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Abstract

Although direct methodsfor solving sparsesystemsof linear equationshave muchhigherasymptotic
computationalandmemoryrequirementscomparedto iterative methods,systemsarisingin someapplica-
tions, suchasstructuralanalysis,canoften be too ill-conditionedfor iterative solversto be effective. We
cite realapplicationswherethis is indeedthecase,andusingmatricesextractedfrom theseapplicationsto
conductexperimentsonthreedifferentmassivelyparallelarchitectures,show thatawell designedsparsefac-
torizationalgorithmcanattainveryhigh levelsof performanceandscalability. Wepresentstrongscalability
resultsfor testdatafrom realapplicationsonup to 8,192cores,alongwith bothanalyticalandexperimental
weakscalabilityresultsfor a modelproblemon up to 16,384cores—anunprecedentednumberfor sparse
factorization.For themodelproblem,wealsocompareexperimentalresultswith multipleanalyticalscaling
metricsanddistinguishbetweensomecommonlyusedweakscalingmethods.

1 Intr oduction

The core computationin a large numberof applicationsin science,engineering,and optimizationinvolves
solvinglargesparsesystemsof linearequationsof theform

�������
, where

��� 	�
�	
is thesparsecoefficient

matrix,
�� 	

is the right hand-sidevector, and
��� 	

is thevectorof unknowns for which a solutionis
sought.Thesesystemsaretypically solvedusingtwo classesof methods:(1) iterativemethodsthatstartwith
an initial approximationof thesolutionanditeratively refineit until thedesiredaccuracy is achieved,and(2)
direct methodsthat computea factorization

�������
, where

������� 	�
�	
arelower anduppertriangular,

respectively, andthesolution
�

canbeobtainedby trivially solvingthetriangularsystems
�������

and
�������

.
A practicallyimportantclassof sparselinearsystemsis onein which

�
is Hermitianandpositive definite

(referredto assymmetricpositive-definiteor SPDwhen
�

is real).A symmetricmatrix canberegardedasthe
adjacency matrix of a graph. It is well known [13, 35] that the total work involved in factoringtheadjacency
matrix of an � -nodegraphwhose� -nodesubgraphshave  "!#�%$'&)(+* -nodeseparatorsis  ,!-�.$+* with a nested-
dissection[13] ordering. The correspondingmemoryrequirementis  "!-�0/'&)(+* . All matricesthat arisefrom
finite-elementor finite-differencediscretizationsof partialdifferentialequationsover three-dimensional(3-D)
domainsbelongto thisclass.Similar lowerboundsfor thetimeandspacerequirementsin thetwo-dimensional
caseare  "!-� ('&)$ * and  "!-�21 3546!-��*-* , respectively. Clearly, both thetime andthememoryrequirementsgrow
superlinearlywith thesizeof thesystembeingsolved. On theotherhand,therearepreconditionersfor Krylov
subspaceiterative methodsthat,at leastin theory, cansolve suchsystemsin  "!-��* spaceand  "!-��* time. In
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practice7 however, the sparsesystemsarisingin many applicationscanbe too ill-conditionedfor the iterative
solvers to be effective. Also, in practice,  ,!-�8* time is rarely achieved with an  ,!-�8* -spacepreconditioner
becausethe numberof iterationsrequiredfor satisfactoryconvergenceinvariably grows with the sizeof the
system.Finally, despitea higherasymptoticcomplexity, directsolversturnout to bemuchfasterthaniterative
solverfor moderatelysizedsystemsarisingin many practicalapplications[11, 14, 15]. Thisisprimarilybecause
(1) a relatively inexpensive symbolicfactorizationphasecomputesthestaticstructureof the factorsto enable
the subsequentnumericalfactorizationphaseto proceedwith minimal useof expensive integer andpointer
operations,and(2) supernodal[13] andmultifrontal [8, 37] techniquesensurethatpracticallyall floating-point
computationis performedby cache-friendlylevel 2 andlevel 3 basiclinearalgebrasubprograms(BLAS) [6, 7].
Directsolversareextremelyefficient in situationswhereseveralsystemsneedto besolvedwith thesamecoef-
ficientmatrix. Directsolversandtheassociatedalgorithmscanalsobeusefulin thecontext of iterative solvers;
for example,ascoarse-gridsolversfor multigrid methods[38] or for computingpreconditionersbasedon in-
completefactorization[39]. Therefore,a high-performanceandscalableparalleldirectsolver is aninvaluable
scientificcomputingtool.

In this paper, we experimentallyandanalyticallyexploretheperformanceandscalabilitypropertiesof the
directsolver for symmetricpositive definite(SPD)matricesin WatsonSparseMatrix Package(WSMP) [18].
Using matricesextractedfrom real applicationsthat currently rely on direct solvers due to their robustness,
we show that well designedalgorithmsfor factorization[20] andtriangularsolution[21, 27] canattainvery
high levelsof performanceandscalability. We presentstrongscalabilityresultson up to 8,192CPUsfor test
datafrom realapplicationson threedifferentmassively parallelarchitectures.Weobservedsparsefactorization
speedsup to 4.6 Teraflopsfor a problemfor which the factorsrequirelessthan 3% of the memoryof the
machine.Wealsopresentbothanalyticalandexperimentalweakscalabilityresultsfor a modelproblemon up
to 16,384coresof aBlueGene/P(BG/P)[32] machine.For our largesttestcase,thefactorizationrequiredless
than2% of theavailablememoryandattained7.05Teraflops.To thebestof our knowledge,this is thehighest
performanceandthe utilization of the maximumnumberof coresfor sparsematrix factorizationreportedto
date. For the modelproblem,we alsocompareexperimentalresultswith multiple analyticalscalingmetrics
anddistinguishbetweensomecommonlyusedweakscalingmethods.

The remainderof the paperis organizedas follows. Section2 introducesour experimentalset up. In
Section3, we presentour experiencewith iterative solvers on our suite of testproblems. In Section4, we
comparetheperformanceandscalabilityof threedistributed-memoryparalleldirectsolvers. In Section5, we
presentperformanceandscalabilityresultsfor WSMP’s symmetricdirectsolver on CrayXT4 andIBM BG/P
computers.In Section6, we presentperformanceandscalabilityresultsfor a comprehensive setof matrices
derivedfrom amodel3-DproblemontheBG/P. In Section7,wepresentweakscalabilityanalysesof symmetric
sparsefactorizationalgorithmundervariouscriteriafor increasingtheproblemsizewith thesizeof themachine
andcompareanalyticalandexperimentalresults.Section8 containsconcludingremarks.

