameterandmeasuretheresultingperformancein terms
of the solution accuracy, computationtime, and memoryusage.
We then analyzethe resultsandpresentperformancemetricsfor
eachpreconditionerimplementationthatwouldbeusefulto aprac-
titioner. Theseresultshelp identify the preconditioner-parameter
combinationsmost likely to yield good time or memoryperfor-
manceacrossa wide rangeof problemsand the parametersthat
aremostlikely to improve performanceuponfine-tuning.Theex-
perimentsalsoindicatewhichpreconditionersaremostsensitive to
changesin theirparametervaluesandwhichareleastsensitive. We
comparetheperformanceof differentpreconditionerswith thatof
a directsolver with respectto bothcomputationtime andmemory
use. Last, but not the least,the paperpresentsa methodologyfor
a systematicperformanceanalysisof iterative solversandprecon-
ditioners,whichwe believe canbeusefulin othersimilar contexts;
for instance,for a similar studyfor unsymmetricor indefinitesys-
tems.

2. EXPERIMENT AL SETUP
In this section,we describethesetupfor theempiricalstudy, in-

cludingthesolverpackages,preconditionerparameters,thesuiteof
testmatrices,theperformancemetricsusedin theevaluation,hard-
waredetails,andthemethodologyfor conductingtheexperiments
andevaluatingtheresults.



2.1 Software Packages
For our empirical study, we considerediterative solver pack-

agesthataremostcommonlyusedandcited in literature,suchas
PETSc[2] (releaseversion2.3.3-p0),Trilinos [12] (releaseversion
8.0.3),andHypre[1] (releaseversion2.0.0).Wealsoincludedtwo
packages,namelyILUPACK [13] (developmentversion2.2), and
WSMP[11] (developmentversion7.12),which includepromising
researchpreconditionersthat we found robust andstableenough
for extensive testing. We usedthedirect solver from WSMP [10]
for comparisonwith theiterative solvers.

2.2 Solvers
We usedthe ConjugateGradientsolver whenever possiblebe-

causethis studyis limited to symmetricpositive-definitesystems.
If a preconditioningschemehad the potentialto result in a non-
SPDpreconditioner, thenGMRESwith restartvaluesof 30,65and
100wasused.

2.3 Matrix Reordering
For preconditionersbasedon incompletefactorization,the ma-

trices were first reorderedusing either the ReverseCuthill Mc-
kee ordering(RCM) or the NestedDissectionordering(ND). In
the caseof ILUPACK, we usedfive built-in reorderingschemes,
namely, NestedDissection(ND), RCM, ApproximateMinimum
Fill (AMF), Independentset (IND) andpermutationfor diagonal
dominance(DDPQ).

2.4 Preconditionersand Parameters
For this study, we usedgeneralpurposepreconditionersbased

on sparseapproximateinverses(SAI) andvariationsof incomplete
Cholesky or incompleteLU factorization(ILU). Theseprecondi-
tionershave beensuccessfullyusedin black box solver packages
for a large classof problems[5, 4]. We also usedthe algebraic
multigrid preconditioner, which usually works best for matrices
originatingfrom elliptic PDEs,to test its utility asa generalpur-
posepreconditioner.

Table1 liststhespecificpreconditionersthatwereusedin ourex-
periments.This tablealsolists all thevaluesof thetunableparam-
etersthatweretried. In all, 621differentcombinationsof solvers,
preconditioners,andparameterswere tried. Due to spacelimita-
tions,weareunableto provideadetaileddescriptionof theprecon-
ditionersandtheir parametersin this paper. Thesedetailscanbe
foundin thedocumentationof thepackages[2, 12,1, 13,11].

2.5 TestMatrices
Table2 lists the SPDmatricesusedin our experiments,along

with their applicationsareasand sizesin terms of both dimen-
sion and the numberof nonzeros. Most of the matricesare ob-
tainedfrom theUniversity of Floridasparsematrix collection[6].
The remainingonesare from someof the applicationsthat use
WSMP[10].

2.6 SystemDetails
The experimentswere conductedon a single CPU of an IBM

HPCcluster1600basedon 1.9 GHz Power5+processors.All the
packageswerecompiledusingIBM compilersxlf (Fortran),xlc (C)
or xlC (C++) in 64-bitmodewith the-O3optimizationflag. IBM’ s
EngineeringScientificSubroutinelibrary (ESSL)waslinked in to
provide BLAS routines.Thepagesizefor text anddatawassetto
64 KB. A wall time limit of 3 hoursandmemorylimit of 16 GB

wasused.

2.7 TestingProcedure
The right handsidevector

�
wascomputedusingan exact so-

lution of all ones. Diagonalscalingwasperformedon all linear
systemsbeforestartingthe solutionprocess.The initial guessof
the solutionfor the iterative processwaschosento be a vectorof
all zeros.Right preconditioningwasusedsinceit wasthedefault
for all the packagesexceptPETScandit ensureda uniform con-
vergencecriteriabasedon thetrueresidualfor all theexperiments.
Theiterationswerestoppedwhenthenumberof iterationsreached
1000or whenthe relative residualnorm droppedbelow �	��
� . A
trial wasconsideredto have solved theproblemsuccessfullyonly
if therelative errornormwaslessthan �	��
�� . A trial wasalsocon-
sideredsuccessfulif therelative residualnormwaslessthan ��� 
�
andtherelativenormof theerrorwasin therange[0.01,0.1].

