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Abstract

Preconditionediterativemethodsare oftenusedto solve
very large sparse systemsof linear systemsthat arise in
manyscienceand engineeringapplications. The perfor-
manceandrobustnessof thesesolvers is extremelysensitive
to thechoicesof multiplepreconditionerandsolverparam-
eters. Users of iterative methodsoftenencounteran over-
whelmingnumberof combinationsof choicesfor solvers,
matrix preprocessingsteps,preconditioners, and their pa-
rameters. Thelack of a unifiedtheoretical analysisof pre-
conditioners coupledwith limited knowledge of their in-
teraction with linear systemsmakes it highly challenging
for practitioners to choosegoodsolverconfigurations. In
this paper, weproposea novel, multi-stage learningbased
methodologyfor determiningthebestsolverconfigurations
to optimizethedesiredperformancebehaviorfor anygiven
linear system. Our solver configuration recommendation
systeminvolvesthree stepsof modeling, namely(a) solv-
ability modeling, (b) performancemodeling, and (c) per-
formanceoptimization. We modelsolvability and perfor-
mancemetricsasresponsefunctionsassociatedwith dyads
of linear systemsand solverconfigurationsusingclassifi-
cation and regressiontechniques.Thebestsolverchoices
arethendeterminedusinga fastandefficienttechniquethat
performsrank aggregation over the learnedperformance
models. Empirical resultsover real performancedata for
theHypreiterativesolverpackagedemonstratestheefficacy
andflexibility of theproposedapproach.

1. Intr oduction

A fundamentalstepin many scientificandengineering
applicationsis the solutionof a systemof linearequations
of theform

�������
, where

�
is thesparsecoefficient ma-

trix,
�

is theright handsidevector, and
�

is thevectorof un-
knowns. Iterativemethodshave thepotentialto solve these
largesystemswith memoryandtime coststhatarealmost
linear in the sizeof

�
. However, in practice,they areof-

ten fraughtwith problemssuchaspoor or no convergence

andpoorCPUutilization rates.Therefore,in practice,iter-
ative solversalmostalwaysusepreconditionersto improve
theirperformanceandrobustness.A preconditionerbroadly
refers to an explicit or implicit schemethat modifies the
original linear system(e.g., �
	�� ���� �
	�� � ) suchthat
it is easierto solveusinganiterativemethodwhile still con-
sumingmoderateamountof resources.For example,an
importantclassof preconditionersis basedon the incom-
plete factorization � �����

, where
�

and
�

are signif-
icantly sparseapproximationsto the actuallower andup-
per triangular factorsof

�
. The effectivenessof incom-

plete factorizationis highly dependenton the mannerin
which the nonzeroentriesin

�
and

�
areselected.Other

promisingpreconditionersincludethosebasedon directly
computingapproximateinversesof

�
(e.g.,ParaSails[10])

andthoseusingalgebraicmultigrid methods(e.g.,Boomer-
AMG [19]). In additionto preconditioning,certainprepro-
cessingstepssuchasdiagonalscalingandre-orderingthe
linear systemarealsoknown to help in the caseof harder
problems[5]. Empirical studies[9, 15, 16] indicate that
fine-tuningthe preconditionerparametersandmatrix pre-
processingoptionsis critical for ensuringconvergenceas
well asfor providing significantbenefitsin termsof com-
putationtime,memoryusage,andaccuracy of thesolution.

Choosingthe bestpreprocessingoptionsandprecondi-
tionerandfine-tuningthepreconditioner’sparametersfor a
particularlinear systemis a challengingtask,even for ex-
pertsin computationallinearalgebradueto severalreasons.
Thediversityof thepreconditionersmakesit difficult to an-
alyzethemin a unified theoreticalmodel. The largenum-
berof tunableparameters,bothdiscreteandcontinuous,as-
sociatedwith eachpreconditioneralongwith their mutual
interactioneffectsfurtherexacerbatesthis situation. There
is alsooftena significantvariability in thedifferentimple-
mentationsfor the samepreconditioner, which limits the
utility of a purely theoreticalanalysis.Theenormouscom-
putationalresourcesrequiredfor solving large linear sys-
temsmake it extremelyexpensive for practitionersto adopt
asimpletrial anderrorstrategy for thenumerouschoicesof
solver configurationcomponents.To make mattersworse,
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many applicationsrequirethe solution of a seriesof sys-
temswith the coefficient matriceschanginggraduallyand
the setof parametersthatarebestfor the first systemmay
not besuitablefor thelaterones.Therefore,it is highly de-
sirableto haveautomatedtoolsfor recommendingthemost
suitablesolver configuration(s)basedon the linear system
propertiesanduserrequirements.

Thesolver recommendationproblemis somewhatanal-
ogousto a productrecommendationproblemwith solver
configurationsand linear systemscorrespondingto prod-
uctsandusers,respectively. The main focusof the solver
recommenderis to optimizetheexpectedperformancemet-
rics while that of a product recommenderis to optimize
user-preferenceratings. However, a few key differences
makethesolverselectionproblemmorechallenging.Solver
failure and the large rangeof possiblevaluesfor perfor-
mancemetrics(e.g., secondsto hours)are critical issues
to be addressedduring any statisticalmodelingof solver
performancemetrics.Simplemodelsusedin mostproduct
recommendationsystems,wheretheuserpreferenceratings
typically lie in a small fixed range(e.g.,1–10),would not
suffice. The main potentialbenefitof a solver recommen-
dationsystemis for solvinglargelinearsystems,whereone
cannotafford to wastecomputationalresourceswith a sub-
stantially, suboptimalsolveror multipleattempts.Thehuge
requirementsof memoryand time resourcesalsoseverely
limit thecollectionof suchempiricaldataentailinglearning
from highly sparsedata.