2 Experimental Setup

In this section,we presentthe detailsof our experimentalsetup. Theseinclude an introductionto the test
matrices,thesolver packagestried,andthehardwareplatformsused.
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Matrix N NNZ Application
Bstone-1 1,017,397 74,144,859 StructuralAnalysis
Lmco 665,017 107,514,163 StructuralAnalysis
Nastran-b 1,508,088 111,614,436 StructuralAnalysis
Sgi 1M 1,522,431 125,755,875 StructuralAnalysis
Ten-b 1,371,166 108,009,680 3-D MetalForming

Table1: SPDtestmatriceswith theirorder(N) andnumberof non-zeros(NNZ).

2.1 Testdata

The bulk of the experimentsreportedin this paperare performedon five test matricesextractedfrom real
applicationsthat currentlyusea directsolver. Table1 givessomebasicdetailsof thesematrices.Thematrix
Bstone-1wasgeneratedby anin-houseFEM softwarefor structuralanalysisof automobiletiresatBridgestone
Corporation.ThematrixLmcowasgeneratedby theapplicationof LockheedMartin Corporation’s DIAL finite
elementsystemto a structuralanalysisproblem. Thematrix Nastran-b alsocomesfrom a structuralanalysis
problemwhile performingimplicit nonlinearanalysisusing MSC Nastran[5]. Sgi 1M is a global stiffness
matrix extractedfrom MSC Nastranwhile performinglinearstaticanalysisof a machinebracket. Thematrix
Ten-b is generatedby Tenaris’ in-housefinite-elementsimulationsoftware for modelingcomplex 3-D bulk
metalformingprocesses.

In additionto thesematrices,wehaveusedmatricesderivedfrom cubic3-dimensional7-pointstencilfinite-
differencegridsof varyingsizesto presentweakscalingresultsin Section6.

2.2 Software packages

Following is abrief descriptionof thevariousiterative anddirectsolver packagesusedin thisstudy:
Hypr e(version2.0.0): Hypre[9], developedatLawrenceLivermoreNationalLaboratory, is aniterativesolver
packagedesignedfor solving large, sparsesystemson massively parallelcomputers.Hypre includesparallel
preconditionersbasedon incompletefactorization(Euclid [26]), sparseapproximateinverses(ParaSails[4]),
andalgebraicmultigrid (BoomerAMG[25]).
MUMPS (version4.7.3): MUMPS[2, 3] is adistributed-memoryparalleldirectsolverpackagefor symmetric
andunsymmetricsystemsandis basedon theparallelmultifrontalmethod[8].
SuperLU DIST (version 2.3): SuperLUDIST [33, 34] is the distributed-memoryparallel versionof the
SuperLUfamily of solvers.It is basedonsupernodalright-lookingLU factorizationandis designedfor general
systems.Unlike symmetricsolvers, it computesseparatelower anduppertriangularfactors. Therefore,in
practice,it would typically notbeusedto solve symmetricpositive definitesystems,whicharethefocusof our
study. Wehave includedSuperLUin ourexperimentsto comparethescalabilityof variousdirectfactorization
algorithms.
WSMP (version 8.7): The WatsonSparseMatrix Package(WSMP) [18] containshybrid distributed- and
shared-memoryparallel direct solvers basedon the multifrontal algorithm for both symmetric[19, 20] and
unsymmetric[16] systems.
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HardwareFeature BlueGene/P CrayXT4 IBM p5-575Cluster
Processors 32-bitPPC450 64-bit AMD Opteron 64-bitPower5+

Corespernode 4 (onequad-core) 4 (onequad-core) 16 (8 dual-cores)
Corefrequency 850MHz 2.3GHz 1.9GHz

Memorypernode 4 GB 4 GB 32 GB
L1 datacache 32 KB 64 KB 32K KB

L2 cache 14 streamprefetching 512KB private/core 1.9MB shared/dual-corechip
L3 cache 8 MB shared/node 2 MB shared/node 36 MB shared/dual-corechip

Theoreticalpeak 3.4GFlops/core 9.2GFlops/core 7.6GFlops/core
Max no. of coresused 16384 4096 1024

Table2: Key hardwarefeaturesof the threesupercomputersusedfor measuringtheperformanceof WSMP’s
sparseCholesky factorization.

2.3 Hardwareplatforms

We usedthreevery different hardware platformsto test the performanceand scalability of WSMP’s direct
solver for the symmetricmatricesdescribedin Section2.1. Table2 gives the basicdetailsof eachof these
platforms.TheBlue Gene/P(BG/P)systemis locatedat IBM T.J.WatsonResearchCenter. We usedtheCray
XT4 systemat Universityof Bergen’s Centerfor ComputationalScience.We usedtwo IBM p5-575clusters,
oneat TexasA&M University andoneat the NationalCenterfor SupercomputingApplications(NCSA) at
Universityof Illinois. Both clustershave thesamenodes;however, theclusterat TexasA&M Universityhasa
fasterswitch.Theexperimentscomparingthedirectanditerative solversreportedin Section3 wereperformed
ontheTexasA&M cluster, while thosecomparingthescalabilityof differentdirectsolversreportedin Section4
wereperformedon theNCSAcluster.

