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Strengthening lattice-free cuts using non-negativity

Ricardo Fukasawa Oktay Giinliik
May 14, 2009
Abstract

In recent years there has been growing interest in generating valid inequalities for mixed-
integer programs using sets with 2 or more constraints. In particular, Andersen et.al (2007) and
Borozan and Cornuéjols (2007) study sets defined by equations that contain exactly one integer
variable per row. The integer variables are not restricted in sign. Cutting planes based on this
approach have already been used by Espinoza [12] for general mixed-integer problems and there
is also ongoing computational research in this area.

In this paper, we restrict the model studied in the earlier papers and require the integer
variables to be non-negative. We extend the results in Andersen et.al (2007) and Borozan
and Cornuéjols (2007) to our case and show that cuts generated by their approach can be
strengthened by using the non-negativity of the integer variables. In particular, it is possible to

obtain cuts which have negative coeflicients for some variables.

Keywords: Mixed integer programming, valid inequalities, lattice free polyhedra.

1 Introduction

Given a mixed-integer program (MIP) and a basic feasible solution to its linear programming (LP)

relaxation, one can define a relaxation of the feasible solution set
n
X = {(m,s) eZ™ xR @ —Zaijsj = fi forie {1,...,m}}
j=1

which is obtained by starting with the associated simplex tableau and (i) deleting rows associated
with basic continuous variables, (i) relaxing integrality of the non-basic variables and (iii) relaxing
the non-negativity of basic variables. Notice that variables & can be projected out by requiring s
to satisfy f; + Zyzl ai;s; € Z for all 7. This set can also be viewed as a continuous relaxation of
the corner polyhedra of Gomory [13].

In a recent paper Andersen at. al [2] study the set X when m = 2 and show that all valid
inequalities for X can be represented by maximal lattice-free bodies in R%. Later Borozan and
Cornuéjols [5] extend this and show that minimal valid inequalities for the semi-infinite relaxation

of X are in one-to-one correspondence with maximal lattice point free bodies in R™ that contain b



10

11

12

13

14

15

16

17

18

19

(provided that b is not on the boundary). In addition, Cornuéjols and Margot [6] extend the results
in [2] and study conditions under which valid inequalities for the set X (when m = 2) become
facet defining. More recently, Andersen at. al [3] extend their earlier work by considering upper
bounds on some of the continuous variables. There has also been some initial computational work
by Espinoza [12] as well as ongoing computational work by other groups [1, 8] that use the results
in [2, 5] to produce cutting planes for MIPs.

In this paper, we study the set

n
X+:{(3773)€ZT><R1 : %—Zaijsj' = f; forie{l,...,m}}
7j=1

which contains non-negative points in X. As X+ C X, it gives a tighter relaxation of MIPs for
which integer basic variables are required to be non-negative.

Our main result in this paper is to show inequalities derived in [5] (using maximal lattice point
free sets) can be strengthened using the fact that = variables are required to be non-negative in
X . This strengthening, for example, leads to minimal valid inequalities of the form axz > 1 where
« has negative components. We next present an example to emphasize the difference between X
and X;.

Example 1.1 Let r1,r1,72,73,74,75, f € R? be defined as follows:

(1) o= (1) (1) (1) (.

and consider the following set,

5
X:{(m,s)EZixRi : [i:]—zrjsj:f}
i=1

defined by 2 rows. Using a the results in [6, 2], it is possible to show that the following inequality:

SR |
[N [SATEN[e
ENTS NGV

) o

Ll L
N~

N[
NI N

S1+ 82+ 83+s4+s5>1

is valid and facet-defining for X. However, using the non-negativity of the x wvariables in X, =

X MR, it is possible to show that the following stronger inequality:
s1+so+5s3—s5>1
is valid (and facet defining) for X. We will come back to this example in Section 2.

The rest of the paper is organized as follows: In Section 2, we define the semi-infinite extension
of X where we essentially study the set X when it has infinitely many variables, one for each
rational coefficient vector. For this extension, we characterize the basic properties of minimal valid
functions, relate them to convex sets that do not contain non-negative integer points and show that

certain polyhedral sets lead to minimal valid functions. In Section 3, we focus on the semi-infinite
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extension of X when it is defined by two rows and give a complete characterization of minimal
valid functions and how they are related to convex sets that do not contain non-negative integer
points. In Section 4, we show how to strengthen valid inequalities for X based on maximal lattice

point free sets to obtain valid inequalities for X .

2 The semi-infinite extension of X

In this section, we study the semi-infinite extension of X and show basic properties of minimal

valid functions for it. We define the set

P]jr = {(g:,s)GZTXJ DX — Z rs. = f; forizl,...,m}
reQm

where J = {s € R?" : s has finite support}, to be the semi-infinite extension of X*+. Our main
observation is that most of the fundamental results known to hold for semi-infinite extension of
X (called Py and studied in [5]) can be extended to the semi-infinite relaxation of X*. We
are, however, not able to show that there is a one-to-one correspondence between minimal valid
functions and maximal positive lattice point free sets, which are analogous to maximal lattice-free
convex sets. More precisely, we show that given a maximal positive lattice point free set, one can
construct a minimal valid function but we are not able to show that any minimal valid function

can be constructed using a maximal positive lattice point free set.

2.1 Valid functions for P;r

We say that a function ¢ : Q™ — R is a wvalid function for P]Z|r if

Z P(r)s, >1

reQm

for all (z,s) € P]T . As discussed in [5] (also see [2]) all valid functions violated by the point
(z,s) = (f,0) can be written in this form. Note that the x variables do not appear in this
expressions as they are substituted out using the equations defining PJZ" . Also note that we are
restricting ourselves to finite functions 1, since in the context of generating cutting planes for
mixed-integer programming, functions that can assume the value +oo are not useful in practice.
We say that 1 is a minimal valid function if it is a valid function and there is no other valid function
Y’ such that (i) ¥(r) > ¢/(r) for all r € Q™, and (ii) 1(r) > ¢'(r) for some r € Q™.

For the sake of completeness, we first define the following: A function f: Q™ — R is called
(i) convex, if af(x') + (1 —a)f(2") > flaz’ + (1 — a)x”) for all /,2" € Q™ and «a € [0,1] N Q.
(i) positively homogeneous, if f(ax’) = af(x’) for all 2/ € Q™ and o € Q4.

(iii) subadditive, if f(2') + f(2") > f(2' + 2”) for all 2/, 2" € Q™.
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Lemma 2.1 If ¢ is a minimal valid function for P]Z" then v is (i) subadditive, (ii) positively

homogeneous, and (iii) convez.

Proof. The proof essentially summarizes and adopts proofs of Lemmas 2.2, 2.3, 2.4 and 2.5 in [5].
(7) Assume that 1 is not subadditive, then ¢ (r') + ¢(r") < (' + ") for r',7" € Q™. Define
¢ : Q™ — R to be the same as ¢ except let ¢(r' + r”) = (r') + ¥(r”). We will show that
¢ is valid, and therefore ¢ can not be minimal, a contradiction. If ¢ is not valid there exists a
point (2/,s') € P;r such that 3 _om @(r)s; < 1. But in this case ¢ can not be valid either as
> reqm O(1)87 = D, com ¥(r)s) < 1 where (2, 5") € P]T and s” is obtained from s’ by reducing its

(r' 4+ 7")th component to zero and increasing the r'th and r”th components by s/( . Therefore,

7'/+7"”)
¢ is indeed valid, and ¢ is not minimal.