2.8 Methodology for Comparison
We now presentour methodologyfor evaluating the collec-

tive and problem-specificperformanceof the preconditioners.
Our choice of metricswas heavily influencedby the guidelines
proposedfor benchmarkingoptimizationsoftware by Dolan and
More [7].

Let � be thesetof � preconditionedsolvers( � ��� � � ), � be
thesetof � linearsystemsto besolved( � ��� � � ) andlet � repre-
sentany performancemeasurethat takesa specificvaluefor each
evaluationtrial. We assumethata smallervalueof � is desirable.
In Section3, we evaluatethe preconditionerswhen � represents
total solutiontime,preconditionermemory, memory-timeproduct,
or thesensitivity of a preconditionerto its parameters.

If eachof the solversis appliedto all theproblems,the perfor-
mancemeasurevaluescanbe representedasan ����� matrix � ,
where the element����� � denotesthe performanceof solver  on
problem ! . Theseperformancevalues� �"� � , canoften be infinite
or not well-defineddueto solver failure andotherpracticallimi-
tations. A naturalway to comparethevariousmethodsis to con-
siderthenormalizedperformancevalues# �"� � , otherwiseknown as
the performanceratios. The performanceratio of a method  for
a problem ! is simply the ratio of the methodsperformanc�$�"� �
to thebest(least)performancevalueover all solversfor thesame
problem;i.e.,

#&%��� � � ����� �')(+*�-,/.10 � ��� � ,32
Note that #4�"� �657� for all 89!:; 1< andis equalto 1 for at leastone
solver  for eachproblem ! . It seemsreasonableto expect that
averageperformanceratio (APR) would be a fair indicatorof the
effectivenessof themethodwith respectto thatperformancemetric.

In practice,however, APR is oftennotvery usefulsincea single
solver failurefor amethodcanmake its APRgoto infinity, making
it difficult to comparethedifferentmethods.A principledapproach
is to comparetheperformanceof themethodsbothin termsof the
numberof problemssolved aswell asaverageperformanceratio
directlyusingthedistributionof theperformanceratios.To achieve
this,we usethenotionof a performanceprofile [7], which is aplot
of thecumulative distributionof theperformanceratios.Let = % � 89>�<
denotethe cumulative distribution of the performanceratiosof a
solver method with respectto themeasure� , i.e.,

=?%� 89>@< � �
� � #A%�"� �CB >$� 2



Package Solver Preconditioner Orderings Parameters

PETSc

CG IC(K) RCM, ND
Level of fill: 0, 1, 2
Fill factor: 3, 5, 8, 10

GMRES(30,65,100) ILUTP RCM, ND
Droptolerance:1e-2,3e-2,1e-3,5e-4
Pivot threshold:0.0,0.1
Fill factor: 3, 5, 8, 10

HYPRE

CG IC(K) RCM, ND
Levelof fill: 0, 1, 2
Fill factor: 3, 5, 8, 10
Maximumnon-zerosper row: 5, D

GMRES(30,65,100) ILUT RCM, ND
Droptolerance:1e-2,3e-2,1e-3,5e-4
Fill factor: 3, 5, 8, 10

CG SAI (PARASAILS) -
Numberof levels: 0, 1, 2
Threshold:0, 0.01,0.1,-0.75,-0.9
Filter: 0, 0.001,0.005,-0.9

CG BoomerAMG -

Maximumnumberof levels: 25
Smoother- Hybrid Gauss-Seidel/Jacobi
Numberof aggressivecoarseninglevels: 0, 10
Coarseningschemes:Falgout,HMIS, PMIS
Strongthreshold:0.25,0.5,0.8.0.9

Trilinos

CG IC(K) RCM, ND Level of fill: 0, 1, 2

CG ICT RCM, ND
Droptolerance:1e-2,3e-2,1e-3,5e-4
Fill factor: 3, 5, 8, 10

GMRES(30,65,100) ILUT RCM, ND
Droptolerance:1e-2,3e-2,1e-3,5e-4
Fill factor: 3, 5, 8, 10

CG,GMRES(30,65,100) AMG (ML) -
Default SA
Default DD
Default DD-ML

ILUPACK CG Multilevel ICT RCM, ND, AMF, IND, DDPQ
DropTolerance:1e-2,3e-2,1e-3,5e-4
InverseNormEstimate:10,25,100

WSMP Auto-selectCG/GMRES ICT Auto-selectND/RCM Fourcyclesof self tuning

Table 1: Description of the packagespecificpreconditionerparameters.

Thus,= % � 89>@< denotesthefractionof theproblemsthatcanbesolved
by thesolver  with a performanceratio of > or less.