3 Comparisonwith Iterati veSolvers

In thissection,weexplorehow WSMP’sdirectsolvercompareswith thebest-casescenariofor iterativesolvers
for solving systemswith the five coefficient matriceslisted in Table 1. George et al. [14] have conducted
a fairly rigorouscomparisonof the implementationsof several state-of-the-artpreconditioningmethodsfor
SPDsystemsin a numberof iterative solver packages.From the resultsof that study, we concludedthat the

Preconditioner Orderings Parameters No. of Configurations
IC( 9 ) RCM, ND Levelof fill: 0, 1, 2, 4, 6, 8 12

BoomerAMG
RCM, ND

Maximumnumberof levels:25

72
NONE

Numberof aggressivecoarseninglevels:0, 10
Coarseningschemes:Falgout,HMIS, PMIS
Strongthreshold:0.25,0.5,0.8.0.9

ParaSails
RCM, ND

Numberof levels:0, 1, 2
81Threshold:0, 0.01,0.1,-0.75,-0.9

NONE Filter: 0, 0.001,0.05,-0.9

Table3: Preconditionersandtheirparametersthatwereused.
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Matrix Solver Failur e rate Av. Mem Med. Mem Min. Mem Max. Mem

Nastran-b
hypre-IC(k) 1/12 1.81e+10 1.92e+10 4.08e+09 3.89e+10
hypre-AMG 2/72 3.35e+09 1.70e+09 1.03e+09 2.84e+10

hypre-PSAILS 52/81 4.48e+09 4.63e+09 2.30e+09 7.47e+09
wsmp-DIRECT 0/1 9.12e+09 9.12e+09 9.12e+09 9.12e+09

Sgi 1M
hypre-IC(k) 0/12 2.54e+10 1.98e+10 4.22e+09 5.10e+10
hypre-AMG 0/72 4.33e+09 1.98e+09 1.15e+09 4.42e+10

hypre-PSAILS 15/81 3.67e+09 2.81e+09 2.41e+09 8.83e+09
wsmp-DIRECT 0/1 1.57e+10 1.57e+10 1.57e+10 1.57e+10

Table4: Memorystatisticsfor thedirectanditerative solverson64 processors.

Matrix Solver Failur erate Av. Time Med. Time Min. Time Max. Time

Nastran-b
hypre-IC(k) 1/12 161 137 45.1 378
hypre-AMG 2/72 148 109 79.7 948

hypre-PSAILS 52/81 166 156 28.8 384
wsmp-DIRECT 0/1 20.7 20.7 20.7 20.7

Sgi 1M
hypre-IC(k) 0/12 202 110 33.9 585
hypre-AMG 0/72 101 66.5 46.4 783

hypre-PSAILS 15/81 91.7 29.7 16.3 399
wsmp-DIRECT 0/1 32.2 32.2 32.2 32.2

Table5: Timestatisticsfor thedirectanditerative solverson64 processors.

level-of-fill basedincompleteCholesky factorization(IC( : ) [26]), sparseapproximateinversepreconditioner
(ParaSails[4]), andthealgebraicmultigrid preconditioner(BoomerAMG[25]) availablein theHypre[9] pack-
ageofferedthebestchancesof providing a mostrobust,high-performance,andmemoryefficient solutionin a
highly paralleldistributed-memoryenvironment.

Theperformanceandeffectivenessof mostpreconditionersisnotonly problemdependent,but isalsohighly
sensitive to varioustunableparametersof thepreconditioneraswell asthechoiceof matrixpreprocessingsteps
suchasorderingandscalingetc. Having chosenthe“best” [14] iterative solver packagefor SPDsystems,we
attemptedto usethebestconfigurationsof its preconditionersfor eachmatrix for a comparisonwith thedirect
solver. Usingdifferentcombinationsof variousparameters,asshown in Table3, we crafted12 configurations
for theIC( : ) preconditioner, 72 for BoomerAMG,and81for ParaSails1 andattemptedto solveall fivesystems
on 64 processorsof an IBM p5-575cluster. Theconjugategradient(CG) solver wasused.Diagonalscaling
wasperformedon all matricesanda right-handsidevectorof all 1’s wasused.A maximumof 2000iterations
werepermittedandwerestoppedwhentherelative normof residualdroppedbelow ;5<+=?> .

Noneof theconfigurationsof any of the threepreconditionerscould solve systemswith Bstone-1, Lmco,
andTen-bascoefficientmatrices.Thestatisticsfor thememoryandtimeusedby variouspreconditionersfor the
othertwo matricesareshown in Tables4 and5, respectively. Thetablesshow thatfor Nastran-b, Hypre-AMG
hadthemostsignificantmemoryadvantageover thedirectsolver. Both themedianandtheminimummemory
wassmall andonly two of its 72 configurationsfailed. However, even its bestconfigurationwasaboutfour
timesslower thanthedirectsolver. Hypre-PSAILShadalargenumberfailures.Althoughits bestconfiguration

1Not all combinationsof parametersshown in Table3 wereusedbecausesomewerenotpractical.
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Matrix Solver Failur e rate Av. Mem Med. Mem Min. Mem Max. Mem

Nastran-b
hypre-IC(k) 0/2 4.00e+09 4.00e+09 4.00e+09 4.00e+09
hypre-AMG 0/4 1.44e+09 1.21e+09 1.04e+09 2.33e+09

hypre-PSAILS 0/4 5.82e+09 5.82e+09 5.82e+09 5.83e+09
wsmp-DIRECT 0/1 8.68e+09 8.68e+09 8.68e+09 8.68e+09

Sgi 1M
hypre-IC(k) 0/2 4.24e+09 4.24e+09 4.24e+09 4.24e+09
hypre-AMG 0/4 1.64e+09 1.36e+09 1.16e+09 2.68e+09

hypre-PSAILS 0/4 5.94e+09 5.94e+09 5.94e+09 5.94e+09
wsmp-DIRECT 0/1 1.56e+10 1.56e+10 1.56e+10 1.56e+10

Table6: Memorystatisticsfor thedirectanditerative solverson 256processors.

Matrix Solver Failur erate Av. Time Med. Time Min. Time Max. Time

Nastran-b
hypre-IC(k) 0/2 5.95 5.95 5.95 5.96
hypre-AMG 0/4 32.3 32.5 24.2 39.9

hypre-PSAILS 0/4 5.92 5.85 5.24 6.76
wsmp-DIRECT 0/1 7.03 7.03 7.03 7.03

Sgi 1M
hypre-IC(k) 0/2 3.83 3.83 3.81 3.86
hypre-AMG 0/4 17.4 17.6 14.6 19.7

hypre-PSAILS 0/4 4.12 4.02 3.38 5.07
wsmp-DIRECT 0/1 11.1 11.1 11.1 11.1

Table7: Timestatisticsfor thedirectanditerative solverson256processors.

performedwell, themedianandtheaveragevaluesweremuchworse.For Sgi 1M, all preconditionersworked
reasonablywell. Hypre-AMG andHypre-PSAILSwerecompetitive in medianandminimumtimesandhada
significantmemoryadvantageover thedirectsolver.