(74) As v is subadditive, we have that ¢ (r) + ¥ (0) > ¥(r) = (0) > 0. Let (z,5) be a feasible
solution to P]T. Since s has finite support and v is finite, we know that > (r)s, < +o0o0. Note
that the point (z,5) defined by 5, := §, for » # 0 and 5y = 0 is also feasible for PJT. Hence,
0+ >, 20%(r)sy > 1. Therefore ¢ is still a valid function if we change ¥(0) = 0, so minimality of
1 implies 1(0) = 0.

Therefore, if @ = 0 then ¢(ar) = ap(r) for all r € Q™. Assume that (ar’) # a)(r’) for some
a>0and ', ar’ € Q™. Let § = min{¢(ar’)/a,1(r")} and define ¢ : Q™ — R be same as 1) except
let ¢p(ar’) = af and ¢(r') = B. As in the first part of the proof, it is straight forward to reach a
contradiction by observing that ¢ is valid function P;r provided that 1 is valid.

(#41) Notice that ¢ positively homogeneous and therefore for all « € [0,1] and 7/, 7" € Q™

ap(r') + (1 = a)y(r") = y(ar’) + ¥((1 — a)r”) = Y(ar’ + (1 — a)r”)
where the last inequality follows from subadditivity. .

In [5], Borozan and Cornuéjols show that all valid functions for Py are (i) subadditive, (ii)
positively homogeneous, (iii) convex and (iv) non-negative. We note that the last property does
not hold for all valid functions for P;r . In Section 2.3, we describe a family of valid functions for

P;r that assume negative values for some r € Q™.

Lemma 2.2 If ¢ is positively homogeneous and subadditive, then it is valid for P;r if and only if
PY(x—f)>1 forallz € Z7.

Proof. The only if part is straight forward: if ¢(Z — f) < 1 for some z € Z, define 5 € J to have
all zero components except 3z = 1. We therefore have (7, 5) € PJZF and yet Y cqm ¥(1)8r <1,
a contradiction.

For the if part, note that for all (z,s) € P;r we have 7 € ZT and ) qmrs = T — f.
First using homogeneity and then using subadditivity, we have > qm ¥(r)8: = > cqm ¥(Tsr) >

V(D cqm 5r) Tmplying 3 com ¥(r)8; > 1 and therefore ¢ is a valid function for PJT. .
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2.2 Positive lattice point free sets and minimal valid functions for ij

We call a set S C R™ positive lattice point free if int(S)NZ7T = (), where int(S) denotes the interior
of the set S (a point is in the interior if it is possible to construct a ball around it that is contained
in the set). For a given function ¢ : Q™ — R we define a closed set in R™ associated with the

function as follows:
S, f) = cl({x eQm: Yz —f) < 1})

Using this definition, notice that Lemma 2.2 can be re-stated as follows:

Remark 2.3 If ¢ is positively homogeneous and subadditive, then it is valid for ij if and only if
S(v, f) is a positive lattice point free set.

Moreover, remember that the proof of Lemma 2.1 shows that if the function 1 is positively
homogeneous and subadditive, then it is a convex function. This, in turn, implies that S(¢, f) is a
convex set. As all minimal valid functions for P;r are positively homogeneous and subadditive, we
also observe that S(1, f) is convex for all minimal valid functions .

For a set B, let RC(B) denote the recession cone of B and RC°(B) = RC(B) \ int(RC(B))
denote the boundary of the recession cone of B. We first make a basic observation regarding

minimal valid functions.

Lemma 2.4 Let f € Q™ and ¥ : Q™ — R be a positively homogeneous and subadditive function.
Then f € int(S(y, f)). Moreover, for every r € Q™, the function v satisfies the following:
(4) ¥(r) <0, if r € RC(S(Y, f)),
(13) Y(r) =0, if r € RC°(S(¢, f)), and,
(#i7) Y(r) = 1/max{A\ € Ry : f+Are S, f)}, ifr ¢ RC(S(, f)).

Proof. To simplify notation, let S = S(¢, f), RC = RC(S(¢, f)) and RC° = RC°(S(¢, f)). We
start with showing that ¢(r) < oo for all 7 € Q™ implies that f € int(S). Let eq be the unit
vector with a 1 in the d-th component and zero everywhere else. Since ¢(eq) < 0o, we have that
1= mw(ed) = (@e» =) (f + med - f) and hence f + med € S. Since the same
argument is valid for all e; and —eg4 for all d = 1,...,m, we have that there exists ¢ > 0 such that
fLteeqge Storalld=1,...,m and hence f € int(S). We next prove (i), (i7) and (iii).

(i) Consider r € RC. As f € S, we have f+ Ar € S for all A € Q4 implying ¥(f +Ar— f) < 1.
Hence ¥(Ar) = Ap(r) < 1. Since A can be arbitrarily large, we have 1(r) % 0, or equivalently,
W(r) < 0.

(73) We first show that ¢(r) > 0 when r ¢ RC. For the sake of contradiction assume that
¥(r) < 0. Then for any z € SNQ™ and any A € Q4 we have that Y(z+Ar—f) < ¢P(z—f)+A(r) <
Y(x— f) <1, therefore z+ Ar € S. Since S is convex, x + Ar € S for all A € R, and hence r € RC.

Now consider » € RC? and note as r € RC we have ¢(r) < 0. Suppose, for the sake of
contradiction, that ¢(r) = —f for some > 0. Since r € RC?, there exists a nonzero vector
v € RC such that r + v ¢ RC for all § > 0. Now choose a §’ such that 0 < ¢’ < §/¢(v) and
remember that v ¢ RC implies 0 < ¢(v) < +00. As r+ 6'v ¢ RC we have f + \(r + §'v) ¢ S for



10

11

some sufficiently large A > 0. In other words, ¥)(A(r 4 d¢'v)) > 1. As 1) is subadditive and positively

homogeneous, we also have
AY(r) + A p(v) > PN (r + 8v)) > 1= 9(r) > /X =) > 1/A— 8> -3,

which is a contradiction and therefore ¢ (r) = 0.
(747) Finally, we consider r ¢ RC'. Notice that we have already shown in part (i7) that ¢ (r) > 0

and therefore, . . .
= Sl = V(g = ¥l + o

implying f + r/1(r) € S and hence

r—1f)

1/w(r) < A=max{\ € Ry : f+ €S}

Now if A > 1/4(r), we have that ¥ (f + A — f) = ¥(\r) = M(r) > 1, a contradiction. Therefore,
A= 1/9(r). .

Notice that the first part of the proof of Lemma 2.4 can be easily extended to show that, even
if we allow 1) to take on the value oo, ¥ < oo if and only if f € int(S(¢, f)). As we assume 9 to be
finite, we only consider maximal positive lattice point free sets that contain f in their interior. We
remark that Zambelli [22] showed that all cutting-planes for X can be generated using maximal

lattice-free convex sets that contain f in the interior.

2.3 A minimal valid function for PJT

We next present a family of minimal valid functions that are derived using polyhedral maximal
positive lattice point free sets. Throughout this section we assume that B is a polyhedral set that
satisfies the following properties: (i) it is full-dimensional, (ii) it contains f in its interior, (iii) it
does not contain any non-negative integer points in its interior. Therefore, B can be represented
as

B={zeR™:alz<b;,Vi=1,...,k},

where all inequalities are facet defining, a] f < b; for i € I = {1,...,k}, and int(B) N Z; = . We
now define the function 5 : Q™ — R as follows:
— T,
Yp(r) = niléalx{r a; }

where a; = a;/(b; — a;fp f). Note that ¥ p is a positively homogeneous function. In this section we
show that g is valid for Pf+ . In addition, we show that if B is maximal, then g is minimal.