In orderto comparetherelativeperformanceof themethods,we
requirea quantitative measureof theperformanceandfor this pur-
pose,weusetheareaundertheperformanceprofilecurve(AUC).A
critical choicein theAUC-basedcomparisonis theupperlimit for
the performanceratio sincethis cansignificantlyaffect the AUC.
In our study, we choosethis thresholdto beequalto 10. In other
words,we assumethata trial thatresultedin performancethatwas
morethananorderof magnitudeworsethanthebestperformance
for a give problemwas effectively a failure. Note that this is in
additionto thefailurecriteriadescribedin Section2.7.

3. RESULTS AND DISCUSSION
In thissection,wepresenttheresultsof ourempiricalevaluation.

We usetheproductof total solutiontimeandthememoryrequired
for storingthecoefficientmatrixandpreconditionerasourprimary
performancecriteria. Henceforth,we will refer to this quantityas
thememory-timeproduct. Thetotal solutiontime includesthetime
to createthe preconditionerthe time taken by the preconditioned
CG or GMRESto obtaintheapproximatesolution.

We chosememory-timeproduct as a primary measureof the
quality of a preconditionerimplementationbecausebothcomputa-
tion timeandmemoryuseappearto beinadequatemeasuresof the
qualityof apreconditioner, whenconsideredindividually. For most
preconditioners,there is a rangeof parameterchoicesin which
thereis a trade-off betweensolutiontime andmemoryconsump-
tion, althoughit is possibleto makeparameterchoicesthatincrease
or decreaseboth time andmemorysimultaneously. Theoptimum
operatingpoint of a preconditionerfor a given problemlies in a

trade-off zone. As we will observe later in this section,thedirect
solver resultsin theoverall fastestsolutiontime for mostproblems
in our testsuite,albeit at the costof a significantlyhigh memory
consumption. A preconditionercould simply emulatethe direct
solver andemerge as the fastestpreconditioner. At the otherex-
treme,preconditionerssuchasJacobi,Gauss-Seidel,or IC(0), con-
sumevery little memory, but cantake animpracticallylargenum-
ber of iterationsto converge. As a result, judging the quality of
preconditionersbasedsolelyontheir timeor memoryrequirements
simply yieldswinnersthatareextremecasesandareof little prac-
tical interest.

3.1 BestDefault Solver Configurations
Webegin by identifyingthesetof parametersfor eachprecondi-

tioner implementationthatresultedin thebestmemory-timeprod-
uctover theentireproblemsuite.For eachpreconditioner-package
combination,we solvedall theproblemsin our testsuiteusingall
valid combinationsof parametersshown in the lastcolumnof Ta-
ble 1. We thenchosethe parametercombinationthat resultedin
themaximumAUC (areaundercurve) with memory-timeproduct
as the performancemetric � asdescribedin Section2.7. Essen-
tially, this amountsto plotting the performanceprofile curves for
all the parametercombinationsfor a given preconditionerimple-
mentationusing memory-timeproductas the performancecrite-
rion, andchoosingtheparametercombinationcorrespondingto the
curve with themaximumareaunderit. Wedonotshow theseplots
becausethe large numberof parametercombinationsmake them
impossibleto interpretvisually. Instead,in Table3, we reportthe
parametercombinationthat resultedin the curve with the maxi-
mum areafor eachpreconditionerimplementation.Note that the



Matrix N NNZ Application
90153 90153 5629095 Sheetmetalforming
af_shell7 504855 17588875 Sheetmetalforming
audikw_1 943695 77651847 Automotive crankshaftmodeling
bcsstk25 15439 252241 Skyscrapersimulation
bmwcra_1 148770 10644002 Automotive crankshaftmodeling
bst-1 1017397 74144859 Structuralanalysis
bst-2 384012 28069776 Structuralanalysis
cfd1 70656 1828364 C.F.D. Pressurematrix
cfd2 123440 3087898 C.F.D. Pressurematrix
conti20 20341 1854361 Structuralanalysis
dfi1 89616 1474304 Linearprogramming
garybig 42459173 238142243 Circuit simulation
hood 220542 10768436 Automotive
inline_1 503712 36816342 Structuralengineering
kyushu 990692 26268136 Structuralengineering
ldoor 952203 46522475 Structuralanalysis
minsurfo 40806 203622 Minimum surfaceproblem
msdoor 415863 20240935 Structuralanalysis
mstamp-2c 902289 70925391 Metal stamping
nastran-b 1508088 111614436 Structuralanalysis
nd24k 72000 28715634 3D meshproblem(ND problemset)
oilpan 73752 3597188 Structuralanalysis
parabolic_fem 525825 3674625 C.F.D. Convection-diffusion
qa8fk 66127 1660579 StiffnessMatrix for 3D acousticproblem
qa8fm 66127 1660579 Massmatrix for 3D acousticproblem
pga-rem-1 5978665 29640547 Power network analysis
pga-rem-2 1480825 7223497 Power network analysis
ship_003 121728 8086034 Structuralanalysis- Shipstructure
shipsec5 179860 10113096 Structuralanalysis- Shipsection
torso 201142 3161120 Humantorsomodeling

Table 2: SPDtest matriceswith their order (N), number of non-zeros(NNZ), and application area.

winning configurationsreportedin Table3 arenot simply theones
that resultedin the leastoverall memory-timeproduct. By their
veryconstruction,theperformanceprofilesalsocapturetherobust-
nessor the ability to solve a relatively large fraction of the total
numberof problemswith reasonableperformance.