Basedon theresultsof our64-CPUexperiments,wechosethebestconfigurationswith respectto timeand
memoryfor Nastran-bandSgi 1M andtriedthemon256CPUsfor boththematrices.The256-processormem-
ory andtime resultsaresummarizedin Tables6 and7, respectively. Sincethesewerethebestconfigurations
for 64CPUs,they performedverywell comparedto thedirectsolver. Two trendscouldbeobservedfrom these
tables.First, going from 64 to 256processors,all threepreconditionersscalebetterthanthedirectsolver. In
fact, IC( : ) tendsto show superlinearspeedup,for which we do not have an explanationyet (the numberof
iterationsactuallyincreasedwith thenumberof processors).Thesecondobservation is that the total memory
usageof Hypre-PSAILScreepsup with thenumberof processors.As a result, it doesnot have a significant
memoryadvantageover thedirectsolver on 256CPUs,although,by virtue of its betterscalability, thesolution
timeof at leastits bestconfigurationis smallerthanthatof thedirectsolver for boththematrices.

To summarizethe resultsof this section,iterative solversareeffective for only oneor two of thefive ma-
trices, dependingon the preconditionerand the numberof processorsused. Even in thesecases,a careful
selectionof parametersis necessary, andit maynot alwaysbepracticalto performextensive experimentation
to selectthebestsetof parametersin real-life situations.Notethat theseresultsarenot meantto beindicative
of iterative solvers’ performancein general. The testdatais not random,but is obtainedfrom hand-picked
applicationsthat usedirect solvers. The purposeof theseexperimentsis to show that a preferencefor direct
solversin theseapplicationsis justifiedandthatdirectsolvers,despitetheircost,areindispensablefor many ap-
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Figure1: Factorizationtimesandspeedsof four differentconfigurationsof WSMP, SuperLU,andMUMPSfor
matrixBstone-1on Power5+cluster.

plications.Therefore,it is desirableto develophighly parallelalgorithmsfor themandstudytheirperformance
andscalabilityproperties.

4 Comparisonwith Other Dir ect Solvers

In this section,by meansof experimentson an IBM p5-575cluster, we compareWSMP’s symmetricdi-
rect solver with two well known distributed-memoryparalleldirect solvers,namelyMUMPS [2, 3] andSu-
perLU DIST [33, 34]. Thesethreedirectsolversusedifferentparallelizationapproachesfor sparsefactoriza-
tion. Two typesof parallelismareavailable for factoringsparsematrices. The first, taskparallelism, views
the entirecomputationasa task-dependency graphandseeksto performindependenttasksin parallel. The
taskdependency graphfor factoringsymmetricsparsematriceshappensto be a tree,which is known asthe
elimination tree [36]. Data parallelism is the secondtype of parallelismavailable andpertainsto multiple
processesperforminga computationaltasksuchaspanelfactorizationor anupdateoperationin parallelwith
thedatainvolved in theoperationdistributedamongtheprocesses.Guptaet al. [20] analyticallyshowed that
oneof thefactorsthatdeterminesthescalabilityof parallelsparsefactorizationis whethertaskparallelism,or
dataparallelism,or bothareexploited. Whendataparallelismis exploited, thescalabilityis quitesensitive to
datadistribution. A two-dimensionaldistribution, whereboth the rows andthe columnsof the matrix or its
submatricesarepartitioned,leadsto morescalableparallel formulationsthana one-dimensionaldistribution
involving partitioningof eitherrows or columnsonly. WSMPusesbothtaskparallelismanddataparallelism,
graduallyswitchingfrom the former to the latter asthe numberof independenttasksdeclinesandtheir size
increases.In thedataparallelpart,it usesa two-dimensionaldistribution. MUMPSalsousesbothtaskanddata
parallelism;however, with theexceptionof therootsupernodeof theeliminationtree,it usesaone-dimensional
partitioningin thedata-parallelpart. SuperLUDIST usesdataparallelismonly with a two-dimensionaldistri-
bution of data. Anotherrecentdistributed-memoryparallelsymmetricdirect solver PaStiX [10, 24] is based
on dataparallelismwith a two dimensionalpartitioning.We arecurrentlyin theprocessof evaluatingPaStiX,
but expect its scalability to be similar to that of SuperLUDIST dueto the similarity of their parallelization
approaches.Preliminaryexperimentsshow PaStiX to besignificantlyfasterthanSuperLUDIST, but to scale
ataslightly worserate.
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Figure2: Factorizationtimesandspeedsof four differentconfigurationsof WSMP, SuperLU,andMUMPSfor
matrixLmcoonPower5+cluster.
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Figure3: Factorizationtimesandspeedsof four differentconfigurationsof WSMP, SuperLU,andMUMPSfor
matrixNastran-bon Power5+cluster.

MUMPS andSuperLUDIST arepuredistributed-memoryparallelsolversandperformbestif thenumber
of MPI processesis thesameasthenumberof CPUs. WSMPandPaStiX, on theotherhand,canusemulti-
threadedMPI processes.As aresult,agivennumberof CPUscanbeutilizedvia multiplecombinationsof MPI
processesandthreads.Weexperimentedwith four suchcombinationsfor WSMPandshow theresultsof using
1, 2, 4, and8 threadsperMPI processin thissection.

Figures1–5show theperformanceof WSMP, SuperLU,andMUMPS for factoringthefive testmatrices2

on up to 1024CPUsof the p5-575cluster. The datacolumnsand the barscorrespondingto WSMP-: T in
thesefiguresdenotethat : threadswereusedby eachof the @BA5: MPI processesfor utilizing @ CPUs. Prior
to factorization,thematriceswerepermutedusingthedefault orderingschemefor eachpackage.By default,
WSMPusesits native ordering[17], SuperLUusesAMD [1], andMUMPS usesPORD[40]. Notethatunlike
WSMPandMUMPS, which factoronly a triangularpartof thesymmetricmatrix, SuperLUperformsanLU
factorizationof the entire matrix becauseit hasbeendesignedfor generalsparsematrices. As a result, it
performstwice the numberof operationsneededto factor a symmetricmatrix, and its performanceshould
be viewed in the light of this. However, the focusof the experimentsin this sectionis to study the relative

2In mostcases,MUMPS did notfinish factoringTen-bwithin thetwo-hourlimit specifiedfor thebatchjobs.
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Figure5: Factorizationtimesandspeedsof four differentconfigurationsof WSMP, SuperLU,andMUMPSfor
matrixTen-bonPower5+cluster.

scalabilityof thesolvers;i.e., their capacityto deliver increasingspeedupswith increasingnumberof CPUs.
The results in Figures1–5 show that WSMP’s factorizationscalesthe best, followed by that of Su-

perLU DIST. Thehighestfactorizationspeedof nearly2.2Teraflopswasobtainedfor theTen-bmatrixwith 512
MPI processesusingtwo threadseach.Thenumberof threadsperprocessaffectstheperformance,andusing
multiple threadsperprocessis almostalwaysbeneficial.In mostcases,using2 or 4 threadsperMPI process
deliversbetterperformancethanusingsinglethreadedprocesses.Performanceappearsto begin decliningwhen
8 or morethreadsareused.