Given a vector r € Q™, clearly r € RC(B) if and only if alr < 0 for all i € I, and r €
RC(B) \ RC°(B) if and only if alr < 0 for all i € I. Now consider a vector r ¢ RC(B) and notice
that in this case the function value ¥ p(r) is identical to that of the function defined by Borozan

and Cornuéjols in [5]. The function used in [5], which we call ¢p : Q™ — R, is defined as follows:

g = 0 if r € RC(B)
BT\ t/max{A € Ry : f+ A reB} ifrd RO(B).
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Notice that the condition f + Ar € B above can also be written as
al f+alrA<biforallicl <= 1/A>rTa;/(bj—alf)forallicI

and therefore, when r ¢ RC(B) both functions are indeed the same and assume the value 1/)\
where X' > 0 is the scalar for which the point f + X'r is on the boundary of B. Furthermore, if
r € RC°(B), both functions assume the value 0 and therefore are again equal.

For r € int(RC(B)), however, then the function values are different as ¢p(r) =0 > ¢¥p(r). To
see that 1p(r) < 0, notice that a;r < 0 for all i € I and therefore max;er {a] r/(b; —al f)} < 0.

More precisely, we can give the following geometric description of ¢p when r € int(RC(B)).

Lemma 2.5 Let r € int(RC(B)). Then ¢¥p(r) = —1/X where N > 0 is the largest scalar for
which the condition al (f — N'r) < b; for at least one i € I.

Proof. Let A = —1/1p(r) and let | € arg max {al'r/(bi — al f)}. Therefore
1€

T'_Cllf‘f' f bl

1/}() ajr

and therefore we have a] (f — Ar) < b; for at least one i € I. Now let A > ) and as r € int(RC(B))

we have alr < 0 for all i € I and

al (f = Ar) =

b — ol
Tr>alf+ 212 TazfaiTr:bi.

1
T T T
aj (f =Ar)>a; f—Aa;r=aq; a;r>a;
(f ) f ¢B(T) ai r

Therefore, if A > )\ the condition a; T(f — A\r) < b; is not satisfied by any i € I, implying that A
indeed is the largest scalar for which a] (f — X'r) < b; for at least one i € I. .

In the context of [5], the set B used in defining the function ¢p is required to be lattice point
free and therefore int(RC(B)) = () as such sets can not have a full-dimensional recession cones.
Consequently, the functions ¢ and v coincide for the sets considered in [5]. In our context, however,
the sets B has to be positive lattice point free and therefore it can have int(RC(B)) # 0. We next
show that ¢ p is valid for Pf+ if B is positive lattice point free.

Lemma 2.6 If B is positive lattice point free, then the function Yp is valid for P]ZF.

Proof. Clearly vp is positively homogenous. We next show that it is also subadditive: Let
rl,r?2 € Q™ and let ¥p(rt +r?) = a;(r* + r?) for some [ € I. Then

wB(rl) + w3(7“2) = I?éalx{&;rl} + nlaealx{dfrg} > al rl+ a?rz =q ('r +r ) wB(rl + 7“2).

Therefore, 1 p is subadditive and by Lemma 2.2 and Remark 2.3, it is valid if and only if S(¢g, f)
is positive lattice point free. Let r € S(¢p, f) and note that for all ¢ € I we have

12@!)(7‘—]”)Zdi(r—f):(aiTr—ain)/(bi—ain) = bi—alf>alr—al f) = biZ(z;-r:L"
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and therefore r € B. As r is arbitrary, we have S(¢¥p, f) C B and therefore S(¢p, f) is positive

lattice point free and the proof is complete. .

Note that it is possible to extend the last argument in the proof to show that the following

remark is true.
Remark 2.7 S(¢Ys, f) = B.

To prove it, let r € BN Q™ and therefore alr < b; for alli € {1,...,k}. Let ¢(r — f) = af (r — f)
for some t € {1,...,k}. Then,

Y(r—f)=(afr—al f)/(by—af ) < (b —af f)/(br —af f) =1

and therefore r € S(¢p, f). Since BN Q™ C S(¢p,f) then B = (BN Q™) C Sp, f) =
S(¥s, f) = B.

We next show that maximality of B is sufficient to obtain a minimal valid function.

Lemma 2.8 If B is maximal positive lattice point free, then g is a minimal valid function for
Py,

Proof. Suppose not and let ¢ be a minimal valid function for P]T such that ¢ < Yp and

Y(r) < Yp(F) for some 7 € Q™. We next consider two cases.

Case 1: 7 ¢ RC(B).

For simplicity, let S = S(v, f). By Lemma 2.4, we have 9(7),¢¥p(7) > 0 and by positive
homogeneity of ¢)p and v, we have that there exist p > A > 0 such that Yp(\r) = ¢ (ur) = 1.
Let # = f+ A and let & = f + “227 Then ¢5(Z — f) > 1, which implies that 7 ¢ B. But
Y(x — f) < 1, which implies Z is in the interior of cl(S). It follows that B is strictly contained in
cl(S). By Remark 2.3, ¢l(S) is a positive lattice point free set. This contradicts the assumption
that B is a maximal positive lattice point free set. Therefore ¢ (r) = ¥ p(r) for all 7 ¢ RC(B).

Case 2: 7 € RC(B).

First note that for all i € I there exists a vector v; € Q" \ RC(B) such that ¢p(v;) = a;v; > av;
for all t € I. To show that v; exists, we use the fact that a;x < b; is facet defining for B and therefore
there exists a point x! such that a;z° = b; and a;z* < b; for all t # i. Then v; = 2° — f satisfies the

desired properties as

1

air’ — aif 1 and & ax’ —arf _ by —af
————= =1 and aw; = =
bi —aif T bh—af T b af
for all t € I. The fact that v; ¢ RC(B) follows from the fact that a;v° = a;v*(b; — a;f) > 0.
If 7 € bd(RC(B)), we have that a;7 < 0 for all t € I, with a;7 = 0 for some i € I. In this case,
Yp(7) = a;7 = 0. Note that a;(v' +7) = a;v° > 0 and hence (v’ +7) ¢ RC(B). Moreover, note that

CALiUZ‘ =

avt + @ av*

<
bi —a;if T bi—aif —

G +7) = —" =1 and a(v' +7) =

= 1
b —a;f
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for all t € I and therefore (v’ + 7) = G;(v' 4+ 7). Since ¢ is minimal, it is subadditive and hence
$(v') +(F) = (v’ +7). But then, ¢(7) > (v’ +7) = (v") = Yp((v" +7) = ¢p(v') = 0 = ¢p(7) >
¥ (7), a contradiction. Hence ¢(7) = ¢ pg(7) for all 7 ¢ int(RC(B)).

If 7 € int(RC(B)), let i be such that ¢p(7) = a;7. Since 7 € int(RC(B)), we have a;7 < 0.
By the choice of v;, we have that a;v; = a;v;(b; — a;f) > 0. Let o = |a;7|/a;v; and note that
a;(7 + av;) = 0 implying that (7 + av;) ¢ int(RC(B)) and hence (7 + av;) = ¥p(F + av;) > 0.

As 1) is valid and therefore subadditive, we have
() + Plavi) = (7) + Yp(avi) = Y(F) + adv; > P + av;).
As (T + aw;) = Yp(T + av;) > 0, we have
Y(F) + aaiv; > 0 = Y(T) > —adv; = a;T = Yp(T) > Y(7),
again a contradiction. .

We next revisit the example presented in Section 1 to illustrate how (maximal) positive lattice
point free sets lead to valid (and facet defining) inequalities for X .