In this paper, we proposea novel multi-stagelearning
basedmethodologyfor determiningthe “best” solver con-
figuration(s)with respectto somedesiredperformancecri-
teriafor any givensparselinearsystem.Ourwork addresses
the challengesdescribedabove and makes the following
maincontributions:

1. We proposea formulationof thesolver recommen-
dationproblemin termsof threekey subproblems:(a)solv-
ability modeling,(b) performancemodeling,and(c) perfor-
manceoptimization. This allows us to readily addressis-
suesarising from solver failure aswell asmulti-objective
optimization. Specifically, the solvability model is used
to filter out failure-proneconfigurationsbefore modeling
theperformance.Further, to accommodateoptimizationof
multiplecriteria,weseparatelylearnmodelsfor eachof the
coreperformancestatistics.Theoptimizationstepinvolves
combiningthe learnedperformancemodelsto identify the
topsolverchoicesfor thespecifiedperformancecriteria.

2. We model both solvability and performancemet-
rics asresponsefunctionsassociatedwith trials, which are
pairsof linearsystemsandsolver configurations.Thegoal
is to predict the unknown responsevaluesin termsof the
trial characteristicsgleanedfrom domainknowledgeaswell
as the observed responsevaluesfrom empiricaldata. We
achieve this by usingstandardclassificationandregression

techniques.
3. Assuminggeneralizedlinearmodelsfor thecoreper-

formancestatistics,weproposea fastandefficientmethod-
ology for identifying the top-� solver choicesfor multi-
plicativecombinationsof thecoreperformancestatisticsus-
ing monotonicrankaggregationtechniquessuchastheFa-
gin’s thresholdalgorithm[14].

4. Wedescribeaprototypeimplementationfor amodu-
lar self-learningsolver recommendationsystemwith spe-
cialized componentsdedicatedto datacollection, feature
generation,offline learning, and online recommendation.
Using this system,we evaluatethekey aspectsof our pro-
posedapproachonperformancedataobtainedusingHypre,
an iterative solver packagewith a diversesetof precondi-
tioners.

Theremainderof thepaperis organizedasfollows. We
describethe solver recommendationproblemin more de-
tail and provide a formal definition in section2. In sec-
tion 3, we discussour multi-steplearningbasedapproach
aswell asthemainalgorithmiccomponents.Section4 pro-
vides an overview of the solver recommendationsystem.
In section5, we provide a detailedempiricalevaluationof
the proposedrecommendationapproachon a real dataset.
Section6 containsadiscussionof relatedwork followedby
conclusionanddirectionsfor futurework in section7.

2. Solver RecommendationProblem

In thissection,wepresentsomebackgroundof theitera-
tivesolverselectionproblemandprovideformaldefinitions
of eachof thethreesubproblemsin our formulation.

2.1. Background

Linear SystemFeatures Memory Time Failur e
GeometricDimension(GD) 2.6-06 3.8-07 1.5-09
Numberof rows/columns 1.3e-05 9.8-05 2.8e-11
Numberof Non-zeros 8.9e-08 1.2e-07 5.1e-13
Avg. non-zerospercol. (AvgNzPerCol) 0.8 0.5 7.6e-03
Std.dev. of AvgNzPerCol(stdAvgNzPerCol) 0.75 0.6 1.7e-08
Weightof longestcolumn 0.02 0.13 2.7e-06
Weightof shortestcolumn 2.1-04 0.2 0.16
%Weaklydiagonallydominantcolumns 1e-10 8.9e-13 6.4e-28
Maximumbandwidth 1.3e-05 1e-04 1.3e-10
Averagediagonaldominance(avgDiagDom) 1.2e-09 5.0e-08 4.1e-12
FrobeniusNorm 6e-12 7.8e-08 0.93
Max. over min. of row sum(mm-RS) 0.52 4.1e-03 7.4e-08
Std.dev. of row sum(stdRS) 0.76 4e-05 0.29

Table 2.1. Linear system features along with
the p-values for the Pearson correlation co-
efficient with respect to memor y, time and
solv ability values on randoml y selected 20%
training data.

Linear SystemFeatures: The performanceof a solver
configurationwith respectto a linear systemis highly de-
pendenton thechoiceof thevarioussolver parametersand
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their interactionwith the numericalandstructuralproper-
ties of the coefficient matrix

�
. In order to model these

interactions,we representeachlinearsystemasa vectorof
certainkey featuresor attributes��� ��� derivedfrom thema-
trix

�
. Table2.1 lists the setof featuresof matrix

�
that

we consider, alongwith the p-valuesof their Pearsoncor-
relation coefficients to threekey performancemetrics. A
key characteristicof all thesefeaturesis that they areinex-
pensive to compute.Sincethevery purposeof usingitera-
tive solversis to usemoderatetime andmemoryresources,
we would like to avoid computingexpensive featuressuch
asconditionnumber, eigenvaluespectrumetc. Therefore,
choosingsimplefeaturesis essentialfor providing realtime
recommendationsin an onlinescenario.The low p-values
of the Pearsoncorrelationcoefficientsof most featuresin
Table2.1suggestthatthesefeatureshaveacorrelationwith
theperformancemetricsthat is significantlydifferentfrom
zero.

Solver Configurations: An iterative solver configura-
tion comprisesof many elementssuch as the choice of
solver, matrix preprocessingsteps,preconditionerandvar-
ious numerical/categorical parametersspecificto the pre-
conditionerand solver choice. We representeachsolver
configuration� asavectorof attributes����� �

correspond-
ing to thevarioussolvercomponents.To accommodatepa-
rametersthataremeaningfulonly for somepreconditioners,
we allow theparameterattributesto alsotake a value“not-
applicable.” Table2.2 containsa list of the solver features
thatwe usedin our experiments.The total numberof fea-
siblecombinationsof preconditionerparameters,orderings,
preconditioners,andsolversin Table2.2 is 317.

Empirical Trials and PerformanceMetrics: To enable
problem-specificsolver selection,we encodethe perfor-
manceresultsat the granularityof an empirical trial, i.e.,
a combinationof solver configurationand linear system
features. Specifically, the performanceresultsof a trial� ��� � �

are representedas a vector of performanceat-
tributes ��� ��� � �

, which includecriteria thatareof impor-
tanceto a user, e.g.,computationtime, memoryusageand
accuracy. In general,theseobserved performancemetrics
not only dependon the linear systemand the solver con-
figuration,but alsoon the hardwareconfigurationthatwas
usedfor theempiricaltrial. To keeptheexpositionsimple,
our currentwork assumesthat the performanceresultsare
basedon a singlespecifichardwareconfiguration.

