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Abstract

We empirically study state-of-the-artparallel graphpartitioning and sparsematrix orderingsoftware
packages.We comparetheir speed,quality, androbustness.For a modelcase,in which goodpartitionings
(evenoptimalpartitionings,in somecases)canbe constructedmanually, we comparethe sizeof the edge
cutsof themanualpartitionswith thatof thepartitionsgeneratedby themultilevel heuristicsthatareat the
heartof moderngraphpartitioningsoftwarepackages.We show that thequality of thepartitionsgenerated
by thesoftwareis only slightly worsethanthatof themanualpartition for this classof modelgraphs.We
discussthe shortcomingsof the currentorderingsoftwareandarguethat thereis an urgentneedfor more
robust,scalable,andhigh-qualitysoftwarefor sparsematrix orderingto supportscalablesolutionof sparse
linearsystemsby directmethodson massively parallelcomputers.

1 Intr oduction

Thisreportcontainstheresultsof aconciseexperimentalstudyof two state-of-the-artparallelgraphpartitioning
softwarepackagesandthreeparallelsparsematrixorderingpackagesontheBlueGene/P[8]. For ourstudy, we
useasetof adozengraphsderivedfrom symmetricsparsematricesof moderatesizes.Thesematrices,listedin
Table1, wereobtainedfrom theUniversityof Floridacollection[4]. Weareawareof threedistributed-memory
parallelsoftwarepackagesfor graphpartitioning,namelyParMETIS[7], PT-SCOTCH [3], andJOSTLE[10].
Sinceneitherthesourcecode,nor binariescompiledfor our targetmachine,BG/P, areavailablefor JOSTLE,
werestrictedthestudyto ParMETISandPT-SCOTCH.Weareawareof anotherparallelsparsematrixordering
softwareknown asPORD[9], but did not includeit in thestudy. PORDdoesnot containgraphpartitioning
software,andbasedonourearlierexperiencewith MUMPS[1, 2] (aparallelsparselinearsystemsolverpackage
that usesPORD orderingas the default), the quality of the orderingsproducedby Parallel WatsonSparse
Matrix Package(WSMP) [6] is generallybetter. Therefore,we have includedorderingresultsfrom the latter
for comparisonwith ParMETISandPT-SCOTCH. We useVersion9.9 of WSMP, Version3.2 of ParMETIS,
andVersion5.2.9.
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Matrix N NNZ Application/Origin

Algor-big 1,073,724 84,317,460 Staticstressanalysis
Alsim-b 5,978,665 29,640,547 Powernetwork analysis
Audikw 1 943,695 76,651,847 Automotive crankshaftmodeling
G3 circuit 1,585,478 7,660,826 Circuit simulation
Lmco 665,017 107,514,163 Structuralanalysis
Mstamp-2c 902,289 70,925,391 Metal stamping
Nastran-b 1,508,088 111,614,436 Structuralanalysis
Nd24k 72,000 28,715,634 3D meshproblem
Sgi 1M 1,522,431 125,755,875 Structuralanalysis
Ten-b 1,371,166 108,009,680 3-D metalforming
Thermal2 1,2281,045 8,580,313 Steadystatethermalproblem
Torso 201,142 3,161,120 Humantorsomodeling

Table1: SPDtestmatriceswith theirorder(N) andnumberof non-zeros(NNZ).

2 Graph Partitioning Results

In this section,we compareParMETISandPT-SCOTCH for graphpartitioning. Both thesepackagesemploy
multi-level heuristics.In multi-level partitioning,a graphis first coarsenedby successively finding matchings,
andtheneliminatingthematchededgeby coalescingtheverticesthat it connects.After sufficient numberof
coarseningsteps,whenthegraphshasbeenreducedto a sizebelow a predeterminedthreshold,it is partioned.
Finally, the coarseningis undoneonelevel at a time, while refining the partitioningat eachstep. Whenthe
graphis fully uncoarsenedto its original state,the partitioning is completeafter the refinementstep. More
detaileddescriptionsof theparallelmultilevel partitioningheuristicscanbefoundin therelevant literature[3,
7]. A key differencebetweenthe partitioning strategies of ParMETIS and PT-SCOTCH is that ParMETIS
performsonly onecycle of coarseningandrefining irrespective of the numberof partitionsdesired,whereas
PT-SCOTCH performs

��� �������
	���
cycles of coarseningand refining to partition a graphinto

	
parts. This

is becauseParMETISpartitionsthe coarsestgraphinto
	

partsandrefinesthe completepartitioningat each
uncoarseningstep. PT-SCOTCH computesonly a bisectionor a 2-way partitionat a time. It thenbisectsthe
partitionsrecursively until thedesirednumberof partitionsis computed.Clearly, thisentails

��� ��� � �
	���
steps.

