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Abstract
In a primary research report we have introduced a simple method for recovering sparse signals from a
series of noisy observations using a Kalman filter (KF). The new method utilizes a so-called pseudomeasurement technique for optimizing the convex minimization problem following from the theory of
compressed sensing (CS). The CS-embedded KF approach has shown promising results when applied
for reconstruction of linear Gaussian sparse processes.
This report presents an improved version of the KF algorithm for the recovery of sparse signals. In
this work we substitute the l1 norm by an approximate quasi-norm lp , 0 ≤ p < 1. This modification,
which better suits the original combinatorial problem, greatly improves the accuracy of the resulting
KF algorithm. This, however, involves the implementation of an extended KF (EKF) stage for
properly computing the state statistics.

Sparse Signal Recovery
Consider an Rn -valued random discrete-time process {xk }∞
k=1 that is sparse in some known orthonormal sparsity basis ψ ∈ Rn×n , that is
zk = ψ T xk ,

|supp(zk )| << n

(1)

where supp(zk ) denotes the support of zk . Assume that zk evolves according to
zk+1 = Azk + wk

(2)

where A ∈ Rn×n and {wk }∞
k=1 is a zero-mean white Gaussian sequence with covariance Qk . The
process xk is measured using a sequence of noisy observations given by
yk = Hxk + ζk = H ′ zk + ζk

(3)

′ T
m×n
where {ζk }∞
k=1 is a zero-mean white Gaussian sequence with covariance Rk , and H := H ψ ∈ R
with m < n.
k
Letting y k := [y1 , . . . , yk ], our problem is defined as follows. We are
 interested 2in
 a y -measurable
estimator x̂k such that the minimum mean square error (MMSE) E k xk − x̂k k2 is minimized. It
is well known that if the above linear system (2),(3) is observable, i.e.,


H
 HA 


O :=  .  , rank(O) = n
(4)
 .. 
HAn−1

then the solution to this problem can be obtained using the Kalman filter (KF). On the other hand,
if the system is unobservable then the regular KF algorithm is useless in this case.
When the above system is unobservable, if for instance A = In×n , then it may look hopeless to
try reconstructing xk from an under-determined system in which rank(H) < n. Surprisingly, this
problem may be circumvented by taking into account the fact that zk is sparse.

The Combinatorial Problem and Compressed Sensing
It has already been shown that in the deterministic case (i.e., when z is a parameter vector) one
can recover z (and therefore also x, i.e., x = ψz) with high accuracy by solving the optimization
problem [1, 2]
k
X
min k ẑ k0 s.t.
k yi − H ′ ẑ k22 ≤ ǫ
(5)
i=1

for sufficiently small ǫ. Following a similar approach, in the stochastic case it can be shown that the
sought-after optimal estimator satisfies


min k ẑk k0 s.t. Ezk |yk k zk − ẑk k22 ≤ ǫ
(6)

Unfortunately, the above optimization problems are NP-hard and cannot be solved efficiently. Recently, it has been shown that if the sensing matrix H ′ obeys a so-called restricted isometry hypothesis
(RIH) then the solution of the combinatorial problem (5) can almost always be obtained by solving
the convex optimization [1, 3]
min k ẑ k1 s.t.

k
X

k yi − H ′ ẑ k22 ≤ ǫ

(7)

i=1

This is a fundamental result in a new emerging theory known as compressed sensing (CS) [1, 3]. The
essential idea here is that the convex l1 minimization problem can be efficiently solved. Another
insights provided by CS are related to the construction of sensitivity matrices that satisfy the RIH.
These underlying matrices are random by nature which in turn has shed a new light on the way
observations should be sampled. For an extensive review of CS the reader is referred to [1, 3].
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Quasi-Norm Constrained Kalman Filtering
As we have shown in [4] an approximate solution to the optimization problem in (6) can be iteratively
obtained using a pseudo-measurement (PM) aided Kalman filtering (KF). This is accomplished by
resorting to an equivalent convex formulation based on the l1 norm following the theory of CS. A
rather different approach for approximately solving the combinatorial problem in (6) is based on
replacing k · k0 by a quasi-norm k · kp with 0 < p < 1. This approach has already been shown to
yield better accuracy compared to the l1 norm [2].
Following the argument in [4], the PM technique is used here to incorporate the quasi-norm
inequality constraint
k z k k p ≤ ǫ′
(8)
by producing the fictitious measurement
0 =k zk kp −ǫ′