2.2. Formal ProblemDefinition

Let �! �#"$�&%('*)%,+ � denotethe set of linear systems,�!- �." �0/ '21/ + � denotethe set of solver configurations,
and 354��! 768�!- denotethe setof empirical trials for
which performancedata is available. Let � %9� ��� �&%:�
and � / � �;�<� / � denotethe attribute vectorsassociated
with the =?>A@ linear systemand BC>A@ solver configuration.

Let � % / � ��� � % � � / � denotethe performancevector as-
sociatedwith the trial � � % � � / � so that the empiricalper-
formancedata, can be representedas a set of 3-tuples" �D� %�� �E/ � � % / �GF � �H%�� �I/ �KJ 3 ' . We now formally define
thekey subproblemsin our formulation.

SolvabilityPrediction:Sinceiterativesolversareknown
to haveahighrateof failure[9, 15, 16] andtheperformance
metricsobtainedfor failed trials canoften be misleading,
an importantfirst requirementis to predict and filter out
the unsuccessfultrials. In order to formalize the notion
of solver failure, we definesolvability as a pre-specified
booleanfunction over the observed performancemetrics
(e.g.,convergenceis achievedwithin 10 hourswith relative
errornormlessthan0.01).Thesolvability predictionprob-
lem is, therefore,to estimatethis booleanpropertywith-
out actuallyperformingthe trial. Let L % / � L$� � % � � / �M�L$�N� % / � denotethe solvability of linear system

�H%
with re-

spectto configuration �I/ . Given empirical observations�<L % / �O�H%<� � %(� �0/ � �E/ �<�(P �Q= � B �RJ 3 , the first task is to pre-
dict the solvability L$� ��� � �

for any potentialtrial involv-
ing a linearsystem

�
anda solver configuration� . Thus,

solvability modelingessentiallyrequireslearninga binary
dyadicresponsewherethedyadscorrespondto pairsof lin-
earsystemsandsolverconfigurations.

PerformanceEstimation:A desirablefeatureof a solver
recommenderis to provide performanceestimatesof a
solver configurationfor a particularlinearsystem.In gen-
eral, for a given linear system,there is no single solver
configurationthatperformsbestwith respectto time,mem-
ory, andaccuracy. A fastsolverconfigurationmayconsume
significantlymorememorythanslower configurations,and
vice versa.A practitionerin this casemight prefera solver
that performsreasonablywith respectto the memory-time
productor someotherhybrid additiveand/ormultiplicative
combinations.Thesecondsubprobleminvolvespredicting
thevariousperformancemetricsof interestfor thetrials that
aredeemedsuccessful.Themodelingproblemin this case
is similar to thatof solvability with theonly substantialdif-
ferencebeingthatweneedto dealwith multiplereal-valued
performancemetricsinsteadof binary values. Given em-
pirical observations �D� % / �O� % � � % � � / � � / � , P �Q= � B �SJ 3 , the
performancemodelingcanbeformally statedaspredicting
theperformancemetrics ��� ��� � �

for any potentialtrial in-
volving a linearsystem

�
anda solverconfiguration� .

Top-� SolverConfigurations: The final task is to iden-
tify the top solver choicesfor a given linear systemthat
optimizecertainperformancebasedquality criterionwhile
satisfyingthe solvability criteria. To formalize the notion
of the quality of a solver configurationwith respectto the
linearsystem,we defineit asa function thatmapstheper-
formancemetricsof thecorrespondingtrial to areal-valued
scorewith lowerscorebeingpreferable.

Let TU�D� � denotethe quality criteria. A specialclassof
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Package Solver Preconditioner Orderings PreconditionerParameters

HYPRE

CG IC(K) RCM, ND
Levelof fill: 0, 1, 2
Fill factor: 3, 5, 8, 10 or MaxNNZ/row: 5, V

GMRES
ILUT RCM, ND

Drop tolerance(DT): 1e-2,3e-2,1e-3,5e-4
Restart(30,65,100) Fill factor: 3, 5, 8, 10or Max NNZ/row: 5

CG ParaSails RCM, ND, NONE
Numberof levels(Lev): 0, 1, 2
Threshold(Thresh):0, 0.01,0.1,-0.75,-0.9
Filter: 0, 0.001,0.005,-0.9

CG BoomerAMG
RCM, ND, NONE

Maximumnumberof levels:25
Numberof aggressivecoarseninglevels:0, 10
Coarseningschemes:Falgout,HMIS, PMIS
Strongthreshold(ST):0.25,0.5,0.8.0.9

Table 2.2. Description of the components of solver configuration.

criteria of interestare thosebasedon multiplicative com-
binationsof the core performancemetrics, i.e., TW�N� �9�
X ��Y[Z X(\ �^]`_ where Y�Z X�\ denotesthe aC>A@ performancemet-

ric, b X indicatestherelative importanceof Y[Z X(\ . An exam-
ple of TW�N� � is memory-timeproduct,where b )Hc�)Hd X?e �f

,b > % )Hc �gf andtherestzero.
Given a linear system

�H%
, the rankingproblemreduces

to identifying the top-� solver configurations,or in other
words,a mappinghji "kfl�2mOmOmn� � 'poq �!- suchthat:

1. Top-� configurations are solvable, i.e., L % / �r ats�u �UP B J awvOxyTyu$�<h �
2. Top-� configurationsareorderedby their quality and

better than the rest, i.e., TU�D� % @[Z{z^| \ �8} TW�N� % @[Z{z�~ \ �8}TU�D� % / � , where
f�}9� �&� ����} � andB��J awv*xyTyul��h � .