Clearly, therearelimitationsto our methodology. First, it is im-
possibleto testall parametercombinationsby performingan ex-
haustive searchover the parameterspace. We have attemptedto
useasmany combinationsaswerefeasiblewithin the rangesrec-
ommendedby the authorsof the packagesthat we are studying.
Secondly, thewinning parametercombinationis a functionof the
testsuite. We have attemptedto collecta diversesetof problems;
however, thebestparametercombinationcanturn out to bediffer-
ent for a testsuitewith matriceswith differentproperties.Within
theselimitations, the winning parametercombinationsof Table3
aregoodcandidatesfor default valuesthathave a high probability
of yielding a smallmemory-timeproductfor anarbitraryproblem.

Having chosenthe overall bestparametercombinationsfor all
the preconditionersusedin this study, we now look at their rela-
tive performancewith respectto memory, time, andmemory-time
product.

Figure1 shows thememoryprofilesof theconfigurationsshown
in Table 3 for eachpreconditionerimplementation. The mem-
ory profile of WSMP direct solver is also includedin this figure.
Hypre-BoomerAMGand PETSc-IC(0)appearto be most mem-

ory efficient; however, Hypre-BoomerAMGis significantlymore
robust and is able to solve 80% of the problemsas comparedto
60% for PETSc-IC(0). The next best group of curves includes
thosefor Trilinos-ML, Hypre-PARASAILS, WSMP-ICT, andILU-
PACK. Note that ILUT preconditionerimplementationsappearto
have theworstmemoryprofiles. This is primarily because(i) due
to their unsymmetricnature,they needto storebothtriangularfac-
torsinsteadof justone,asin thecaseof symmetricpreconditioners,
and(ii) they oftenneedto work with fairly low droptolerancesto
be comparablewith otherpreconditionersin termsof robustness.
Thememoryprofilesof ILUT preconditionersmaylook muchbet-
ter for unsymmetricmatrices,whichwe donotstudyin thispaper.

Figure2 shows the time profilesof theconfigurationsshown in
Table3 for eachpreconditionerimplementation,alongwith thatof
theWSMPdirectsolver. Thedirectsolverturnsoutto bethefastest
solver for about70%of theproblems.This is followedby PETSc-
IC(0), which is the fastestone for about 19% of the problems,
which probablyhave gooddegreeof diagonaldominance.How-
ever, understandably, PETSc-IC(0)doesnot do aswell for more
difficult problemsand its time profile curve is soonsurpassedby
thatof WSMP-ICT. Hypre-BoomerAMG,which is highly memory
efficient, is seento beslower thanHypre-PARASAILS, ILUPACK,
WSMP-ICT, andthedirectsolver.

Figure3 shows thememory-timeproductprofilesof theconfig-
urationsshown in Table3 for eachpreconditionerimplementation



Package-Preconditioner Solver Ordering PreconditionerParameters
petsc-ILUTP GMRES-100 ND Fill Factor:10; Pivot Thresold:0.01;DropTolerance:0.0005
petsc-IC(K) CG RCM Level of Fill: 0
hypre-ILUT GMRES-100 ND Fill Factor:5; DropTolerance:0.0005
hypre-IC(K) CG ND Fill Factor:3; Level of Fill: 2
hypre-AMG CG - Coarsening:PMIS;Levelsof Aggressive Coarsening:0; StrongThreshold:0.7
hypre-SAI CG - Numberof Levels: 2; Threshold:0.1;Filter: 0.005

ilupack-MLICT CG RCM DropTolerance:.001;InverseNormEstimate:10
trilinos-ILUT GMRES-30 RCM Fill Factor:5; DropTolerance:0.0005
trilinos-IC(K) CG RCM Level of Fill: 1
trilinos-ML GMRES-30 - SmoothedAggregationDefault Parameters
wsmp-ICT AUTO AUTO Auto selecteddrop-toleranceandfill-f actor

Table 3: Iterati ve solver configurations that resultedin the best overall performancewith respectto memory-time product profile
area.
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Figure 1: Memory performance profile curves for the dir ect
solver and the best memory-time product configuration of the
various preconditioner implementationsshown in Table3.

andthatof theWSMPdirectsolver. Surprisingly, thedirectsolver
outperformsall thepreconditionersevenonthememory-timeprod-
uct criterion. In fact, the relative position of most memory-
time productprofiles is very similar to that of the corresponding
time profiles in Figure 2, with the notableexception of Hypre-
BoomerAMG,which moves up becauseof its excellent memory
efficiency.