(9)

where ǫ′ serves as a zero-mean Gaussian measurement noise with covariance Rǫ . Equation (9) can be
written explicitly as
!1/p
n
X
p
0=
|zk (i)|
− ǫ′
(10)
i=1

where zk (i) denotes the ith element of zk . In practice, the above PM is linearized around some
nominal state zk∗ to yield
0=

n
X
i=1

|zk∗ (i)|p

!1/p

+ H̄δzk − ǫ′ + O(k δzk k22 )

where δzk := zk − zk∗ and
(
Pn
1/p−1 ∗
p−1
( i=1 |zk∗ (i)|p )
[zk (i)]
,
if zk∗ (i) > 0
H̄(i) =
,
Pn
1/p−1
p−1
− ( i=1 |zk∗ (i)|p )
[−zk∗ (i)]
, if zk∗ (i) ≤ 0

(11)

i = 1, . . . , n

(12)

is the ith element of H̄. This formulation facilitates the implementation of an extended KF (EKF)
stage for incorporating the PM. Following this, the nominal state zk∗ is set as the updated estimate
at time k.

Algorithm Summary
A single iteration of the resulting KF algorithm with the linearized PM stage is summarized below.
1. Prediction
ẑk+1|k = Aẑk|k

(13a)

Pk+1|k = APk|k AT + Qk

(13b)

2. Measurement Update
Kk = Pk+1|k H ′T H ′ Pk+1|k H ′T + Rk
′

−1

ẑk+1|k+1 = ẑk+1|k + Kk yk − H ẑk+1|k
Pk+1|k+1 = (I − Kk H ′ )Pk+1|k



(14a)
(14b)
(14c)

3. Pseudo Measurement: Let P 1 = Pk+1|k+1 and ẑ 1 = ẑk+1|k+1 . For τ = 1, 2, . . . , Nτ − 1 iterations
do the following. Compute H̄τ using (12) with zk∗ = ẑ τ .
K τ = P τ H̄τT H̄τ P τ H̄τT + Rǫ
ẑ τ +1 = ẑ τ − K τ k ẑ τ kp
P

τ +1

τ

= (I − K H̄τ )P

4. Set Pk+1|k+1 = P Nτ and ẑk+1|k+1 = ẑ Nτ .
2

τ

−1

(15a)
(15b)
(15c)

Approximate l0 Norm
The l0 norm can alternatively be approximated by
n−

n
X

exp (−α|zk (i)|)

(16)

i=1

for large enough α > 0. The corresponding PM stage in that case consists of the same steps (15)
where (15b) is replaced by
"
#
n
X
τ +1
τ
τ
τ
ẑ
= ẑ + K n −
exp (−α|ẑ (i)|)
(17)
i=1

Pn

exp (−α|zk (i)|) + ǫ′ ) where H̄ is given by

−α exp (−αzk∗ (i)) , if zk∗ (i) > 0
H̄(i) =
,
i = 1, . . . , n
α exp (αzk∗ (i)) ,
if zk∗ (i) ≤ 0

(i.e., the PM is n =

i=1

(18)

Numerical Study
The performance of the quasi-norm constrained KF algorithm is demonstrated using several simple
examples in which sparse signals are recovered from a series of noisy observations. Two cases are
examined: 1) recovery of a static parameter vector z, and 2) recovery of a stochastic process zk of a
fixed support. In both cases the new KF algorithm is compared to the CS-embedded KF in [4].