Thevaluesestimatedfrom theperformancemodelareused
to determinethe quality of a combinationof linear system
andsolverconfiguration.

3. Multi-Stage Learning Approach

In this section,we describethekey algorithmiccompo-
nentsof our approachfor addressingthethreesubproblems
describedin section2.2.

Solvability Prediction: Sincesolvability is a boolean-
valued function of the empirical trials, it can be readily
modeledin terms of binary classificationover the trials.
Hence,a naturalchoicefor trial featuresincludesthe at-
tributesof thelinearsystemandsolver configurationalong
with theproductinteractions[24]. Giventhesefeaturesand
the observed solvability values,onecanuseany standard
classificationalgorithm such as decisiontreesor support
vectormachinesalongwith featureselection[18] to learn
a solvability model. An alternatecollaborative filtering-
like approachis to view thesolvability predictionproblem
as a matrix imputationproblemwhere one seeksto pre-
dict missingvaluesin thesolvability matrixwith linearsys-
temsastherows andsolver configurationsasthecolumns.

This perspective ignoresthe trial featuresand focusesex-
clusively on leveragingthe correlationsin the solvability
matrixvia low rankmatrixapproximationandbi-clustering
techniques[4, 21]. Recently, Agarwal etal. [3] proposedan
approachbasedon predictive discretelatentfactormodels
(PDLF) to simultaneouslymake useof the available fea-
turesaswell as the local structurein the dyadic response
using bi-clustering. However, this approachis limited to
generalizedlinear modelsanddoesnot readily accommo-
datefeatureselection,which is critical for our application
sincethe raw trial features(including interactionfeatures)
numberin thousands.

Weadoptastrategy thatmimicsthekey ideain [3] while
explicitly takingcareof thefeatureselectionrequirements.
First, we learna classifieron the training datawhile per-
forming featureselectionover the raw features.The mis-
classificationerrorresultingfrom this classifieris clustered
usingabi-clusteringalgorithmappropriatefor ternary(false
positive, falsenegativesandtruepredictions)responseval-
ues[4] to identify bi-clustersof linear systemsandsolver
configurations.The bi-clustermembershipsare thenused
to augmenttheearlierselectedfeaturesanda new classifier
is learned.Algorithm 1 showsthedetailedsteps.

PerformancePrediction: While estimatingthe perfor-
mancemetricssuchas time taken and memoryused,we
needto dealwith real-valuedvariablesthathavealargevari-
ability for differentlinear systems(for example,

� � might
take 1-5 hrs to be solved while

���
only needs1-100ms).

Thisvariability in theresponsevaluesleadsto highvariance
in the modelingprocess.To handlethis problem,we nor-
malizethe actualmetricsby the performanceof a specific
defaultsolver. Sinceit is alsodesirableto havebettersensi-
tivity for lower performancevalues,we alsolog-transform
the performanceratios. This transformationhasthe addi-
tional benefitsof makingthe responsemoreGaussian-like
andsimplifying estimationof multiplicative combinations
of the coreperformancemetrics,e.g.,memory-timeprod-
uct.
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Algorithm 1 Solvability Modeling
Input: Solvability values �:��� � ��������������� ����N�t�{�������E���������I��� � � , linear system attributes� � � � ��� � �����C� � ���w� , solver configuration attributes� ��� � ���I�����^�k�I���j�!� , numberof clustersk,l

Output: Solvability model ������S� �g�
Method:

Compute raw and interaction trial features¡n¢?£?¤�{� �8¥ � ��� � �N¦¡ �¨§*© ª ¢�{� �«¥ ¬E� ®� �®�:�`¯�° �®®� �:�:�w¯ ¬n� A¬n��±®� �:����¯ ¬n�A ° �?®� �:�:�w¯N° �? ° ��±�� �:�:� ¦N²
Perform feature selection¡ ¢ ªD³�´*µDªN³�{� �·¶G¸�¹»º ¡[¼ ¸k�[¸�½�¸�¾®º�¿ À*ÁW��Â�Ã �¨§*© ª ¢�{� ��� ����Ä �
Learn initial classifier�� �,§2�,©�� £®Å`ÆÈÇ ½�¹!���D¿?É2¿^¾?¹$ºN¿ À*Áw��½�ÊlÀ ¼ ¿ º�Ë*ÌÍ��Â2�:���O�(Ã ¢ ªD³<´*µDªD³��� Ä �
Compute misclassificationerror¸»��� Æ �� �,§2�,©�� £®Å��� Î �:���O�w�n�����^�^�I���W�Ï�
Perform co-clustering��Ð`��Ñy� ÆÓÒ ¿^¾?½ ¡ �DºN¸ ¼ ¿ Á`Êl��½�ÊlÀ ¼ ¿ º�ËOÌR��Â(¸$��� Ä ��� whereÐjÔE� �IÕÖÂ*×t� �®��� ��Ø Ä and Ñ�Ôn� � ÕÖ Â*×2� �:�:� ��½ Ä mapthe linearsystems
andsolver configurationsto their respective clusters.
Augment featuresÃWÙ �¨§ £®Å�{� �8¥ Ã ¢ ªD³<´*µDªD³��� �OÚC��Ðw�����^�U�«×�Û�Ñy�������U�«×2����:��� ��Úk��Ðw��� � �U�ÜØ&ÛÝÑy��� � �U�Þ½D�Q¦D�
where Úk��Ðw���Ý� �M�ßÊàÛàÑy���I�:�M�ÓËk� denotesmembershipinÊ`Ë © á bi-cluster
Learn final classifier�� ÆâÇ ½Q¹E���D¿?É2¿ ¾®¹$ºN¿ ÀOÁ`��½�ÊlÀ ¼ ¿ º�ËOÌR��Â2� ��� ��ÃWÙ �¨§ £®Å�{� Ä �
return ��
To model the performancemetrics,we againusethree

typesof approachesjustasin thecaseof solvability model-
ing. Thefirst optioninvolvesdirectly learningeachperfor-
mancemodelfrom theraw trial featuresusingstandardre-
gressiontechniques.Thesecondoneinvolvesunsupervised
matrix-imputationtechniquesthat ignorethe trial features.
The third alternative is to adopta hybrid approach. For
ourempiricalevaluation,wepick arepresentativetechnique
(linearregression,Euclideanco-clustering[4] anda variant
of Gaussian-PDLF[3]) for eachof thesethreeclassesand
studyall of them.Ourvariantof Gaussian-PDLFalgorithm
follows the hybrid solvability modelingapproachoutlined
in Algorithm 1. Specifically, for eachmetric,wefirst learna
linearregressionmodelover theraw trial features.Thepre-
dictionerrorfor eachtrial is computedfrom this modeland
is subjectedto bi-clusteringbasedon Gaussiandistribution
to yield clustersof linearsystemsandsolverconfigurations,
whicharethenusedto learna new regressionmodel.