Example 1.1 (continued) Remember the set

X ={(z.5) € 23 x RS, :

i:]_irisi:f} (1)

where f and r; are defined in Section 1. As shown in Figure 1(a), the triangle T defined by
the corner points pi1,pa,ps is a mazimal lattice point free set in R2. Notice that p; = f + r; for
i=1,...,5 and consequently ¢r(r;) = 1 for all i and, by [6], the inequality s1+ so+S3+s4+55 > 1
is valid and facet-defining for X.

x2 T2

Ea

r1
o D2 D3 o D2 \ 3
Ps P4 b5 P4
(b)

(a)

Figure 1: (a) A maximal lattice point free set and

(b) a maximal positive lattice point free set in R?, both containing f > 0.
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In comparison, notice that the translated cone C' (shown in Figure 1(b)) defined by the rays pips

and p1p3 is a maximal positive lattice point free set. This set can be written as
C:{x€R2:—x1§0,x1+x2§1}

and notice that ps € RC°(C) and ps € RC(C)\ RC°(C). The set C leads to the minimal valid

function

_ T e NV KRS VS T N O
volr) = max{o-[—l,o]-f’ 1—[1,1]-f} - max{r [ Ol’r [2”

which gives the following stronger valid inequality for Xt = X NR7,

S1 + S9 + s3 — s5 > 1.

Furthermore, this inequality is facet defining as the dimension of X+ is 5, and the following 5
affinely independent points are in X and satisfy the inequality as equality: p1 = [0,1;1,0,0,0,0],
p2 = [0,0, 1/27 1/270a 0, 0]7 p3 = [17 0; 1/27 0, 1/27070}; Pbs = [17 0;1,0, 074/57 0]7 b5 = [17()’ 3,0,0,0, 2]

We end this section by noting that for r € RC(B), ¥p(r) is only determined by the inequalities
that define facets of RC(B). This property will be used later in Section 4 to strengthen inequalities
for PJZF .

Lemma 2.9 Let r € RC(B). Then ¢p(r) = alr/(b! —d'f) for some | € I such that a'z < 0
defines a facet-defining of RC(B).

Proof. Since r € RC(B), we have by Lemma 2.4 that ¢(r) < 0. If r ¢ int(RC(B)), then
alr = 0 for some facet alz < 0 of RC(B) and v¥p(r) = max;es {a'r/(b* —a'f)} = 0 and the
result follows. Thus, we may assume r € int(RC(B)). Let I°¢ C I be such that a’z < 0 defines a
facet of RC(B) if and only if i € I¢. If ¢p(r) > a'r/(b' — a'f) for all i € I¢, then let j ¢ I° be
such that ¥p(r) = a’r/(t/ — a’ f). By Lemma 2.4, 9p(r) < 0 and hence ¥/ = a/(f + w%(r)r) and
b < al(f + mr) for all + € I¢. However, for all j ¢ I¢, we have that there exist p; > 0,Vi € I¢
such that o/ = Y, pia’. Therefore b = a (f + mr) = > icre mia (f + ﬁ(r)r) > > icre Mibi.
But this contradicts the fact that a/x < ¥’ defines a facet of B. Therefore, there exists [ € I¢ such

that a] (f — Ar) = by. .

3 Special case: m =2

We now consider m = 2 and show that any minimal valid function ¢ : Q%> — R is defined by the
maximal positive lattice point free set B = S(1, f). We note that in R? any cone is polyhedral and
therefore the recession cone of any set is described by at most three inequalities.

Let B C R? be a full-dimensional closed convex set that is positive lattice point free and has f
in its interior. (B is not necessarily polyhedral.) Let RC(B) = {z € R? : ¢;x < 0,i € J}, where
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|J| <3 and ¢;x < 0 defines a facet of RC(B) for all i € J. Let d; = sup{c;x : © € B} for i € J and
note that B C C = {zr € R? : ;o < d;,i € J}. We now let & = ¢;/(d; — ¢! f) and note that, as f
is in the interior of B, we have ¢;f < d;. We now extend the definition of the function ¥p in two

dimensions as follows:

max {rTe;} if r € int(RC(B))
1€
¥B(r) =4 1/max{\e€ R, : f+ X re B} ifr¢RC(B)

0 otherwise.

It is not hard to show that if B is polyhedral, the above definition coincides with the one in
Section 2.3. To see that ¥ p(r) is subadditive and positively homogeneous, just notice that B =
{z: ¢z < d;,i € I}, where I is a (possibly infinite) index set. Then

Yp(r) = sup {¢r}

1€luJ

and the result follows. We next show that essentially all minimal valid functions have the form

above.

Lemma 3.1 Let ¢ : Q2 — R be a minimal valid function such that the positive lattice point free
set B = S(¢, f) contains f in its interior. Then ¢ = p.

Proof. By Lemma 2.4 we have ¢(r) = ¢p(r) for all r ¢ int(RC(B)). We therefore consider
r € int(RC(B)). Let € € (0,1/2). We first construct vectors v; ¢ RC(B), for i € J, that satisfy
the following properties: (i) ¢v; > év; for all t € J and (ii) ¥p(v;) < év; + €. Remember that
d; = sup{c;z : * € B} and as €(d; — c;f) > 0 there exists 2! € B such that c;z’ > d; — e(d; — ¢; f).
As x; € B, we also have ¢z* < d; for all t € J. Furthermore, as {z € R?:¢x <0,i € J} is a
minimal polyhedral representation of RC(B), it is possible to pick points ¢ € RC(B) for all i € I
such that (i) ¢;r* = 0 and (4i) ¢;r* < 0 for all t # i. Now let A > —e(d; — ci.f)/cyr for all t # i, and
note that v; = 2° + A\r! — f satisfies the first desired property as

~

= CtV;.

cix' —af _di—cif dy —cif e’ + e’ — e f
di — o f 2ali—Cz‘f_6:1_6:Cllt—th_GZ di — et f
Also note that as c;v’ = &v'(d;—c; f) > 0, it follows that v; ¢ RC(B). Moreover, as v’ + f = ' 4 \r!
where z° € B and r’ € RC(B), we have f + v’ € B, implying max{\ € Ry : f + A’ € B} > 1 and
therefore ¥p(v;) <1 < &uv; +e.

Let i be such that ¢p(r) = ¢ér. Since r € int(RC(B)), we have ¢;r < 0 and remember
that c;v; = ¢vi(d; — ¢;f) > 0. Let o = |¢;r|/civ; and note that ¢;(r + av;) = 0 implying that
(r+av;) ¢ int(RC(B)) and hence 9(r + av;) = ¥ p(r + av;) > 0. Also remember that v; ¢ RC(B)

and therefore ¥(v;) = ¥p(v;). As ¢ is a minimal valid function, it is subadditive, and therefore

Civ; =

have

PY(r) + acv; > Y(r) + avp(vi) — ae = Y(r) + P(av;) — ae > P(r + av;) — ae > —ae
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implying

W(r) > —adv; — ae = ér — ae = Yp(r) — ae.

Notice that since ¢v; > 1 — € > 1/2, we have that a = |¢;r|/civ; = |ér]/év; < 2|ér|. Hence
P(r) > p(r) — 2|ér|e. Since this is valid for any € > 0, it follows that ¥ (r) > ¥ p(r). .

3.1 Maximal positive lattice point free sets in R?

We now characterize all maximal positive lattice point free sets and show that they are polyhedral.
In particular, the main result of this section is the following theorem, which is similar to theorems
by Bell [4], Doignon [11], Lovész [17], and Scarf [19] for maximal lattice-free convex sets and will

be used in Section 3.2 to characterize S(¢, f) for minimal valid functions .

Theorem 3.2 A mazimal positive lattice point free set in R? is either a full-dimensional polyhedron

with at most 4 facets or an irrational hyperplane.

The rest of this section is devoted to prove of Theorem 3.2. We first study full-dimensional
maximal positive lattice point free set s and show that we can restrict ourselves to the case where

such sets contains a positive point in the interior.

Lemma 3.3 Let K C R™ be a full-dimensional mazimal positive lattice point free set. If there

does not exist a point f > 0 in int(K), then K is a half-space.