5 Performanceon Cray XT/4 and Blue Gene/P

Having observed the speedupson up to 1024 CPUsof a p5-575cluster, we testedthe solver on two other
massively parallelplatforms,theCrayXT4 andIBM Blue Gene/P, on which we couldaccessaneven higher
numberof processors.On both thesemachines,eachnodeconsistsof four coresin an SMP configuration—
AMD Opteronon theXT4 andPowerPC450on BG/P. Therefore,we usedonemultithreadedMPI processon
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eachnodeandallowedit to useall four CPUs.
Figure6 shows thefactorizationtimesandspeedin Gigaflopsfor eachof thefive matricesin our testsuite

on theCrayXT4 on logarithmicscales.All experimentswereconductedwith 4 GB memorypernodeon32or
morenodesandwith 8 GB pernodeon fewer nodes.As thefigureshows, with theexceptionof thesmallest
matrix Bstone-1, the speedupcontinuesto increaseall the way up to 1024nodes(4096CPUs). The highest
performanceof 4.6Teraflopswasobtainedfor thelargestmatrixTen-b.

Figure7 depictsthesamedatafor theBG/P. Onceagain,with theexceptionof Bstone-1, thefactorization
time continuesto declineup to 2048nodes(8192CPUs). SinceBG/Pnodesareslower thantheXT4 nodes,
theperformanceis proportionallylower. On anaverage,on thesamenumberof nodes,thefactorizationcode
seemsto runaboutthreetimesfasterontheXT4 thanonBG/P. A peakperformanceof justover2 Teraflopswas
obtainedfor Ten-bon 2048nodes.Thescalabilityof thecode,however, seemsto besimilar onbothmachines.
For example,Table8 shows thespeedupsof goingto 1024nodesfrom 32 nodeson bothmachinesfor all five
matrices.Thesearethemaximumandtheminimumnumberof nodesfor which we have datafor all matrices
on bothmachines,andthespeedupnumbersarequiteclose.
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Machine Bstone-1 Lmco Nastran-b Sgi 1M Ten-b
IBM BG/P 5.04 10.2 11.4 12.6 13.5
CrayXT4 6.33 10.5 8.65 11.3 13.2

Table8: Ratioof factorizationtime on32-nodesto thaton1024nodesof BG/PandXT4.

6 WeakScalingfor a Model Problem

In the previous sections,we usedfive fixed matricesto study the performanceand scalability of WSMP’s
symmetricsparsefactorization. Solving a fixed problemusing an increasingnumberof processorsalmost
alwaysresultsin diminishingefficiencies(typically definedastheratioof speedupto thenumberof processors).
In thissection,weusematricesderivedfrom artificial cubic3-dimensional7-pointstencilfinite-differencegrids
of varyingsizesfor a morein-depthinvestigationof thescalingpropertiesof this solver. Notethat,unlike the
matricesusedearlierin thepaper, themodelfinite differenceproblemis easilysolvableusingiterative methods
anda directsolver would not beusedin practice.Thepurposeof theexperimentsdescribedin this sectionis
simply to useasetof matriceswith varyingsizebut similar structure.

Table9 shows theperformanceof the factorandsolve phasesof WSMP’s symmetricsparsedirectsolver
over a fairly comprehensive setof matricesderived from themodelcubic3-D finite differenceproblem. The
experimentswereperformedon a BG/P system.Eachrow of datacorrespondsto a given number@ of BG/P
nodes,where @ rangesfrom 1 to 4096. WSMP usesasmany MPI processesas the numberof nodesused,
andeachmultithreadedprocessusesall the four CPUson eachnode.Thetablecontainsfive columnsof data
correspondingto increasingvaluesof � , the dimensionof the 3-D cubic grid. Eachmajor column of data
(separatedby doublevertical lines)containsthreesubcolumns:thefirst oneshows thevalueof � in bold font
andthe factorizationefficiency C in a smallerfont, the secondoneshows factorizationtime in secondsand
speedin Gigaflopsor Teraflops,andthe third oneshows the time andspeedof the triangularsolutionphase
for a singleright-handsidevector. The valuesof � usedin the tablerangebetween20 and232. Successive
valuesof � arechosensuchthat the numberof operationsrequiredfor factorizationincreasesby a factorofD5E D

(explanationto follow in Section7.2). The problemsizeor the total amountof work for the triangular
solutionphasegrows as  ,!#@B* alongthecolumns.Five valuesof � weretried for each@ . Thevaluesof � used
in eachrow areshiftedsothatstrongscalabilityresultscanbeviewedalongtop-right to bottom-leftdiagonals
andweakscalabilityresultswith the factorizationproblemsizegrowing as  ,!#@6F'G >+* canbe viewed alongthe
columnsof thetable.

Table9 shows that factorizationtimesfor a fixed problemcontinueto declineup to 4096nodes(16,384
cores)andthe solve operation,which always takeswell undera secondto complete,continuesto speedup
until 2048nodes.For the largestmatrix (correspondingto � � D5H5D

) andthe largestBG/Pconfigurationwith
@ �JI <5K5L , a maximumsustainedspeedof 7.05 Teraflopswasobtained. To the bestof our knowledge,this
is the highestperformancefor sparsematrix factorizationreportedto date. A triangularfactorof the matrix
correspondingto � � D5H5D

containsabout28 billion nonzeros.This amountsto lessthan2% of thememory
of a 4096-nodeBG/P with 4 Gbytesof memorypernode. Hence,our largesttestcaseis relatively small for
a machineof this size, which can potentially handlemuch larger problemsand deliver significantly higher
speedsandefficiency for sparsematrix factorization.Currently, WSMP’spreorderingphaserequiresgathering
all indicesof thesparsematrix on a singlenode,which limits its ability to handlethematrix correspondingto
the next valueof � � ! D5E D0MND5H5DPO *'FQ& O8R�D5S L . This limitation could have beenovercomeby usinga fully
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distrib
e

uted orderingsuchasParMETIS [28]. Anotherconsiderationin using relatively small problemsizes
for the large numberof experimentsrequiredto gatherthe datafor Table9 was to conserve computational
resources.