Top-� PerformanceRanking:Givena linearsystemand
specificperformance-basedquality andsolvability criteria,
anaiveapproachfor identifying thetop-� solverconfigura-
tionswouldbetoestimatethequalityandsolvability of each
configuration(assumingthepossiblesetof configurationsis
finite) andsortthesolvableonesin termsof thequality cri-
terion. A fasteralternative would beto exploit the fact that
the estimatesfor all the configurationsaregeneratedfrom
the solvability and performancemodels. To illustrate the

main idea,considera hypotheticalcasewherethereis one
performancemetricof interestthatdependson just two in-
teractionfeatures(modeledasãOä[å���æ � � �Nçy�!è æ � � � ç � � ). For
a given linear systemandthe performancemodel,the fea-
tures

� � ��� � andparametersæ � � æ � arefixedandthequality
of thesolver configurationsdependsonly on çn� � ç � . Whenæ � � � andæ � � � arebothpositive,pre-sortingthesolvercon-
figurationsby ç � andç � into two listswouldallow fastiden-
tification of the top � configurationsfor the performance
metricof interest.

In general,theperformancemodelstendto containmul-
tiple features.However, thesameprincipleholds,i.e. pre-
sortingthefeaturescanspeeduprankingbasedon a mono-
tone aggregate function of the features. Our choice of
linear regressionfor modelingthe performanceis specifi-
cally suitedfor suchrankaggregationbecausetheresponse
is modeledas monotonic transformationof linear com-
bination of the featurevalues. Specifically, for eachof
the core performancemetrics Y[Z X�\ , the estimatedvalue is
given by éY[Z X�\ � ã*äkå��Aê X*ë�ì � , where ì denotestrial fea-
turesand ê X denotesthecoefficient vectorfor the a >A@ per-
formancemetric. The ãOä[å�� m�� is requiredbecauseof the
log transformation.The quality criteria, which canbe ex-
pressedasmultiplicative combinationsof the coreperfor-
mancemetrics, also happento be a simple aggregation
over the features,i.e., TW�N� % / �K� X ��Y Z X�\% / �^]`_·í TU� é� % / �K�
ãOä[å � X b X ê X � ë ì % / î Sincethetrial featuresì % / consist
only of raw or simpleproductinteractionsof attributesof
thelinearsystemandsolverconfiguration,for afixedlinear
system

� %
, wecandirectlyexpressthequalityof asolver in

termsof the solver attributesalone, TU� é� % / �M� ã*äkå��Aï ë%�ð / � ,
where

ð / denotesfeaturesthatdependon solverconfigura-
tion and ï % dependson attributesof

� %
aswell asthecoef-

ficient vectors
" b X � ê X ' X . By absorbingthesignof theco-

efficientsï % into thefeatures
ð / themselves,thequalitycri-

terioncanbereducedto amonotoneaggregateof thesolver
features.Thereareanumberof rankaggregationtechniques
to obtainthetop � choicesfor a monotoneaggregateof the
features. In our currentwork, we employ Fagin’s thresh-
old algorithm[14], which hasbeenshown to beoptimal in
thenumberof accessesandrequiresasmallconstantbuffer.
Themainideais to efficiently explorepotentialtop choices
andstopwhenone is confidentthat the unexplored items
arenot going to make it to the top-� . Algorithm 2 shows
thedetailedsteps.

4. RecommendationSystemPrototype

In thissection,weprovideanoverview of amodularself-
learningsolver recommendersystembasedon the multi-
stepapproachdescribedin Sec3. We have implemented
thissystemusingacombinationof Matlabcodeanddrivers
in C. Figure4.1 shows thevariouscomponentsof thepro-
posedsystemand their interactions. The functional units
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Algorithm 2 Top-� PerformanceRanking
Input: Linear system�Ý� , numberof recommendationsØ , per-

formancemodel coefficients Â?ñ ¢ Ä ¢ , quality criterion Êw�N�$�M�
¢ ��òEó ¢?ô ��õ

_
, solvability model ������S� �g� , solverconfigurationset

�!� , trial attributes Â�Ãy���*ö����������I�����S� Ä .
Output: Top Ø recommendationsË�Ô;ÂO×t� �:�®� �:Ø Ä ÕÖ � � asde-

finedin Section2.3
Method:

Initialize and sort solver configuration features� � Æ � ��� � ���7¥ °  ��� � ��� �®�:� � °�÷ ��� � �Q¦D� featuresof solver
configuration� � �ø� � , (ù denotes# solver dependentfea-
tures)ú;û Æ �`� sortedby the ü © á solver feature�<×Hý·üÏýRù��
Compute feature coefficientsand sign for specified linear
system
Chooseþw� s.t. þ!ÿ� � ���«� ¢�� ¢ ñ ¢ �Dÿ`Ãy�{�� � û Æ �D¿^ÊlÁW� � � û ��� � � û Æ ö � � û ö{� �<× ý·üÏýRù��

Initialize candidatesolver configuration setÇ � Æ��
repeat

Accesstop elementin the sortedfeature lists in the appro-
priate dir ection� ó

û ô Æ ütÀOü�� ú;û ���G� û �à�<×Hý·üÏýRù��
Check for solvabilityÇ � ÆÓÇ � Â(� ó

û ô Ä if �®������ � ��� ó
û ô �<�U�Þº ¼*¡ ¸

Compute thr eshold� Æ û 	  �G� û þ!� û ° û ���
ó
û ô �

until Ç � has Ø objectswith Êw�����^�?Ô,��ý �
return top Ø list of Ç � in termsof Êw��� � �:Ô{�

are representedas boxes while data is representedas el-
lipses.At acoarselevel, theproposedsystemhastwo main
components— (a) an offline unit dedicatedto empirical
datacollectionand learningsolvability/performancemod-
els,and(b) an online interactive unit that generatessolver
recommendationsandanswersuserqueries.Eachof these
have multiple sub-componentsfor performingcertain fo-
cusedtasks,which aredescribedbelow.