Proof. Notice first that if K contains a point f’ > 0, then K contains a point f > 0 in its interior.
Indeed pick y € int(K) and since f) = Ay + (1 — A)f’ € int(K) for all A € (0,1), we can pick A
arbitrarily close to 1 such that fy > 0.

Therefore, there exists a hyperplane ax < b such separating K from cl({x € R™ : 2 > 0}) = {z €
R™: 2 > 0}, that isax < bfor allz € K and ax > b for all x > 0. But then {x € R : ax < b} D K
and does not contain any nonnegative integer points in its interior, hence by maximality of K,
K ={z e R™:ax <b}. .

We now show that, regardless of the value of m, maximal positive lattice point free sets are

polyhedral under certain conditions on their recession cones.

Lemma 3.4 Let K C R™ be a maximal positive lattice point free set. If RC(K)NRT = {0}, then
K is polyhedral.

Proof. First note that K # () as it is maximal. Moreover, K N R’ cannot be empty, otherwise
convex hull of K and the origin contains K and is a positive lattice point free set, a contradiction.
Since K N R # (), we have that the condition RC(K) N R} = {0} is equivalent to K NR7 is
bounded.

As KNRT is bounded, there exists numbers u; € Ry foralli € I = {1,...,n} such that z; < u;
for all € K NRY. For i € I, define the sets C; = {x € R™ : 2 >0, x; > u; + 1}. Note that if K

is a positive lattice point free set, so is its closure and therefore by maximality, K has to be closed.
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Therefore K and all C; are non-empty, convex and closed sets. Furthermore, for all ¢ € I the sets
K and C; are pairwise disjoint and have no common directions of recession.

Therefore, for each i € I there exits a hyperplane o’z = 3¢ that strongly separates K and C;
(see, for example, [18] Separation Theorems). In other words, there exists o' € R™ and 3 € R
such that for all 2’ € K and z” € C; we have ofz’ < §' and o’z” > 3'. Notice that for all i,j € I
the unit direction e; is a direction of recession for C; and therefore a'>0foralliel.

As K NR’ is not be empty, there exists some z € K NR7'. Combining this with a' >0 and
o'z < ', we therefore have 3* > 0 for all i € I. Finally, let Z° be a vector of all zeroes except the
i’th component which is equal to u; + 1. Note that &* € C; and as o'’ > §° > 0, we have ozji > 0.

Now, let @ = >,.;af and 3 = 3,.; " and note that az < j for all z € K. Therefore,
KNRPCX={zcR":22>0, ar < B} Let XL = X NZT be the collection of lattice points in
X and note that X’ contains a finite number of points as @ > 0 and 3 > 0. As K does not contain
positive lattice points in its interior, for each p € X%, there exists a closed half-space defined by

oPx < P that contains K and has p on its boundary. Therefore the following polyhedral set
P={zecR™: ar<p, apxgﬁpforallpEXL}

contains K and does not contain any positive lattice points. As K is assumed to be maximal,

K = P and the proof is complete. .

Notice that if B is a full-dimensional maximal positive lattice point free set with dim(RC(B)) =
0, then RC(B) "R} = {0} and hence Lemma 3.4 implies that B is polyhedral. Lemmas 3.5 and
3.6 complete the proof that B is polyhedral by considering other possible dimensions RC(B).

Lemma 3.5 Let S C R? be a positive lattice point free set such that there is a point f > 0 in its
interior. If dim(RC(S)) = 2 then RC(S) NR2 = {0}.

Proof. Suppose there is a vector v € RC(S) such that v > 0 and v # 0. Since v # 0, we may
assume, by symmetry, that v; = 1. Since RC(S) is full-dimensional, there exists a nonzero vector
u such that u; = 0 and such that v + eu € RC(S) for some € small enough. Now, for any a > 0
we have that w = f+av € S and z = f + a(v + €)u € S. But then choose o > 1/|eus| such that
fi+a € Z,. Then |wy— 23| = |aeus| > 1. Since wy = 21 = fi+a € Z4, then we have a nonnegative
integer point in the interior of the line segment between w and z and hence a nonnegative integer

point in the interior of S, which is a contradiction. .

Lemma 3.6 Let S C R? be a mazimal positive lattice point free set that contains a point f > 0 in
its interior. If dim(RC(S)) =1, then S is a polyhedron.

Proof. If for all € RC(S) we have that r # 0, then by Lemma 3.4 the result follows. Thus, we
may assume that there exists » € RC(S) such that » > 0. In addition, we can assume that there
exists a point § € Z? in the interior of S such that 4 % 0, since otherwise, S is maximal lattice-free
and hence, by [17], it polyhedral. We will next show that if all these assumptions are made, then

S has a nonnegative lattice point in its interior, which is a contradiction.
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Case 1: r has one zero component.

Without loss of generality, assume that r; = 0. In addition, after scaling, we can assume that
ro = 1. In this case, if §; > 0, then § + |g2|r is a nonnegative integer point in the interior of S,
which is a contradiction. Therefore, we may assume that §; < 0. But since f > 0 is a point in
the interior of S, then there exists a point w in the interior of S such that w; = 0. But then there
exists A > 0 such that w + Ar is a nonnegative integer point in the interior of S.

Case 2:r > 0.

If r is rational, then we may assume that r is integer and thus, there exists A € Z such that
Y + Ar is a nonnegative integer point in the interior of S. Thus, we may assume that r is not
rational. Without loss of generality, let r; = 1.

Now consider the line —rozq + 22 = b generated by § + Ar for A € R. Note that ro and
b = —7r9y1 + Yo are irrational numbers. From the approximation of r by continued fractions (see
for instance [20]), it follows that there exists a sequence (pn, ¢n) such that p, € Z; and g, € Z4
and lim p, = lim qn = o0 and such that 0 < p" — 7y < . Since ¥ is in the interior of .S, there
ex1stg?o; 0 such that if llz — gll2 <€, then z € mt(S’)

But then, pick n large enough such that 1/q, < € and p, > |%2|, ¢» > |71]- Notice that
the point w = (g1 + qn, Y2 + pn) is a nonnegative integer point. Moreover, w = x + ¢,r where
x = (§1,92 + pn — T2qn) and since 0 < Z" reo < % = 0 < p, —1rogn < qi < €, we have that
[|lx — g||l2 < € so x € int(S). This in turn implies that w € int(S), which contradicts the fact that

S does not have nonnegative integer points in its interior. .

Lemmas 3.4, 3.5 and 3.6 show that in R? any maximal positive lattice point free set that contains
f > 0in its interior is polyhedral. The following corollary follows immediately from the proofs of
Lemmas 3.5 and 3.6 and will be used to bound the number of facets that such a maximal positive

lattice point free set has.

Corollary 3.7 If S C R? is a full-dimensional mazimal positive lattice point free set then S is
either a mazximal lattice-free convex set or RC(S) NRZ = {0}.

We now use Corollary 3.7 to show that, when m = 2, maximal positive lattice point free sets
have a nonnegative integer point in the relative interior of each of their facets, which will imply
that there are at most 4 facets. Notice that the fact that a polyhedral maximal positive lattice
point free set has at most 2™ facets for general m can be proven by adapting the proof of a theorem
in Schrijver [21] (credited to Bell [4], Doignon [11] and Scarf [19]) directly, without using this fact.
However, this fact is helpful in identifying when a positive lattice point free set is not maximal and
will be used in Section 4 where we are concerned with strengthening inequalities that are defined

by non-maximal positive lattice point free sets.