A comparisonof the memoryand time performanceof the it-
erative solversrelative to WSMP’s directsolver confirmsthecon-
ventionalwisdomthatdirectsolversaregenerallyfastandrobust,
but requiremore memoryresources.Conventionalwisdom also
holds that the preconditionediterative solvers shouldoutperform
thedirectsolver on largerproblems.In addition,theperformance
crossover point betweeniterative anddirect solverswould be ob-
served for relatively larger matricesthat result from two dimen-
sionalphysicalproblemsascomparedto threedimensionalones.
Our resultssimply indicatethat,although40%of theproblemsin
our testsuitehave morethanhalf a million unknowns,theaverage
problemsizeis still too small for mostiterative solversto outper-
form thedirectsolver in termsof solutiontime.

3.2 Problem SpecificParameter Selection
If all matricesarisingin auser’sapplicationhavesimilarcharac-
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Figure2: Time performanceprofile curvesfor the dir ectsolver
and the besttime-memory product configuration of the various
preconditioner implementationsshown in Table 3.

teristics,then,insteadof usingthedefaultvaluesof theparameters,
the userwould fine tune themto maximizethe performanceof a
preconditionerfor the application. Differentpreconditionersmay
have differentdegreesof tunability. In this section,we discussthe
effect of problem-specificfine-tuningof parameterson therelative
performanceof variouspreconditionerimplementations.

Figure4 shows thememoryprofilesof all preconditionerswhen
theparameterconfigurationfor eachproblemwaschosenindivid-
ually to minimize its memory-timeproduct.Themostnoteworthy
observationfrom this figureis thatproblemspecificfine-tuningre-
sultsin remarkableimprovementsin memoryusefor mostprecon-
ditioners,whencomparedwith the bestoverall parameterconfig-
uration. This can be seenby comparingthe memoryprofiles in
Figures1 and4. Thesamedirectsolver resultsareusedin thetwo
figures,andall iterative solver curvesmove upwardswith respect
to thedirectsolver curve in Figure4, whencomparedto Figure1.
Besidesconsuminglessmemory, mostpreconditionersareableto
solvemoreproblemssuccessfullywith problem-specificparameter
tuning.

Figure5 shows thetime profilesof all preconditionerswhenthe
parameterconfigurationfor eachproblemwaschosenindividually
to minimize its memory-timeproduct. Justlike the memorypro-
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Figure3: Memory-time product profilesof preconditionercon-
figurations in Table3.
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Figure 4: Memory performance profiles for the dir ect solver
and the memory valuescorrespondingto the bestproblemspe-
cific memory-time product configuration for each precondi-
tioner.

files, thetime profilesof thepreconditionersimprove significantly
whencomparedto thosefor theoverall bestparameterconfigura-
tion in Figure2. A comparisonof thememory-timeproductprofiles
for thetunedparametersin Figure6 with thosefor theoverall best
parameterconfigurationin Figure3 shows a similar trend.

While fine-tuningthe parametersimproved the performanceof
all the preconditioners,it did not make a significantdifferencein
the numberof problemsfor which the direct solver turnedout to
have the fastesttime or the bestmemory-timeproduct. The di-
rect solver was fasterthanall the 621 combinationsof packages,
solvers, preconditioners,and parametersthat we testedfor 70%
of the matricesand had a bettermemory-timeproduct for 47%
of the matrices. The direct solvers, by the very natureof their
computation,areableto exploit thememoryhierarchyof modern
microprocessor-basedcomputersmuchmoreefficiently thantheit-
erative solvers. Therefore,for sparsesystemswith similar numer-
ical properties,they are expectedto outperformiterative solvers
for problemssmallerthansomethreshold,despitegenerallyhigher
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Figure 5: Time performanceprofiles for the dir ect solver and
the time values corresponding to the best problem specific
memory-time product configuration for eachpreconditioner.

1 2 3 4 5 6 7 8 9 10
0  

0.2

0.4

0.6

0.8

1  

τ

ρ s(τ
)

petsc−IC(K)
petsc−ILUTP
trilinos−IC(K)
trilinos−ILUT
trilinos−ML
hypre−IC(K)
hypre−ILUT
hypre−AMG
hypre−SAI
ilupack−MLICT
wsmp−ICT
wsmp−DIRECT

Figure 6: Memory-time product profiles for the dir ect solver
and the bestproblemspecificvaluesfor eachpreconditioner.

operationcountsandmemoryrequirements.Our resultstendto in-
dicatethat this thresholdfor mostpreconditionersoccursat fairly
largeproblemsizes,andamajorityof theproblemsin our testsuite
weresmallerthanthis threshold.