TheEmpiricalTestingUnit executesthechosentrialsun-
dercontrolledsettingsandrecordstheperformanceresults
in a database.Currently, this functionality is implemented
via a driver script on a singleCPU of an IBM HPC clus-
ter 1600basedon 1.9 GHz Power5+processors.TheFea-
tureComputationUnit computesaspecifiedsetof attributes
for a given linear system. The mappingbetweenthe lin-
earsystemandthe derivedfeaturesis thenrecordedin the
empiricalresultsdatabase.The SolvabilityModelingUnit
selectsinformative featuresand learnsbinary classifier(s)
to predictthesolvability of a linearsystemwith respectto
a solver configuration.This is accomplishedin thecurrent
systemusingclassificationalgorithmssuchasdecisiontrees
andsupportvectormachinesaswell asmultiple featurese-
lectiontechniquesbasedon informationgain,L1 norm,etc.
The PerformanceModelingUnit learnspredictive models
for the performancemetricsof interestin the solvablere-

Query 
Result

(A,M)
Candidate Trials

Linear System(A)
Computation

Feature Linear System
Attributes(x)

Query

Prediction
Performance 

(Top K Ranking)

Recommendation

Prediction
Solvability

Performance Modeling
(Regression) z(x,y)^

Performance Model

s(x,y)^

Performance Results
(A,M,y,z)

Empirical Data

Testing Unit

Solvability Learning
(Classification)

Solvability Model

(x,y,z)

Figure 4.1. Recommender System Overview

gion, usingtheavailableempiricalperformancedata.This
typically involvesacombinationof multi-variateregression
and featureselectiontechniquesand is currently accom-
plishedusing routinesin the SpiderMatlab tool kit [27].
The Solvability Prediction Unit predictswhethera given
linear systemcanbe solved usinga particularsolver con-
figurationusingthe learnedsolvability model. ThePerfor-
mancePredictionUnit providespredictionsontheexpected
performancefor userspecifiedcombinationsof linear sys-
tems and solver configurationsusing the learnedperfor-
mancemodel. TheRecommendationUnit providesa top-�
ranked list of thesolver configurationsfor a userspecified
linear systemandquality criterion taking into accountthe
specifiedconstraints.

5. Experimental Evaluation

In this section,we presentempirical evaluationof the
variousaspectsof our solver recommendationapproach.

PerformanceDataSet:For ourempiricalstudy, wecon-
sidered317 solver configurationsdrawn from a publicly
available iterative solver packageHypre (releaseversion
2.0.0)[1] thathasimplementationsof multiplegeneralpur-
posepreconditioners.Basedonthedescriptionof thesolver
options in Table 2.2, we identified 15 attributes such as
solver, restart,preconditioner, level of fill, drop tolerance
etc. Using the above solver configurations,we generated
performancedataon a testsetof large sparseSPDmatri-
cesobtainedmostly from the University of Florida sparse
matrixcollection[11].

For each trial, we obtainedthe memory usage,time
taken, relative error norm andalsorecordedsolver failure
whereapplicable.

SolvabilityModeling: In our evaluation,a trial wascon-
sideredto besuccessful,i.e., thelinearsystemwasdeemed
solvableby aparticularconfiguration,if thefinal relativeer-
ror normwaslessthan

f�
 	 � or if therelativeresidualnorm
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waslessthan
f�
 	� andtherelativenormof theerrorwasin

therange[0.01,0.1]. Furthermore,we enforcea wall time
limit of 3 hoursandmemorylimit of 16 GB.

To test the effectivenessof a learningbasedapproach
for predictingsolvability, we split theperformancedatasets
into multiple train splits (of varying size— 20% to 80%)
and a test split containing20% of the trials. For each
suchsplit, we consideredfour differentsetsof features—
(a) raw featuresformedby concatenatingthoseof the lin-
ear systemand solver configuration(Raw), (b) raw fea-
turesalong with linear interactions(Interaction),(c) only
bi-cluster membershipfeatures(BiClust), (d) concatena-
tion of interactionfeatureswith complementarybi-cluster
membershipfeatures(Inter-BiClust). Each of the above
feature sets was further refined using mutual informa-
tion gain basedfeature selectionand in each case, we
learneda solvability modelusingthreedifferentclassifica-
tion algorithms: (1) supportvectormachines(SVM) [28],
(2) decision tree (J48) [24], and (3) K-nearestneighbor
(KNN) [24]. For each run, we computed(a) classifi-
cation error, (FN+FP)/(TN+TP+FN+FP),(b) specificity,
TN/(TN+FP), and (c) sensitivity, TP/(TP+FN).Here FN,
FP, TN, andTPdenotethenumbersof falsenegatives,false
positives,truenegatives,andtruepositives,respectively.