Lemma 3.8 Let B = {z € R? : al'x < b;,Vi = 1,...,k} be a full-dimensional mazximal positive
lattice point free set. Then there exists a nonnegative integer point in the relative interior of each

one of its facets.
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Proof. If B is a maximal lattice-free convex set, then the result was proven by Bell [4], Doignon [11]
and Scarf [19], so we may assume that B is not maximal lattice-free convex set and hence, by
Corollary 3.7, RC(B) NR2 = {0}. Without loss of generality we assume the inequality description
of B is minimal and each inequality describes a facet. We also assume that b; € Q for all ¢ € I =
{1,...,k}. Consider the face F; = BnN{x € R? : a]Tx = b;} defined by the jth inequality and assume
that F; does not contain a nonnegative integer point in its relative interior. Let Fj‘*' =F;N Ri.
Notice that RC’(F;F) C RC(B) and hence RC(F j+) = {0} so F j+ is bounded. We next consider 2
cases.

Case 1: a; € Q?. In this case, let 7 be such that Ta; € 72 and consider replacing aij < b; in the
description of B with TajTa: < 7b;j + 1/2. Clearly, the new set contains B strictly and is positive
lattice point free, a contradiction.

Case 2: aj ¢ Q2. Since FjJr is bounded, there exists vectors [,u € R be such that for B = {z €
R™ : u; > x; > 1;} we have

A = {z R} : alz < b¥ieI\{j}, aij>bj, ajrxgbj—l—l}gB.

Let T = {x € B : a?x > bj} NZ™ and note that T is finite. Notice that A gives the points
that will be included in B if b; is increased by 1 in the description of B, and, T' contains all
nonnegative integer point that would be contained in B if b; is increased by 1. If T = () then
replacing b; in the description of B with b; + 1 gives a strictly larger positive lattice point free
set, a contradiction. If T # () then let Bj = minxeT{a?x} > b; and note that in this case, we can
replacing b; in the description of B with b; to obtain a strictly larger positive lattice point free set,

again a contradiction. .

From Lemma 3.8 it is straightforward to obtain a bound on the number of facets of maximal
positive lattice point free sets by the following simple argument due to Bell [4] (also see Borozan

and Cornuéjols [5]).

Lemma 3.9 Let B € R? be a full-dimensional mazimal positive lattice point free set. Then it is a

polyhedron with at most 4 facets.

Proof. Each facet F of B has a point = in its relative interior. If there are more than 4 facets,
two nonnegative integral points 2" and xf " must be identical modulo 2. Then their middle point

/ o e . . . . . . .
%(xF + 2f") is integral, nonnegative and interior, which is a contradiction. .

The following lemma is true for any arbitrary number of rows, and is just stated here for

completeness of the characterization of maximal positive lattice point free sets in R2.

Lemma 3.10 Let S be a mazximal positive lattice point free set that is not full-dimensional. Then

S is an irrational hyperplane.

Proof. If S is not full dimensional then all x € S satisfy ax = b for some b € R and ¢ € R™.
Therefore S C {x € R™ : axz = b} and as S is maximal positive lattice point free, S = {x € R™ :
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ax = b}. If b is not integral, it is possible to rewrite the equation defining S as (1/b)ax = 1 and
therefore, without loss of generality, we assume that b € Z. Now, if a is rational there exists a large
enough 7 € Z such that 7a € Z™. In this case, S C {x € R™ : Tax > 7b, Tax < 7b+ 1} which

contradicts the maximality of S. Therefore, a ¢ Q™, and S indeed is an irrational hyperplane. =

3.2 Minimal valid functions for m = 2

We are finally ready to characterize minimal valid functions for P]ZF by relating them to maximal

positive lattice point free sets, as stated in the following theorem.

Theorem 3.11 Let ¢ : Q> — R be a minimal valid function for PJ}F. If S(W, f) contains f in its

interior, then S(1, f) is a mazimal positive lattice point free set.

Proof. Let B = S(¢, f) and note that as 1 is a valid function, B is positive lattice point free.
Also remember that, by Lemma 3.1, ¥ = 1p. For the sake of contradiction, assume that B is
not maximal, and let B’ be a maximal positive lattice point free set strictly containing B. If
int(RC(B)) = 0, then g/ dominates ¢, a contradiction. Therefore, we assume that RC(B) is
full-dimensional.

Let RC = {z € R? : ¢;v < 0,i € J} be a minimal description of the recession cone of B and
let d; = sup{c;z : @ € B} for i € J. Notice that B C C = {x € R? : ¢z < d;,i € J}. Now let
B" = B'N C and note RC(B"”) = RC and therefore ¢¥g(r) = ¢~ (r) for all r € RC. Furthermore,
as B” D B, by Lemma 2.4, ¥gn(r) < ¢p(r) for all r ¢ RC. As 1 is minimal, ¢) = ¢g» and hence
B = B”. Therefore, B is polyhedral as B = B’ N C where both B’ and C are polyhedral.

Let B ={z: a;xz < b;,i € I[}. By Lemma 3.8, a polyhedral set is maximal positive lattice point
free, if and only if, there exists a nonnegative integer point in the relative interior of each one of
its facets. As B is not maximal, for some t € I, the facet F; defined by a;x < b; does not contain
any nonnegative integer points in its relative interior. If F; is bounded, that is if a;x < 0 does not
define a facet of RC, then for some € > 0, the set B = {x : a;z < b;j,i € T\ {t} ; ayxz < by + ¢} is
positive lattice point free. Therefore, 15 is a valid function and as B D B, 15 dominates 15, a
contradiction. Hence, we assume that F; is unbounded and a;z < 0 defines a facet of RC.

We now argue that there is another facet of RC defined by apx < 0 where a; and a; are linearly
independent. If there is no such ay then RC = {x € R? : a4z < 0}. As f = (f1, f2)T ¢ Z?, not all

of the following four points are the same

m:(w) p2:<tm> p3:<w ) m;(w)
Lf2] ) (2] ) 2] ) [f2]

and since f > 0, they are non-negative and integral. Furthermore, f € conv(p1,p2,ps,ps) and
hence, there exist two distinct points p',p” € {p1,p2, ps, pa} such that ap’ < arf < ap”. This
implies that a;(p’ — f) < 0 and hence v = p' — f € RC(B). As f € int(B), we have that
p' = f+ ' €int(B), contradicting the fact that B is positive lattice point free.

Therefore, RC indeed has a facet defined by airx < 0 where a; and a; are linearly independent.
This also implies that B has an unbounded facet defined by agx < bx. Now, in the linear description
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of B, replace a;x < b by (a¢ + €ay)x < by + eby, for some small € > 0 and call the resulting set B€.
Clearly, B¢ D B. In addition, if € is small enough the new inequality is facet defining for B¢ and
also it induces a facet of RC(B°).

We next show that, if € > 0 is sufficiently small, then B¢ would be positive lattice point free.
To see this, note that, by Lemma 3.5, B does not have nonnegative rays in its recession cone RC,
and therefore, there exists ¢ > 0 such that for every ¢ < ¢ we have that B¢ also has no nonnegative
rays in its recession cone. Therefore, if € > 0 is small enough, B¢ N Ri is bounded and therefore
BN Z2 is finite. Let U = (B°\ B) N Z2 and note that for all points z € U we have (i) a;z > by
and (ii) agr < by. Let

B =min{ax — by} and o = max{by — arx}
zelU zeU

and reduce ¢, if necessary, so that ¢ < (/a. If B¢ is not positive lattice point free, there is a
nonnegative integer point y € int(B). As Fy, the face of B defined by a;z < by, has no integer
points by assumption, a;y > b; and therefore y € U. But then,

(ar + ear)y < by + eby, = ay — by < e(by — ary) < ea < B < ayy — by.

This is a contradiction and therefore int(B€) N Z_% = () and B¢ is positive lattice point free.