Table4 showsthememoryandtimerequiredby thedirectsolver
andby the iterative solver that resultedin the bestmemory-time
productamongall thepackage,preconditioner, andparametercom-
binations. For eachiterative solver, the tablealsoshows the pa-
rametercombinationresulting in the bestmemory-timeproduct.
Thevaluescorrespondingto thebettermemory-timeproductof the
two arein bold font. Thedirectsolver hasthebettermemory-time
productfor 14 out of the 30 matrices. As expected,the iterative
solversdo muchbetterfor large 3-D problems. Among the iter-
ative solvers, PETSc-IC(0)and WSMP-ICT do best for 5 prob-
lemseach,Hypre-PARASAILS for 3, ILUPACK for 2, andHypre-
BoomerAMGfor 1.



Matrix Iterative Solver Configuration I. Mem (b) I. Time(s) D. Mem (b) D. Time(s)
90153 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 1.45e+008 5.37 1.94e+008 3.85
af_shell7 hypre,CG,SAI, Numberof Levels(0), Threshold(0.1),Filter (0.005) 2.19e+008 139 8.3e+008 16.3
audikw_1 hypre,CG,SAI, Numberof Levels(1), Threshold(0.1),Filter (0) 1.37e+009 1110 9.5e+009 1100
bcsstk25 wsmp,ICT w/ 2ndself-tuningstepfor drop-toleranceandfill factor 1.24e+007 1.17 1.23e+007 0.122
bmwcra_1 ilupack,CG,MLICT, RCM, DropTolerance(3e-2),InverseNormEst. (10) 1.36e+008 257 5.68e+008 14.6
bst-1 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 3.03e+009 668 3.21e+009 109
bst-2 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 2.78e+009 627 2.35e+009 120
cfd1 petsc,CG,IC(K), RCM, Level of Fill (0) 1.8e+007 11.6 1.58e+008 2.98
cfd2 petsc,CG,IC(K), ND, Level of Fill (0) 3.06e+007 44.5 3e+008 8.06
conti20 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 5.89e+007 8.65 6.4e+007 1.63
dfi1 petsc,CG,IC(K), ND, Level of Fill (0) 1.61e+007 0.875 1.91e+007 0.504
garybig wsmp,ICT w/ initial autoselecteddrop-toleranceandfill factor 3.98e+009 1330 — —
hood wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 2e+008 5.05 2.57e+008 4.1
inline_1 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 2.08e+009 361 1.5e+009 36.2
kyushu petsc,CG,IC(K), RCM, Level of Fill (0) 2.58e+008 44.4 9.21e+009 1520
ldoor hypre,CG,SAI, Numberof Levels(1), Threshold(-.75),Filter (-.9) 4.8e+008 283 1.37e+009 32.9
minsurfo wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 3.04e+006 0.0788 1.05e+007 0.131
msdoor wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 7.36e+008 49 4.92e+008 8.31
mstamp-2c hypre,CG,SAI, Numberof Levels(1), Threshold(-.75),Filter (-.9) 6.68e+008 179 — —
nastran-b hypre,CG,SAI, Numberof Levels(1), Threshold(0.1),Filter (0.005) 1.32e+009 1220 8.62e+009 662
nd24k ilupack,CG,MLICT, RCM, DropTolerance(1e-2),InverseNormEst. (100) 1.53e+008 134 2.75e+009 529
oilpan wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 7.4e+007 3.73 9.45e+007 1.74
parabolic_fem wsmp,ICT w/ 2ndself-tuningstepfor drop-toleranceandfill factor 9.27e+007 10.7 2.31e+008 3.97
qa8fk petsc,CG,IC(K), RCM, Level of fill (0) 1.65e+007 3.29 1.89e+008 5.78
qa8fm hypre,CG,AMG, PMIS,AggregationLevels(0), StrongThreshold(0.5) 1.57e+007 0.0975 1.89e+008 6.18
pga-rem1 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 8.27e+008 97.4 2.1e+009 65.4
pga-rem2 wsmp,ICT w/ 3rd self-tuningstepfor drop-toleranceandfill factor 2.51e+008 46.1 6.27e+008 16.3
ship_003 wsmp,ICT w/ 2ndself-tuningstepfor drop-toleranceandfill factor 1.76e+008 20.6 5.29e+008 20.8
shipsec5 ilupack,CG,MLICT, IND, DropTolerance(3e-2),InverseNorm Est. (10) 1.05e+008 20.3 4.48e+008 17.7
torso petsc,IC(K), RCM, Level of Fill (0) 3.5e+007 6.99 7.09e+008 35.5

Table4: Tableshowing the overall besttime (in seconds)and memory (in bytes)for eachproblemfor the iterati vesolver with the best
memory-time product and the dir ect solver. The bold valuesindicate the solver configuration for which the memory-time product
wasthe smallest.

3.3 RelativeStrengthsof Preconditionersand
Sensitivity to Parameter Tuning

In Sections3.1and3.2,weobservedthatdifferentprecondition-
ersandsolversdisplaydifferentstrengthsandweaknessesfor the
SPDmatricesin our testsuite. They have differentdegreesof ro-
bustness.Somearemorememoryefficient thanothers,while some
arefasterthanothers.In Section3.2,wealsosaw that,asexpected,
mostpreconditionersperformedsignificantlybetterwhentheir pa-
rameterswere permittedto be tuned to eachcoefficient matrix.
However, differentpreconditionersdisplayeddifferentdegreesof
improvement.Figure7 displaysall this relative informationabout
the performanceof variouspreconditionersby meansof a single
information-richgraphic.