Figure5.2 shows the misclassificationerror, sensitivity
and specificity using different featuresetsfor the various
classifierson a 20%trainingdataaveragedover5 runs.We
find that the SVM and KNN classifierssignificantly out-
performthedecisiontreeclassifier. Theraw featuresseem
to bequitepredictive of solvability andresultin a substan-
tial improvementover the baselinemisclassificationerror
(��� î ��� usingthemajority classification).Includingthein-
teractionfeaturesleadsto even betterclassificationaccu-
racy. Figure5.3 depictsa �Þ6�� bi-clusteringof the trials.
On examining the clusters,it was observed that the third
linearsystemcluster(bottom)consistedmainly of matrices
that could be solved by mostof the methods.The second
clusterconsistsof linear systemsthat could not be solved
usingthe ICK andILUT preconditionersaswell asmany
SAI andAMG basedsolver configurationswhile the first
onecontainsmatricesthat couldnot be solvedby the ICK
and ILUT preconditioners,but were solved by most con-
figurationsof SAI andAMG preconditioners.Thoughthe
latentbi-clustersdiscoveredin isolationarevaluablein the
absenceof observedtrial characteristics,we find that there
wasnoadditionalbenefitin usinginteractionfeaturesalong
with bi-clustermembership,possiblybecauseour interac-
tion featureset was rich enoughto subsumeinformation
from thebi-clusters.Thefirst columnin Table5.3 lists the
top 5 interactionfeaturesthat wereselectedfor classifica-
tion.

PerformanceModeling: We used the subsetof trials
deemedto be solvable to learn regressionmodelsfor the
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Figure 5.2. Classification error, sensitivity
and specificity on test set for solv ability pre-
diction for SVM, KNN and J48 classifier s on
a trial with 20% training split averaged over 5
runs.

Classification Memory Time
GD � avgNnzPerCol GD � avgNnzPerCol GD � is ST-0.7
GD � is CG GD � is CG GD � avgNnzPerCol
GD � is Restart-100 GD � is Restart100 GD � is CG
mmRS � is SAI-Lev0 GD � is GMRES GD � is Restart-100
mmRS � is ILUT-DT1e-3 stdRS� isSAI-Lev2 GD � is SAI-Thresh0

Table 5.3. Top 5 interaction features selected
for classification, memor y and time predic-
tion on a 20% training data. The features with
an “is ” prefix are solver features.

time taken andmemoryused. Thesevalueswerenormal-
ized by the correspondingvaluesfor specificdefault con-
figuration(s)that correspondto the “best” choiceindepen-
dent of the linear system. To identify the overall “best”
solver configuration,we consideredperformanceprofile
curves[12] of thedifferentsolver configurations,i.e., plots
of thecumulativedistributionof theperformanceratioswith
respectto a performancemetric. Thedefault solverconfig-
urationswerethenchosensoasto optimizeboththeperfor-
manceand the numberof linear systemssolved using the
areaundertheperformanceprofile curves[15].

As in thecaseof solvability modeling,we createdtrain
splits of varying sizes(20% to 80%) anda test split con-
taining20% of the solvabletrials. For eachsuchsplit, we
againconsideredfour different setsof features(Raw, In-
teraction,BiClust, Inter-BiClust) and in eachcaseapplied
multi-variatelinearregressionalongwith featureselection.
To studythe effectsof variability, we modeledthe perfor-
mancevaluesafter log transformation. For eachrun, we

computedthe �
�

statisticdefinedas
f������ Z�� �� 	  ���\ ~� � Z�� � 	"! ?\ ~ , where

éY is the predictedvalue, Y is the actualvalueand #Y is the
meanof theactualvalues.
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Figure 5.3. Linear system-solver configura-
tion bi-c luster for solv ability . Black indicates
solver failure , white indicates solver suc-
cesses and grey indicates missing values.

Figure5.4shows the �
�

statisticfor thepredictedmem-
ory andtimevaluesusingdifferentfeaturesetsfor different
sizesof training data. From the figure, the observed fea-
turesaswell as the bi-clusteringmembershipsareclearly
verypredictiveandprovideasignificantreduction(� f � for
memory, � f � for time)in thequadraticlossin thebestcase.
As in thecaseof solvability, theinteractionfeaturesproved
critical for improving the performanceestimates.As ex-
pected,increasingthe size of the training set resultsin a
steadyincreasein thepredictionaccuracy. Thesecondand
third columnsin Table5.3shows thetop 5 predictive inter-
actionfeaturesfor memoryandtime, respectively.

Top-� Recommendations:We now presentresultson
the top-� recommendationsfor eachof the linear systems
given. To highlight theflexibility of our approach,we con-
siderthreedifferentcriteriafor determiningthebestsolvers.
The first two involve optimizing core performancevalues
i.e., memoryusageandcomputationaltime while the third
onefocuseson optimizingthememory-timeproduct.

For eachlinearsystem,we usedthesolvability andper-
formancemodels(with log-transformedresponse)trained
only on $ 
 � of the trials usingthe bestfeatureset (Inter-
BiClust) to identify thetop-� ( � =25)solverconfigurations
for eachcriterion. Using the full performancedata, the
actualtop-� solutionswerealso identified. We measured
the quality of the recommendationsin termsof two per-
formancemetrics: (a) top-� precision,i.e., fraction of the
predictedtop-� solutionsthat are in the actual top-� list,
(b) improvementoverthedefaultchoicein termsof average
qualityvalueof thetop-� recommendations.

Figure5.5 shows the top-� precisionof the solver rec-
ommendationsfor optimizingmemory, time, andmemory-

10 20 30 40 50 60 70 80 90
0.2

0.3

0.4

0.5

0.6

0.7

R
2  S

ta
tis

tic

Memory Usage

10 20 30 40 50 60 70 80 90
0.1

0.2

0.3

0.4

0.5

R
2  S

ta
tis

tic

Time Taken

Training data size

Raw
Interaction
Inter−Biclust

Figure 5.4. �
�

statistic for memor y and time
prediction with varying training data size av-
eraged over 5 runs for multiple feature sets.

timeproduct.Ourapproachidentifiesa largefractionof the
topsolutions(approximately��$ � for memoryand ��� � for
time) in a purely automatedmannerand requiresevaluat-
ing theperformancemodelsonly for a smallsubsetof pos-
sible choices. For comparison,the expectedoverlapwith
the actualtop-$�� with randomselectionis � % �Mî Figure
5.6 (a-c) shows the performanceimprovementthat canbe
obtainedusingthegeneratedrecommendationsover thede-
fault choice. In this case,the default solver configurations
(dottedlined) were chosenbasedon the overall bestper-
formanceon theentiretestsuiteusingperformanceprofile
areas[15]. The idealfine-tuningcurvesshows theaverage
performancevalueof the actualtop-� solutions,which is
thebestachievableimprovement.We observe that the rec-
ommenderfine-tuningcurve is always lower than the de-
fault choicefor all the threecriteria andfairly closeto the
idealcurve. Therecommendationsfor memory-timeprod-
uct indicatethat our approachcanbe quite effective even
for optimizinga hybridperformancecriterion.