As the final step, we will next show that ¢ge dominates g which will imply that g can not
be minimal, a contradiction. First note that as B¢ is larger than B, we have 1p<(r) < ¢ p(r) for all
r ¢ RC(B€). Moreover, RC(B€) 2 RC and therefore pe(r) < ¢ p(r) for all r € RC(B¢) \int(RC).
Finally, for r € int(RC), first note that

’I"T(It

b by — fTat

Yp(r) = max{

} and pe(r) = max {% T (ay + eay) ; }

(b + ebg) — fT(ar + eay,

where v = iemJi%} {rT¢;}. First note that as f € int(B),

(be + eby) — fT(as + eay,) = (b — fTay) + e(by — fTa) < by — fLay.

In addition for r € int(RC) we have r7a* < 0 and therefore r*'(a; 4+ €az) < r7a; implying that
Yp(r) > Ype(r). Therefore, ¥ indeed dominates 1»p which contradicts the starting assumption

that ¢ p is minimal. .

3.3 Geometry of positive lattice point free sets in R?

So far in this section we established a strong relationship between minimal functions and maximal
positive lattice point free sets for m = 2. In particular, Theorem 3.11 shows that any minimal
function is generated by a maximal positive lattice point free set, which by Theorem 3.2 is polyhedral
and therefore, by Lemma 3.8, has at most 4 facets. In other words, if ¢ : Q> — R is a minimal

valid function for Pf+ , then v = g where B is full-dimensional and has a minimal description
B={zecR?:alz<b,Vi=1,... k}

with k£ < 4. We next show that if £ = 4 then B is a maximal lattice point free set.
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Lemma 3.12 Let B be a mazimal positive lattice point free set in R? that contains a point f > 0
in its interior. If B has 4 facets, then it contains no lattice points in its interior and therefore it is

a maximal lattice point free set. Furthermore, B is bounded.

Proof. Assume that B contains lattice points in its interior and let Z be one such point with
the property that d(z) = max{—=z1,—x2} is smallest. As B is positive lattice point free, z ¢ R%
and d(x) > 0. As every facet of B has to have a positive lattice point in its relative interior by
Lemma 3.8, B has to contain, on its boundary, 4 positive lattice points with all 4 possible odd/even
parity. Let y € B be a positive lattice point that has the same odd/even parity as = and notice
that z = /2 + y/2 is integral and z € int(B) and therefore z is not a positive lattice point. But
then, as y > 0 we have d(z) < d(z/2) < d(z), a contradiction. Therefore, B is a maximal lattice
point free set with 4 facets and as such it has to be a quadrilateral (see [2]) and therefore, it is

bounded. "

Remember that P; is the relaxation of P;r where integer variables are not required to be non-
negative, see [5]. Also remember that minimal valid inequalities for P; are defined by maximal
lattice point free sets. More precisely, if B is a maximal lattice point free set, then ¢ p is a minimal
valid function for Py, and if ¢ is a minimal valid function for Py, then S(%, f) is a maximal lattice
point free set.

From a practical point of view, Lemma 3.3 implies that any minimal valid inequality ¢ : Q2 — R
for PJT is also valid and minimal for P, provided that S(v, f) is a quadrilateral. The converse,
however, is not true as minimal valid inequalities for P; that are associated with quadrilaterals
might need to be strengthened to obtain minimal valid inequalities for ij . To see this point notice
that the maximal lattice point free quadrilateral Q = conv{A, B,C, D} shown in Figure 2(a) is
strictly contained in the maximal positive lattice point free cone K defined as the convex hull of
the rays EF and EG. The maximal lattice point free quadrilateral Q' = conv{H, I, J, K} shown
in Figure 2(b), on the other hand, is both maximal lattice point free and maximal positive lattice
point free and therefore the function ¢ is a minimal valid function for both sets P]T and Pr.

The cone K shown in Figure 2(a) also shows another difference between maximal positive lattice
point free and maximal lattice point free sets. In the case of maximal lattice point free sets, if a
set is full dimensional and unbounded, then it is a split which does not have a full-dimensional
recession cone. On the contrary, as shown in Figure 2(a), maximal positive lattice point free sets
can have full-dimensional recession cones.

When a maximal positive lattice point free set has 3 facets it can be a bounded set (triangle)
or an unbounded set. In both cases, the set might contain lattice points and therefore might lead
to minimal valid inequalities that are not valid for Py. Figure 3 shows these cases. Finally, if a
maximal positive lattice point free set has 2 facets, it can be a split, in which case the set is also

maximal lattice point free, or, it might be a translated cone as shown in Figure 2(a).
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Figure 2: (a) A maximal lattice free quadrilateral contained in a positive lattice free cone, and,

(b) a maximal lattice free quadrilateral which is also maximal positive lattice point free.
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Figure 3: Bounded and unbounded maximal positive lattice point free sets with 3 facets
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Figure 4: Two positive lattice point free sets B’ and B” that contain B. g £ 1p whereas
Ypr < Pp.

4 Strengthening valid inequalities for P, .

In the previous section we showed that when m = 2, it is sufficient to consider polyhedral positive
lattice point free sets to obtain all minimal valid functions for X, . This result motivates the
following question addressed in this section: given a polyhedral positive lattice point free set B C
R™ which is not maximal, how can one obtain a positive lattice point free set B’ 2 B such that
Ypr < p? One possibility is to start with a maximal lattice-free convex set as in Example 1.1
and try to obtain a positive lattice point free set that strictly contains it. It is important to note,
however, that B’ 2 B does not imply ¥g < tp. In other words, larger sets do not necessarily lead
to better valid inequalities. This is an important difference between the relaxation PJT studied in

this paper and relaxation P studied in [5]. The following example illustrates this fact.

Example 4.1 Let f = (0.8,0.2) and consider the following two positive lattice point free sets
B={xceR?: —x1+a2 < ~1/2; 21 <1} and B = {x € R?2: -y + 20 <0 ; 21 < 1}.
Figure 4(a) illustrates this example. Notice that B' 2 B and both sets contain f in their interior.
For r = (—0.3,—-0.9) we have that

_ (-1,1)7(-0.3,-0.9)  (1,0)7(-0.3,-0.9) , B
vpr) = mad e T 3T 08,02 1- (1,0)7(0.8,0.2))  max{=6:~1.5} =15, and
N na T g3 _
o) = max(TLDTC08,209) LOT(08,-09),

0—(-1,1)7(0.8,0.2)" 1 — (1,0)7(0.8,0.2)
and therefore Yp(r) < ¥pg/(r) even though B’ contains B. As all minimal functions are associated
with mazimal sets in R?, there exists a different mazximal positive lattice point free set B" D B that
gives a stronger valid inequality.

The set B" = {x € R? : —1/2z1 + 22 < 0; 21 < 1} D B shown in Figure 4(b), on the other
hand, gives a valid inequality that dominates ¢bp. The fact that g < g follows from Lemma 4.2.
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The following Lemma, gives sufficient conditions under which B’ O B implies that 1) gr dominates
Yp (le. Y <pand (F) < Yp(7) for some 7 € Q™.) We assume that all polyhedral descriptions

given are minimal, in other words, all inequalities given define facets of the corresponding polyhedra.

Lemma 4.2 Let B = {x € R™ : a'x < b',i € I} and RC(B) = {x € R™ : a'x < 0,i € I} where
I¢ C I. Assume B is positive lattice point free and 0 < f € int(B). Let B’ 2 B. If one of the
following conditions hold, then g dominates Y g.

(1) int(RC(B)) = 0.

(ii) B’ is obtained from B by dropping a constraint, i.e., B' = {x € R™ : a'z < b',i € I\ {k}}.
(#91) B’ is obtained from B by relaxing a constraint that does not give a facet of the recession cone,
i.e., B :={x € R™ :alx < bl,i=1\{k}; afx <b* 4 €} where k € I\ I¢ and € > 0.