Figure 7 hastwo setsof circles for eachpreconditioner. The
green(dark) circlescorrespondto the default parameterconfigu-
rationsshown in Table3. Theyellow (light) circlescorrespondto
problem-specificbestparameters.Thex- andy-coordinatesof each
circle arethe areasof the time andmemoryprofilesof the corre-
spondingpreconditionerderivedfrom Figures1 and2, respectively.
The sizeof eachcircle is proportionalto thenumberof problems
solved.

Theheightof acirclein Figure7 is indicativeof thememoryeffi-
ciency of thecorrespondingpreconditioner. Similarly, thedistance
from they-axistowardstheright is indicativeof its speed.Thesize
of the circle indicatesrobustness.The figure shows at the glance
which solversandpreconditionersaremostmemoryefficient and
which onesaremosttime efficient. For example,thedirectsolver

is very fastandrobust, but is lessmemoryefficient thanmany of
the preconditioners.On the other hand,Hypre-BoomerAMGis
very robust andmemoryefficient, but convergesslowly. For the
default parameters,Hypre-PARASAILS and ILUPACK are pro-
gressively faster, but usemorememorythanHypre-BoomerAMG.
WSMP-ICTwith defaultparametersis roughlyasmemoryefficient
as Hypre-PARASAILS, but significantly faster. Most threshold-
basedincompletefactorizationpreconditionersbenefita greatdeal
from parametertuning. This is evident from the fact the light cir-
cles correspondingto most preconditionerslie above and to the
right of theirdarkcounterparts.Themostremarkableimprovement
canbe seenin the caseof ILUPACK, which outperformsHypre-
PARASAILS in both time andmemory. With default parameters,
ILUPACK was fasterthanHypre-PARASAILS, but lessmemory
efficient.

Whetherwith default or with fine tuned parameters,the best
solverslie on theperipheryof theplot. In theabsenceof definitive
knowledgeof thebestpreconditionerfor theapplicationat hand,a
useris likely to farebestby picking oneof Hypre-BoomerAMG,
ILUPACK, Hypre-PARASAILS, WSMP-ICT or WSMP-Direct
solver, dependingonthedesiredbalancebetweencomputationtime
andmemory. PETSc-IC(0)too emergesasa strongpreconditioner
in terms of memory and time efficiency, althoughit is able to
solve fewer problemscomparedto theotherleadingprecondition-
ers.Thus,at leastoneimplementationof eachof themajorclasses
of preconditionersin this studycanberegardedasthe top choice,
dependingon thetime andmemoryconstraints.
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Another interestingobservation from Figure7 is that the time,
memory, androbustnessof different implementationsof thesame
underlyingpreconditioningmethodcanbe very different. Partic-
ularly, amongthreshold-basedincompletefactorizationmethods,
Trilinos ILUT is muchmorememoryefficient thanPETScILUTP,
but is much slower. On the other hand,WSMP and ILUPACK,
which alsousepreconditioningbasedin incompletefactorization,
performbetterin termsof time,memory, androbustness.

Figure 8 shows a more precisequantitative view of the sensi-
tivity of differentpreconditionersto parametertuning. The figure
containstheprofilesof theratioof thememory-timeproductof the
experimentallydetermineddefault parameterconfigurationof Ta-
ble3 to theproblem-specificbestmemory-timeproduct.This ratio
is essentiallytheinverseof theimprovementin memory-timeprod-
uct due to parametertuning over that with the default parameter
configuration.Fromthefigure,we observe thatPETSc-IC(K)and
WSMP-ICTareleastsensitive to parametertuning;i.e.,typically, a
userwould beableto obtainperformancecloseto thebestthatthe
preconditioneris capableof deliveringfor agivenproblemwith ei-
therthedefaultparametersor with experimentingwith afew differ-
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Figure 8: Profile curves for the ratio of default over problem
specificbestmemory-time product values(inverseof sensitivity
to parameter tuning).



entparameteroptions.Recall,from Table4, thatthesetwo precon-
ditionersE alsosolve themostnumberof problemswith thesmallest
memory-timeproduct. SincePETSc-IC(K)is a relatively simple
preconditioner, it is notableto solveasmany problemsasWSMP’s
thresholdbasedincompleteCholesky factorizationpreconditioner,
which is why it rankslower whentheareaunderthememory-time
productprofile is usedasthecomparisonmetric. However, for the
applicationsfor which it is suitable,PETSc’s IC(0) implementa-
tion is anexcellentchoicethatis efficient in termsof bothtimeand
memory.