Justbelow eachvalueof � in Table9 is a fraction that representstheefficiency of factoringthematrix of
dimension� � �%( usingthenumberof nodes@ associatedwith that row of the table. Traditionally, parallel
efficiency is definedasthe ratio of parallelspeedupto thenumberof processors.However, while scalingthe
problemsizewith thenumberof processors(or nodes),it is usuallynotpossibleto measurethespeedup,which
is the ratio of the parallelexecutiontime to the bestserialtime for solving thesameproblem. The reasonis
that the problemattemptedon @ nodesmay be too large to fit in the memoryof a singlenode. In order to
overcomethis difficulty, we solved systemswith increasingvaluesof � on a singlenodeandmeasuredthe
speedf F !#��* in Gigaflops.The largestsystemthatcouldbesolved on a singlenodecorrespondedto � � S I

.
The speedf F ! S

I * wasclocked at about7.4 Gigaflops,which is little more thanhalf of the theoreticalpeak
for a BG/P node. We assumethat f F ! S

I * is the maximumspeedthat a singleBG/P nodecandeliver on this
problem. We thencomputedthe factorizationefficiency for each !#@ � ��* pair as fhgi!#��*-Aj@Bf F ! S I * , where fjg5!#��*
is the measuredspeedin Gigaflopsof factoringthe matrix correspondingto the � M � M � grid on @ nodes.
This efficiency computationalsomitigates,to someextent, a usualcomplicationin reconcilingexperimental
andanalyticalperformanceandscalabilityresults.Theanalysistypically considersfactorslikecommunication
overheadandload-imbalance,but doesnot usuallyaccountfor the fact that thespeedat which computations
areperformedcanchangewith thenumberof processors.Sometimes,thespeedof computationimproveswith
an increasingnumberof processorsdueto a larger net cachesize; however, in mostnumericalapplications,
includingsparseanddensematrix factorization,thecomputationspeeddeclineswith anincreasingnumberof
processorsbecauseof progressively shortertemporalandspatialstreamsof computationanddatabetweenthe
communicationsteps. As a resultof computingthe efficiency relative to the maximumobtainablespeedon
a singlenode,the singlenodeefficienciesfor �lk S I

arelessthanthe ideal valueof 1.0, thuscapturingthe
impactof smallerblocksof data.This makesit fairer to comparethesewith theefficiencieswhenthenumber
of processorsand� areincreased.

7 WeakScalingAnalysis of the 3-D Model Problem

In this section,we review someprior analyticalscalability resultsfor solving sparsesystemsarising from
problemsinvolving discretizationof 3-D domains,derive scalabilityresultsfor additionalscalingcriteria,and
comparetheanalyticalresultswith theexperimentalresultspresentedin Section6.

7.1 Definitions and assumptions

Westartby introducingthefollowing terminology, whichwill beusedin theremainderof thesection.Number
of processes(@ ), which is equivalentto thenumberof nodesin thecontext of thispaper, is thenumberof MPI
processesusedto solve a given instanceof theproblem.Dueto thehierarchicalnatureof parallelismusedin
the sparsefactorizationimplementationbeingstudied,we will usethe numberof processesor nodesin lieu
of thenumberof processors,which is often usedin theanalysisof parallelalgorithms.Eachnodemay have
multipleCPUsthatareutilizedby meansof amultithreadedsingle-nodecodein our implementation.Weregard
a nodeasthe basicprocessingelementthat hostsa singleMPI processandcommunicateswith othernodes.
Problemsize( m ) is ameasureof totalamountof work requiredto solve theproblemandis usuallyexpressed

13



in
n

termsof thenumberof basicoperationsneededto solve theproblem.Whenexpressedin orderterms,it is
thesequentialtimecomplexity of theproblem.Sincetheproblemsizeis relatedto theserialexecutiontimeby
a constant,we alsouse m to denotetheexecutiontime on a singleprocess.A coefficient matrix of dimension
� � � ( resultingfrom an � M � M � grid requires "!-� $ * or  "!#� O * operations[13, 35]. Similarly, theproblem
size for the triangularsolution phaseis  ,!-�./'&)(+* or  ,!#�%/i* . Parallel Execution Time (o�p ) is the time to
solve a problemin parallelandis a functionof thenumberof processes@ andtheproblemsize m . Whenthe
problemsizeis expressedasa function of a parameterof the input size,suchasthe matrix dimension� in
our case,then o p canbeexpressedasa functionof @ and � . Guptaet al. [20] have shown that for themodel
problembeingconsideredin this section,a lower boundon o�p of WSMP’s sparsefactorizationalgorithmisq ! 	srg�t 	vuxwzy{ g * . The first term is due to the computationthat eachnodeperformsandthe secondterm is a
lowerboundon thetimespentin communication.Total Parallel Overhead(o�| ) is thesumof all theoverhead
incurreddueto parallelprocessingby all theprocesses.In ourcase,a lowerboundon thetotaloverheaddueto
thecommunicationtermin o�p wouldbe

q !-�0/'&)( E @B* . Speedup( } ) is theratioof theserialexecutiontime m
of thefastestserialalgorithmto theparallelexecutiontime o p . Efficiency ( C ) is usuallyexpressedastheratio
of speedup( } ) to thenumberof processors(@ ). Thus, C � ~g'��� � FF-���h�� .

7.2 Scalability analysis

It is well known thatfor aprobleminstanceof afixedsize,thespeedupof aparallelalgorithmdoesnotcontinue
to increasewith increasingnumberof processesandtendsto saturateor peakatacertainvalue.Thesizeof the
problemmustbeincreasedwith thenumberof processesfor an increasingnumberof processesto beutilized
efficiently—aconceptlooselyknown asweakscaling. Variouscriteriahave beenstudiedfor determiningthe
rateat which theproblemsizemustbe increased(many of thesearesurveyed by KumarandGupta[29]). In
this section,we discussa few of thesein the context of factorizationof sparsesymmetricmatricesresulting
from discretizing3-D domains.