(iv) B’ is obtained from B by rotating a facet-defining inequality of B wusing another one, i.e.,
B :={z €R™: (a + ea®)x < b + e ; alx < b',i € I\ {I}} wherel,k €I and e > 0.

Proof. Let Z € B’ \ B and define 7 = & — f so that f +7 € B’\ B. Note that ¥ ¢ RC(B) as
f+7 ¢ B. By Lemma 2.4, for this choice of 7 we have ¢¥p/(7) < ¥p(F). We next consider each
case separately and show that ¥ g < vp also holds.

(i) Follows directly from Lemma 2.4 as ¢¥p > 0 when int(RC(B)) = 0.

(ii) Follows from the definition of ¢ as ¢5(r) = max;e; {r’a;} and ¢ (r) = MaX;e\ {k} {rTa;}.
(i4i) As B’ O B, Lemma 2.4 implies that ¢ g/ (r) < ¢p(r) for all r & int(RC(B)). In addition, for
r € int(RC(B)) by Lemma 2.9, ¢g(r) = a’/r for some j € I¢ and as RC(B) = RC(B'), we have
Ypi(r) = ¥p(r).

(iv) Let ¢ = (a' + ea®) and d = b + eb*. We will show that cr/(d — cf) < max{a'r, a¥r}. This fact,
together with the fact that ¢p/(r) = max{cr/(d — cf), maxp gy a'r} implies that ¢p:(r) < ¢p(r).
Suppose, for the sake of contradiction that ér = cr/(d — cf) > max{alr,a*r}. Then ér > alr
implies

alr + eakr alr

(W —alf) + e(OF —akf) ~ W —dlf’

As all the denominators are positive, we have

dr(® —d' f) + ea®r( — a'f) > d'r(® — ' f) + ed'r (V¥ — a* f)

and hence a*r(b' — a'f) > alr(b* — ¥ f). Similarly, ér > a*r implies a*r(b! — al f) < alr(bF — a* f),

which is a contradiction and thus the result follows. "

Figure 1 shows an example of B and B’ satisfying conditions (7) and (i7) of Lemma 4.2, while
Figure 5 shows an example of B and B’ that satisfy conditions (4i7) and (iv). Also note that the set
B’ in Figure 4(a) does not satisfy condition (iii) as the relaxed constraint of B is associated with
a facet of RC(B). The set B” in Figure 4(b), however, satisfies condition (iv), as it is obtained by
rotating one facet defining inequality of B is using another facet-defining inequality.

Notice that Lemma 4.2 states conditions under which B’ O B gives a function ¢p < p.

However, such a function g/ is not useful for generating valid inequalities for P;r unless B’ is
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Figure 5: Example of a positive lattice point free set B’ that contains another positive lattice point
free set B such that ¥p < ip.

positive lattice point free. Therefore, one needs to be able to check if B’ is positive lattice point
free in order to apply Lemma 4.2 to strengthen a valid inequality for PJZ". In general, checking this
condition can be as difficult as solving an IP in m dimensions. However, there are some sufficient
conditions that can be checked that guarantee that B’ is positive lattice point free.

We next identify simple conditions under which dropping a constraint from B leads to a positive
lattice point free set. We are not able to establish easily checkable conditions for the remaining
operations described in Lemma 4.2. Formally, let B = {x € R™ : a'x < b',Vi = 1,...,k} be a
polyhedral positive lattice point free set that contains f > 0 in its interior (we also assume that all

inequalities describing B define facets). Let
Bl ={z eR™:a'z <b Vie{l,...,k}\ {j}}
denote the polyhedron obtained by dropping the jth inequality and let
Fl={zxeB:dz="V}

denote the facet defined by the jth inequality of B. It is easy to see that B/ can not be positive
lattice point free if F7 contains a nonnegative integer point in its relative interior. The following

observation establishes the reverse condition.

Lemma 4.3 Assume that F* does not contain a nonnegative integer point in its relative interior.
In addition, if ZT Nint(B*) C {x : akx < b*}, then Z7 Nint(B*) = 0, that is, B is positive lattice

point free.

Proof. If ZT Nint(B*) # 0, let y € Z7 N int(B*) and note that by assumption a*y < b*. If
aky < bF, then y € int(B), which contradicts the fact that B is positive lattice point free. Hence

a¥y = bF and y has to be in the relative interior of F*, again a contradiction. .
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Note that Z™ Nint(B*) C R7 N B*. Based on this observation and Lemma 4.3, we next present

two conditions that can be checked easily to verify that B* is positive lattice point free.

Corollary 4.4 Assume that F* does not contain a nonnegative integer point in its relative interior.
Then B* is a positive lattice point free provided that RN BF C {z: aFx < bF}.

Also note that if a* < 0 and bF > 0, then R’ C {z: akx < bk} and the above condition holds
trivially. Another condition that can be checked is the following.

Lemma 4.5 If F¥n R = () then B is positive lattice point free.

Proof. Suppose not. Then there exists y € Z'!' such that aby > b* and a/y < W for all j =
1,...,k—1. In addition, as f > 0 is in the interior of B, we have that a/f < &/ forall j =1,..., k.
But then for all A € [0, 1] we have that 2% = A\f + (1 — \)y satisfies a/2* < b7 forall j =1,...,k—1
and 2 > 0. Moreover there exists A such that a*2* = b*, but this contradicts the assumption that
FFART = .

Remember Example 1.1 and note that the inequality that was dropped to obtain the maximal
positive lattice point free set satisfies the conditions of both Corollary 4.4 and Lemma 4.5. Also
note that in order to apply Lemma 4.3 or Corollary 4.4, one needs to check if int(F*) contains
nonnegative integer points, which requires solving an integer program in R™. The condition F* N

R = () in Lemma 4.5, however, can be checked by solving a linear program.

5 Conclusion

In this paper, we defined a new relaxation for mixed-integer sets and studied valid inequalities
associated with it. Our relaxation can be seen as a tightening of the relaxation defined by Borozan
and Cornuéjols [5] and Andersen et. al. [2]. The difference between the two relaxations is the
presence of non-negativity constraints in our set. In this respect, the difference between the two
relaxations is similar to the difference between the master equality polyhedron [7] that we studied
recently and the cyclic group polyhedron of Gomory. In both cases, exploiting non-negativity leads
to stronger inequalities.

Even though some of our results generalize easily for m > 2 constraints, there are others that
we were not able to extend. For instance, for m > 2, are maximal positive lattice point free sets
polyhedral? If so, do they always have a nonnegative integer point in the relative interior of each of
their facets? Moreover, can there be minimal functions that arise from non-maximal positive lattice-
free convex sets? KEven though we only derived a one-to-one correspondence between maximal
positive lattice point free sets and minimal functions for m = 2, we believe such correspondence
also exists for m > 2.

Finally, notice that the nonnegativity on the integer variables is an arbitrary choice of con-

straints. In principle, one could impose any additional set of constraints to the integer variables
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and use this additional information to strengthen the inequalities obtained. A case of particular in-
terest is when the basic variables are all between given bounds [0, u] (for example binary variables)
and hence we only need to focus on convex sets that don’t have integer points in [0, u] in their

interior. We believe, for instance that Theorems 3.2 and 3.11 can be generalized for such cases.

Acknowledgements: As we completed this paper, our colleague Santanu Dey pointed out two
recent papers that are closely related with our work. The first one is a paper by Dey and Wolsey
which was not publicly available before we completed our work (but should be available shortly
on the Optimization Online website). The second paper is by Basu, Conforti, Cornuéjols, and
Zambelli and it is dated April 17, 2009 and is currently available at Giacomo Zambelli’s homepage.
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