2.1 Comparison of partitioning quality and speed

Tables2–5show theresultsof partitioningthegraphsin our testsuiteon16,64,256,and1024BG/Pnodes.In
eachtable,wereportthepartitioningtimeandqualityof ParMETISandPT-SCOTCHfor partitioningthegraphs
into 2,

	
, and � 	 parts,where

	
is thenumberof nodes.Wemeasureandreporttwo metricsfor qualityof the

partitioning. Thesearethe total edgecut or thenumberof edgesthat connectverticesbelongingto different
partitions,and the maximumimbalanceor the percentageby which the sizeof the largestpartition exceeds
theaveragepartitionsize. Both partitioneraccepta usedefinedthresholdof acceptablemaximumimbalance.
We useda thresholdof 5% in all our experiments.Default valuesareusedfor all otherparametersfor both
thepackages.A hyphenin thetablesindicatesa failureof theconfigurationcorrespondingto thatentry, either
becauseof thepartitionercrashingor runningoutof memory. For a readycomparisonof thetwo packages,the
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Numberof ParMETIS PT-SCOTCH
Partitions �

2 � ����� 2 � �����
Matrices �

Algor-big
425039 1984596 2720681 � � � Edgescut
4.47% 4.39% 4.78% � � � Max. imbalance
2.94 3.03 3.29 � � � Time(seconds)

Alsim-b
4081 26618 38260 2680 15916 24537 Edgescut

0.14% 2.16% 3.92% 0.00% 2.54% 2.91% Max. imbalance
6.67 6.81 6.86 5.86 16.0 19.8 Time(seconds)

Audikw 1
106853 1357326 2027681 107217 1367289 2072169 Edgescut
1.03% 4.66% 4.98% 0.85% 4.39% 5.17% Max. imbalance
9.56 10.4 10.9 9.24 30.0 40.7 Time(seconds)

G3 circuit
1994 14039 19295 1244 9914 15152 Edgescut

0.00% 3.68% 4.88% 1.80% 3.44% 3.88% Max. imbalance
1.56 1.60 1.66 1.30 3.80 4.76 Time(seconds)

Lmco
154301 2481785 3962014 145761 2298571 3975585 Edgescut
0.99% 5.00% 5.03% 1.46% 5.25% 6.30% Max. imbalance
3.00 3.87 4.26 4.20 18.1 34.0 Time(seconds)

Mstamp-2c
382815 1834896 2458087 379260 1761246 2446541 Edgescut
0.00% 4.78% 4.82% 0.11% 4.86% 3.84% Max. imbalance
2.46 2.63 2.89 4.53 14.6 21.3 Time(seconds)

Nastran-b
103517 973744 1499380 86274 899577 1491046 Edgescut
0.63% 4.99% 4.99% 1.27% 4.90% 5.95% Max. imbalance
16.1 16.9 17.4 14.5 43.5 56.8 Time(seconds)

Nd24k
795640 3061013 3899140 701355 3019536 4067957 Edgescut
2.37% 5.02% 5.33% 2.00% 6.49% 7.56% Max. imbalance
3.02 4.21 4.64 4.88 13.4 14.3 Time(seconds)

Sgi 1M
134640 1591912 2558298 126252 1509588 2466981 Edgescut
1.60% 4.99% 4.87% 1.98% 5.92% 6.96% Max. imbalance
22.0 23.2 24.0 19.1 54.9 70.7 Time(seconds)

Ten-b
348777 2175602 3182763 355428 2140359 3096725 Edgescut
2.76% 4.57% 4.87% 1.09% 4.61% 5.36% Max. imbalance
4.19 4.56 4.82 5.41 20.7 34.1 Time(seconds)

Thermal2
1087 13995 22310 1054 13080 20408 Edgescut

0.01% 3.54% 3.99% 1.19% 4.05% 4.30% Max. imbalance
1.42 1.51 1.55 0.98 2.81 3.34 Time(seconds)

Torso
10440 54662 80629 9772 52758 79912 Edgescut
4.43% 4.85% 5.00% 1.99% 5.73% 6.80% Max. imbalance
0.38 0.41 0.44 0.51 1.62 2.43 Time(seconds)

Geometric mean 46608 370839 544540 41016 331369 506780 Edgescut
Average 1.27% 4.39% 4.79% 1.25% 4.74% 5.37% Max. imbalance
Geometric mean 3.70 4.09 4.32 4.06 12.8 17.4 Time (seconds)

Table2: Partitioningstatisticsfor ParMETISandPT-SCOTCH on 16 processes(
	������

).