Static Case
In this example the signal z ∈ R256 is assumed to be a sparse parameter vector (i.e., A = I256×256 ,
Qk = 0). The signal support consists of total of 10 elements z(i) 6= 0 of which both the index and
value are uniformly sampled over i ∼ Ui [1, 256] 1 and z(i) ∼ U [−10, 10], respectively. The sensitivity
matrix H ′ consists of 72 rows in which the elements are sampled from a Guassian distribution. The
columns of H ′ are normalized following the example in [5] (this matrix has been shown to satisfy
the RIH, see [3, 5]). The observation noise covariance is set as Rk = 0.0012I72×72 . In all runs the
tuning covariance Rǫ of the quasi-norm KFs was set as 10002 and 200002 for p = 0.7 and p = 0.5,
respectively. The alternative l0 approximation (16) is implemented using α = 1 and Rǫ = 1002 (These
values were chosen based on tuning runs for achieving ideal performance in terms of accuracy).
The estimation performance of the quasi-norm constrained KF algorithm is presented in Fig. 1.
This figure depicts the mean square estimation error based on N = 50 Monte Carlo runs for various
quasi-norm approximations. Thus, it can be clearly seen that the best estimation accuracy is attained
while using the quasi-norm lp with p = 0.5. The alternative l0 approximation is slightly less accurate
but tends to converge faster. Unsurprisingly, the CS-embedded KF of [4] exhibits inferior estimation
accuracy compared to the other KF algorithms.
Figure 2 shows the effect of the number of PM iterations on the estimation performance of the
quasi-norm constrained KF with p = 0.5.

Dynamic Case
In this example the sparse signal consists of exactly 10 non-zero elements that behave as a random
walk process. The driving white noise covariance of the elements in the support of zk is taken as
Q = 1. This process can be described by

zk (i) + wk (i), wk (i) ∼ N (0, Q), if zk (i) ∈ supp(zk )
zk+1 (i) =
(19)
0,
otherwise
where i ∼ Ui [1, 256] and z0 (i) ∼ U [−10, 10] as before. The sensitivity matrix H ′ is set as in the static
case and the observation noise covariance is taken as Rk = 0.012 I72×72 .
The estimation performance of the quasi-norm constrained KF algorithm in the dynamic case is
presented in Fig. 3. This figure depicts the mean square estimation error based on N = 50 Monte
1U

i [a, b]

denotes a discrete uniform distribution of which the support are all the integers in the interval [a, b].
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Figure 1. Mean square estimation error based on 50 runs of the sparse KFs using 100
PM iterations. Showing the CS-embedded KF (dashed line), the quasi-norm constrained
KF with p = 0.7 (dotted line), p = 0.5 (solid line), and a KF aided with the alternative l0
approximation (circles). Static case.
Carlo runs for Nτ = 100 PM iterations. As it can be seen, the best estimation performance in this
case is attained by the KF that is aided with the approximate l0 norm (16). Unexceptionally, the
CS-embedded KF exhibits the worst performance compared to the other filters.
Figure 4 shows the effect of the number of PM iterations on the estimation performance of the
KF using the approximate l0 norm.

Conclusions
We have presented a quasi-norm constrained Kalman filtering-based method for sparse signal recovery
from a series of noisy observations. This algorithm is an improved version of the CS-embedded KF
that was derived in our previous work. It is shown via simulations that the new algorithm outperforms
the CS-embedded KF in both static and dynamic scenarios.
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Figure 2. Mean square estimation error based on 50 runs of the quasi-norm constrained
KF with p = 0.5 for various number of PM iterations. The lines top to bottom correspond
to 50, 100 and 200 PM iterations. Static case.
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Figure 3. Mean square estimation error based on 50 runs of the sparse KFs using 100
PM iterations. Showing the CS-embedded KF (dashed line), the quasi-norm constrained
KF with p = 0.7 (dotted line), p = 0.5 (solid line), and a KF aided with the alternative l0
approximation (circles). Dynamic case.
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Figure 4. Mean square estimation error based on 50 runs of the KF using the approximate l0 norm for various number of PM iterations. The lines top to bottom correspond
to 50, 100 and 200 PM iterations. Dynamic case.
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