3.4 Performance Impact of Tuning Differ ent
Parameters

In this section,we analyzethe relative influenceof the various
parameterchoicesfor thepreconditionerson their time andmem-
ory performance.Intuitively, theeffectof aparameteronaprecon-
ditioner’s performancecanbecapturedby measuringthevariabil-
ity in performancein responseto changingthat parameterwhile
all othersarekeptfixed. To make this notionprecise,we partition
thesetof all parameterconfigurationscorrespondingto aprecondi-
tionerimplementationinto subgroupssuchthatonly oneparameter
is variedin eachsubgroup.We thenmeasurethe standarddevia-
tion of thepercentageby which thatpreconditioner’s performance
changesfor eachvalueof thevaryingparameterwith respectto its
performancewith theexperimentallydetermineddefaultparameter
configurationshown in Table3. This is donefor eachsolvedprob-
lem, andthenaveragedover theentireproblemset.Both time and
memoryperformanceareconsideredindividually.

Figure9 shows the fine-tuningeffectsof thevariousfactorson
thetimeandmemoryusedfor differentpreconditioners.Theheight
of the barsindicatethe variation in time and memoryusein re-
sponseto changingthe correspondingparameter. Note that time
andmemoryvariationsfollow two differentscalesdisplayedonthe
left andright of thefigure, respectively. Thus,for eachprecondi-
tioner, wecanobservewhichparametershavemoreinfluenceonits
timeandmemoryperformancethanothers.For example,thefigure
shows that theperformanceof Hypre-PARASAILS is muchmore
sensitive to changingthe filter parameterthanthe threshold.The
figure alsoshows that different implementationsof the samepre-
conditionercanhave differentsensitivities to the sameparameter.
Forexample,thememoryrequirementof Trilinos ILUT isverysen-
sitive to droptolerance,but thatof PETScILUTP is independentof
the drop tolerance.This suggeststhat PETScpre-allocatesmem-
ory basedonfill factor(hencethehighsensitivity of PETScILUTP
to fill factor),while Trilinos allocatesit asthe factoris generated,
basedon the numberof nonzeroentriesthat needto saved. This
may partly explain why Trilinos ILUT is more memoryefficient
thanPETScILUTP, but is alsoslower, asobservedin Figure7.

4. CONCLUDING REMARKS AND FUTURE
WORK

We performedan extensive empiricalevaluationof somecom-
monlyusedpreconditionediterativemethodsavailablein freeblack
boxsolver packagesona collectionof matricesdrawn from a wide
rangeof scientific applications. For eachpackageandprecondi-
tionercombination,we identify thebestparameterchoicesusinga
performanceprofilebasedcriterion[7] thattakesinto consideration
thenumberof problemssolvedalongwith thetimeandmemoryus-

ageacrossall theproblemsin thecollection. Our experimentsre-
vealparameterconfigurationsthataregoodcandidatesfor default
configurations. For eachpreconditioner, we quantify benefitsof
parameterfine-tuningby comparingthebestperformancefor each
problemwith the performanceof our experimentallydetermined
default parameters.Different preconditionersshow different de-
greeof tunability andtuningdifferentparametersimpactstheper-
formanceto differentdegrees.Weprovideacomparisonof theper-
formanceof different iterative solversrelative to the direct solver
thatillustratesthesuccessesandchallengesin developingprecondi-
tionersfor iterativesolvers.Theresultsalsoprovideinsightinto the
relative strengthsandweaknessesof thevariousblackbox precon-
ditionediterative solver packages.We observed thatdifferentim-
plementationsof thesamepreconditioningmethodcanvarywidely
in performance.A preconditioningalgorithmmaybemoresuitable
for a particularclassof problemsthanothers.However, asgeneral
purposemethods,at leastoneimplementationof eachof themajor
classesof preconditionersin this studycanberegardedasthe top
choice,dependingon thetimeandmemoryconstraints.

This study, admittedly, hasits limitations.First, theexperiments
areconductedon a singleprocessor. With a few exceptions,most
preconditionersconsideredin this study have parallel implemen-
tations.Given that iterative solverscomparefavorablywith direct
solvers for relatively large problems,they are more likely to be
usedon parallelcomputersthanon a singleprocessor. The com-
putationtime andmemoryusemayscaleat differentratesfor dif-
ferentpreconditionersandtheir relative parallelperformancemay
be substantiallydifferent from their serialperformance.We plan
to empiricallystudythescalabilityof someof thepreconditioners
evaluatedin this paper. Anotherlimitation of this studyis that the
resultsarederivedfrom a testsuiteof only 30 problems.We kept
the sizeof the testsuitemodestdueto the sheernumberof trials
(621) for eachmatrix. Therefore,it is not clear how generaliz-
ablethe resultsare. As part of our future work on this topic, we
planto assembleanothertestsuite,conductthesameexperiments,
andcheckif we obtainsimilar resultson therelative strengthsand
weaknessesof thepreconditioners.We alsoplanto useclustering
and other data-miningtechniquesto explore if a good choiceof
preconditionerandparameterscanbe predictedfrom the charac-
teristicsof thecoefficient matrixaswell astheunderlyingphysical
problemandthoseof thesolutionmethodthatgeneratesthematrix.
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