7.2.1 Fixed efficiencyscaling

Kumar and Rao [30] developeda scalability metric relating the problemsize to the numberof processors
necessaryfor an increasein speedupin proportionto the numberof processors.This metric is known asthe
isoefficiencyfunction. Guptaetal. [20] haveshown thattheproblemsizemustincreaseatleastasfastas

q !#@6F'G >5*
for WSMP’ssparseCholesky factorizationto maintainafixedefficiency.

7.2.2 Fixed memory scaling

Increasingtheproblemsizewith thenumberof processessuchthat thememoryrequirementfor eachprocess
remainsconstant[42, 43] is a practicalway to scalethe problemsize sincethe total available memoryis
proportionalto the numberof processes,at best. For the problemat hand,the total memoryrequirementis
 "!-� /'&)( * andthe problemsize m is  "!-� $ * . Incidentally, � /'&)(�� @ implies � $8� @ F'G > . Therefore,fixed-
memoryscalingis equivalentto thefixed-efficiency scaling.

7.2.3 Fixed workload scaling

Gustafsonet al. [22, 23] werethe thefirst to experimentallydemonstratethatby scalingup theproblemsize,
near-linear speedupcouldbeobtainedon up to 1024processors.They introducedthescaledspeedupmetric,
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which� is definedas the speedupobtainedwhen the problemsize is increasedlinearly with the numberof
processes.Scaledspeedupincreaseslinearlywith thenumberof processesonly whentheisoefficiency function
is linear, which is not thecasefor parallelsparsefactorization.In this case,C = F� F-���j���� = FF-��� g�� wz� for some

constant� becauseo�| � �./'&)( E @ and m � �0$ � @ . Thus,theefficiency canbeexpectedto progressively
declineastheproblemis scaledin proportionto @ .

7.2.4 Fixed time scaling

Underfixedtime scaling,first studiedin detailby Worley [45], theproblemsizeis increasedwith @ suchthat
the parallelexecutiontime o�p remainsconstant.SunandGustafson[41] describea similar concept,called
sizeup, which is theratio of thesizeof theproblemsolvedon theparallelcomputerto thesizeof theproblem
solvedon thesequentialcomputerin agivenfixedamountof time. For ourproblem,theexpressionfor o�p has
two asymptoticterms,

	 rg and
	 uxwzy{ g . Noneof theseshouldgrow asymptoticallyin orderto keepo�p fixed.The

morerestrictive of the two conditionson problemsizegrowth with respectto @ resultsfrom thesecondterm
anddictatesthat � /'&)(�� E @ , or the problemsize m � � $ grows no fasterthan  "!#@ ('&)/ * to keep o�p from
increasing.

7.2.5 Fixed speedscaling

SunandRover [44] defineisospeedor fixed-speedscaling,wheretheproblemsizeis increasedwith @ suchthat
theaverageunit speedof computationremainsconstant.Theisospeedmetricfor a parallelalgorithm-machine
combinationcanonly bedeterminedexperimentallyby meansof dataof theform shown in Table9.

7.3 Worst casescalability analysis

The variousweakscalabilityanalysespresentedin Section7.2 arebasedon Guptaet al.’s [20]
q !-�0/'&)( E @B*

lower boundon the total communicationoverhead.Theseanalysesrepresentthe best-casescenariofor two
main reasons.First, Guptaet al.’s derivation assumesa hypercubeor a two-dimensional(2-D) meshinter-
connectionfor the target parallel computer. In our case,however, the BG/P machineemploys a 3-D torus
network. Secondly, they considercommunicationoverheadonly anddo not accountfor the overheaddueto
load-imbalance.Thelatter, unfortunately, is hardto analyzebecauseit dependson thepermutationgenerated
by theorderingheuristic3.

It may be possibleto reorganizethe communicationin the algorithm to make optimal useof the torus
network; however, in our currentimplementation,the above boundon the communicationoverheadis valid
either for a hypercubeinterconnect,or on a network in which messagetraversaltime is independentof the
sourceanddestinationnodes,aslong asthereis sufficient bandwidthto handleall thecommunicationvolume.
We usea recursive bisectionbasedmappingof MPI processesto the BG/P nodessuchthat the subtree-to-
subcubemapping[20] of theeliminationtreeworksnaturallyon the3-D submeshesof themachine.However,
within thenodesof a : M : M : 3-D submesh,thecommunicationpatternfor thefactorizationstepsis thatof
a :i('&)$ M :i('&)$ 2-D mesh. Folding a :i('&)$ M :i('&)$ 2-D logical meshinsidea : M : M : 3-D physicalmeshor
toruscausescongestionby a factorof : FQ& O alongsomeedgesof thephysicalmesh.BG/Pusesadaptive routing
for messageslongerthana certainlimit. However, theadaptive routingalgorithmcanchooseonly oneof the

3A permutedversionof theoriginal matrix is typically factoredin orderto minimizememoryandCPUtime [13].
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Figure8: Someobserved isoefficiency curves from the datain Table9. The dashedanddottedlines show
hypotheticalcurvescorrespondingto isoefficiency functionsof  "!#@�F'G >i* and  "!#@�$+* , respectively.

shortestpathsbetweenthecommunicatingnodes.While folding a 2-D logical meshinto a 3-D meshor torus,
thecongestionoccursalongpathsbetweenpairsof nodesthatsharetwo of thethreespatialcoordinates.Since
thereis only oneshortestpathbetweensuchpairsof nodes,adaptive routing is ineffective. This congestion
couldpotentiallyadda factorof  "!#@ FQ& O * to thetotal overheadandmake it  "!-� /'&)( @ $'&)( * . Notethat,this is the
worstcasescenariobecauseit assumesthatcomputationandcommunicationareperfectlysynchronizedon all
nodesandall : FQ& O messagesalongthepathswith potentialcongestionoverlapcompletely. In reality, theextra
overheaddueto congestionis likely to be probabilisticin nature,with virtually all messagesgettingthrough
without muchcongestionfor smallvaluesof : , but experiencingincreasingcollisionsas : increases.