6. RelatedWork

In this section, we briefly discusshow the proposed
solverrecommendationapproachis relatedto existing liter-
atureonpreconditionediterativesolvers,expertsystemsfor
choosingscientific software, and machinelearningbased
recommendationsystems.

AdaptiveIterativeSolvers: Overthepastfew years,there
havebeena numberof empiricalstudies[9, 15, 16] on iter-
ative solversthathighlight the importanceof problemspe-
cific fine tuning for improving solver performance. This
haspromptedresearchonadaptivesolvers[7, 17] wherethe
solver parametersaredynamicallychosenat thebeginning
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Figure 5.5. Fraction of the true best choices
for memor y, time and memor y-time product
that is present in top- � recommendations.

of eachiterationbasedon the characteristicsof the linear
systemas it changesduring the iterative solutionprocess.
Recentempirical studies[15] indicatethat adaptive solu-
tionsarehighly effective.

Expert systemsfor software selection: Our proposed
approachis closely relatedto existing techniqueson em-
ploying data mining for software selection. One of the
early influential works in this area is the recommenda-
tion portalPYTHIA-II [22], which providesuserswith the
datamanagementinfrastructureand datamining tools to
make suitablesoftwarechoices.In recentyears,theemer-
genceof problem solving environments(PSEs)for ana-
lyzing linear systems[8] has resultedin a renewed in-
terestin developingintelligent systemsfor recommending
solvers/preconditioners[6, 13, 29]. Most of theseexist-
ing approaches,however, involve a simplistic formulation
of the solver selectionproblemthat focuseson the solv-
ability of a linear system,or in caseof [6] achieving a
fixed improvementover a default method. Sucha formu-
lation readily translatesto a binary classificationproblem,
which is thenaddressedusingoff-the-shelfassociationrule
andclassificationalgorithms.A recentresearcheffort [23]
attemptsto usereinforcementlearningfor solvability pre-
diction,however, with limited successin obtaininggoodre-
sultsin comparisonto moreexpensive supervisedlearning
techniques.Theuseof linearsystemandsolver configura-
tion interactionfeaturesaswell asestimatingandoptimiz-
ing actualandhybrid combinationsof performancemetrics
is auniquecontributionof ourwork.

Learning-basedRecommendationSystems: Statistical
techniquesfor estimatingdyadicresponsefunctions,in par-
ticular, the preferenceratingsof usersfor products,form
anotherlarge body of researchthat is relevant to our cur-
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Figure 5.6. Average impr ovement in the mem-
ory, time and memor y-time product due to
fine-tuning over that of the default choice for
multiple values of � .

rent work. Tuzhilin et al. [2] provide a detailedsurvey of
machinelearningtechniquesfor recommendationsystems.
Theseincludeunsupervisedtechniquessuchas[4, 20, 26]
that rely only on the local structureof the preferencerat-
ings, supervisedapproachesthat make useof userdemo-
graphicandproductcontentattributes,aswell ashybridap-
proaches[3, 25] that leverageboth the correlationsin the
ratingsas well as the user-productattributes. Theseap-
proachesalmostentirelyfocusonimprovingtheaccuracy of
all the preferenceratings,without specificallyconsidering
theadditionalsensitivity requiredfor thedesirablerange,or
the algorithmicaspectsof efficiently generatingthe top �
recommendations.Our currentwork mapsthesolverselec-
tion problemto the abstractrecommendationscenarioand
employ thestate-of-the-artlearningtechniquesfor estimat-
ing solvability andperformancevalues,while payingatten-
tion to practicalaspectssuchasthevariability in theperfor-
mancevalues,featureselectionaswell asthefinal applica-
tion goals.

7. Conclusionand Future Work

We have proposeda new and effective solver recom-
mendationapproachthat takes into accountuser require-
mentsand attributesof the linear systems. Our method-
ology effectively addresseskey challengesspecificto the
solver recommendationsettingsuchasrobustnessto solver
failuresand multiple performancecriteria by a novel de-
compositionof therecommendationprobleminto threein-
dependentsubproblems. The first two subproblemsare
solved by adaptingexisting classification/regressiontech-
niqueswhereas,for the top-� rankingproblemwe propose

9



a fastandefficient solutionbasedon Fagin’s thresholdal-
gorithm. Empirical resultsindicatethat our approachcan
providehighly accuratepredictionsfor solvability (89%)as
well asperformanceestimates(reductionin quadraticloss
of 61%for memoryand41%for time). Thesuggestedtop-
$�� recommendationsaresignificantlybetterthanthedefault
andhasreasonableoverlapwith theactualtop-$�� configu-
rations(53%for memoryand43%for time).

Our currentstudyalsohighlightsnew directionsof re-
searchthat could be explored in future. Specifically, we
find thattheperformancepredictionstendto bemoreaccu-
rateandthefeaturesaremoreinterpretablewhenlimited to
homogeneousgroupsof solverconfigurations.Hence,a hi-
erarchicalrepresentationof the solver configurationspace
and a suitablemodelingmight yield better recommenda-
tionsevenif wewereto incorporatemultipleiterativesolver
packageimplementationsaswell asthe direct solver. The
high acquisitioncost for performancedataas well as lin-
earsystemfeaturesalsopointsto theneedfor a moreeco-
nomical active learning strategy for generatingempirical
datathat balancesthe informationgainedandthe acquisi-
tion costs.
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