Theboundsfor variousweakscalingmethodsundertheworst-casecommunicationoverheadassumption
canbe derived alongthe lines of the analysesin Section7.2. To maintaina fixed efficiency, the ratio of o |
and m mustconstant,which leadsto an isoefficiency function of  ,!#@ $ * when o�| �  "!-� /'&)( @ $'&)( * . If the
 "!-� $ * problemsizeis increasedas  "!#@ $ * in orderto maintaina fixedefficiency, thenthe  "!-� /'&)( * memory
requirementgrows as  "!-�v/'&)(+* and the superlinearlygrowing memoryrequirementmakes it impossibleto
maintainfixedefficiency within fixedmemoryperprocess.Scalingtheproblemwith fixedworkloadperprocess
will resultin aefficiency declineat therateof FF-��� g � w�y for someconstant� . Finally, for fixedtimescaling,the
problemsizecanbeincreasedonly as  ,! E @B* .
7.4 Comparison of empirical and analytical results

In Sections7.2 and7.3,we have derivedexpressionsfor severalweakscalingmetricsunderthebest-andthe
worst-casecommunicationoverheadassumptions.In thissection,we comparetheseanalyticalresultswith the
experimentaldatacollectedin Table9.

Figure8 shows threeisoefficiency plotsbasedon the �#�B�x��� pairsthatwe couldfind in Table9 with almost
thesameefficiency values.Thefigurealsoshows two hypotheticalisoefficiency curvesstartingfrom thepoint
with thesmallest� of eachobservedcurve. Thesecurves,representedby dashedanddottedlines,correspondto
isoefficiency functionsof �"�#�6�'� �5� and �"�#���5� , respectively, which arethe isoefficiency functionsderived from
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Figure9: Efficiency asa function of 3-D grid dimension� whenthe problemsizeis scaledin proportionto
thenumberof nodes� . Thedashedanddottedlinescorrespondto theanalyticalbest-andworst-caseratesof
efficiency declinesin thefixedworkloadpernodescaling.

theworst-andthebest-caseexpressionsfor communicationoverhead.Thefigureshows thattheobservedrate
at which theproblemsizeincreaseswith � to maintaina fixedefficiency lies between�,�#�6�'� �5� and �,�#���5� . A
closeobservationof theefficiency numbersalongthecolumnsof Table9 (wheretheproblemsizeis increasing
at therateof � �'� � ) revealsthatefficiency staysmostlyconstantor declinesveryslowly in themiddlerowsof the
table.Theserowsroughlycorrespondto valuesof � between8 and512,andtheobservedisoefficiency appears
to becloseto thebest-case�"�#� �'� � � growth rateof problemsizein thisrangeof � . For �0���5 5¡j¢ , theisoefficient
problemsizegrowth rateappearsto approachtheworst-caseof �,�#���5� , possiblydueto increasedcongestion,as
discussedin Section7.3.

Recallthatwe have computedtheefficiency valuesshown in Table9 by dividing theobservedperprocess
speedby 7.4 Gigaflops,the highestspeedobserved on a singleprocess.Therefore,the isospeedandisoeffi-
ciency scalingsareidentical.

Figure9 shows how the efficiency declinesasthe problemsizeis increasedin proportionto the number
of processes� , suchthat eachprocessperformsthe sameamountof work. The top curve correspondsto
�#�B�x��� valuesof (8,69),(64,97),(512,138),and(4096,195)andthebottomcurvecorrespondsto (8,58),(64,82),
(512,116),and(4096,164).Thesepointsrepresenta fixedwork load perprocessbecauseas � increasesby a
factorof 8, � increasesby afactorof £ ¡ . Recallthat ¤¦¥¨§0�ª©��%« . Sections7.2and7.3givethebest-andthe
worst-caseratesof efficiency declines,whichthefiguredepictsby thedashedandthedottedlines,respectively.
Onceagain,theobserveddataliesbetweenthebest-andworst-caseanalyticalvalues.

To observe fixedtime scaling,we chose�#�6�x��� pairsfrom Table9 with almostthesamefactorizationtimes
(seeunderlinedfactorizationtimesin thetable).Thefactorizationtime is 1.11secondsfor (2,34)and(32,48),
it is roughly3.8secondsfor (16,58),(64,69),and(256,82),andit is 2.58secondsfor (8,48)and(128,69).More
groupslike thiscanbefoundandit canbeverifiedeasilythatin eachcase,theproblemsizeincreasesattherate
of ��¬')® . For example,for the1.11and2.58secondcase,a 16-fold increasein � is accompaniedby an8-fold
increasein theproblemsize. Similarly, for the3.8 secondcase,each4-fold increasein � is accompaniedby
anincreasein problemsizeby a factorof ¡ £ ¡ . Notethatan �,�#��¬')®+� fixedtime rateof problemsizeincrease
waspredictedby the analysisin Section7.2. If we observe any �#�6�x��� pairscorrespondingto the worst-case
fixedtime analysisof Section7.3,say(64,116)and(4096,164),we seethat thefactorization̄�° reducesfrom
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56.6
±

secondsto 30.7seconds.This suggeststhat theproblemsizecanincreaseat a ratefasterthan �"� £ �6� to
maintainafixed ¯ ° , evenfor thehighestvaluesof � used.

8 Concluding Remarksand Futur e Work

Wehavepresentedafairly comprehensivesetof experimentalandanalyticalperformanceandscalabilityresults
for a direct sparselinear solver, with particularemphasison sparsefactorization—thedominantphaseof the
solver in termsof time andmemoryconsumption.We have demonstratedunprecedentedlevelsof bothperfor-
manceandscalability. Thisperformancewasobtainedwithoutany architecture-specific tuningof thesoftware.
In fact,we have shown similar scalabilityresultson threevery differentmassively parallelcomputers.In the
future,we planto investigatetheperformanceandscalabilityof this solver on commodityandpopularx86 64
clusters.Wealsoplanto studyits scalabilityonPetascalesystems,suchasNCSA’supcomingBlueWaters[12]
systemandcompareits performanceandscalabilitywith PaStiX [10, 24]. We hopethatsomeof theseinvesti-
gationswill helpusunderstandwhetherthedeclinein efficiency atmorethan1024nodes(4096CPUs)of BG/P
observedin Section6 is a resultof someinteractionof algorithmicandarchitecturalpropertieslike congestion
causedby the2-D meshcommunicationpatternwithin processsubgroups,or if it is dueto someotherfactor.
Wealsoplanto useperformanceanalysisandtracingtools[31] to furtherunderstandandimproveperformance.
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