3



bottom
�

of eachtablecontainsgeometricmeansof theedgecut,maximumimbalance,andpartitioningtime for
thosegraphsfor whichnoneof thepartitionersfailed.

Thecomparisonin Table2showsthatthequalityof PT-SCOTCHpartitionsisbetterthanthoseof ParMETIS
on16nodes.As expected,PT-SCOTCH takeslongerto compute16or 32partitionsbecauseof its recursive bi-
sectionstrategy, unlike thesinglestepmultiway partitioningstrategy usedin ParMETIS.Theresultsin Table3
for 64 nodesaresimilar to thosein Table2. A notabledifference,however, is that themaximumimbalancein
PT-SCOTCH partitioninginto 64 and128partsexceedsthe5% threshold.Thecauseof growing imbalancein
PT-SCOTCH lies in its recursive bisectionstrategy. PT-SCOTCH treatseachbisectionasanindependentparti-
tioningproblem.A givenbisectioningproblemdoesnot take into accountwhetherit is partitioningthesmaller
or the larger partition from theprevious bisection. Ideally, thebalancingrequirementson the larger partition
needto bemorestringentin orderto guaranteethat theimbalancein thefinal partitioningdoesnot exceedthe
userdefinedthreshold.In theabsenceof anadaptive managementof imbalancein eachbisectioncomputation,
the imbalancegetscompoundedat eachlevel of bisection. Tables4 and5 show that this phenomenongets
morepronouncedasthenumberof nodesandpartitionsincreases.Althoughthesizeof theedgecutsproduced
by PT-SCOTCH remainssmallerthanthoseproducedby ParMETIS,thehigh imbalancerendersPT-SCOTCH
partitioninginto morethan64 partsimpracticalfor realapplications.
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PT−SCOTCH percentage imbalance / 5% (left scale)
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Figure1: ParMETISandPT-SCOTCH comparisonwhenthenumberof partitionsis thesameasthenumberof
MPI processes.

Figure1 containsa graphicaldepictionof thegeometricmeandatafrom Tables2–5. Note that for 1024
partitionson1024MPI processes,thegeometricmeanof theimbalancefor ParMETIStooseemsto gobeyond
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Numberof ParMETIS PT-SCOTCH
Partitions �

2 � ����� 2 � �����
Matrices �

Algor-big
446459 3665634 4802692 427831 3660252 4996580 Edgescut
1.84% 4.94% 4.87% 0.42% 10.1% 11.1% Max. imbalance
1.18 1.38 1.48 3.39 13.3 16.4 Time(seconds)

Alsim-b
4036 48122 64533 2414 32241 47685 Edgescut

0.03% 3.51% 4.53% 0.90% 4.70% 5.68% Max. imbalance
2.05 2.22 2.29 2.61 10.4 11.3 Time(seconds)

Audikw 1
109180 2965230 4162268 108981 2986228 4241224 Edgescut
0.50% 4.99% 5.00% 1.03% 8.85% 9.46% Max. imbalance
2.58 3.13 3.38 3.46 16.1 18.9 Time(seconds)

G3 circuit
1874 33245 53040 1333 22183 36881 Edgescut

2.27% 4.54% 4.28% 0.05% 5.47% 5.51% Max. imbalance
0.61 0.67 0.70 0.50 2.16 2.58 Time(seconds)

Lmco
135529 5751471 8079937 129529 5780260 8195493 Edgescut
0.43% 5.00% 5.27% 0.96% 8.59% 9.69% Max. imbalance
1.28 1.82 2.08 2.59 15.9 18.8 Time(seconds)

Mstamp-2c
384021 3244471 4313942 376713 3195067 4453477 Edgescut
0.85% 4.98% 4.99% 0.31% 7.40% 7.97% Max. imbalance
1.08 1.20 1.29 3.00 11.4 14.0 Time(seconds)

Nastran-b
88479 2225284 3263959 90180 2253226 3255261 Edgescut
0.76% 4.99% 5.01% 1.47% 7.99% 9.07% Max. imbalance
6.37 7.11 7.50 5.52 23.3 28.0 Time(seconds)

Nd24k
695354 5303531 6993334 689704 5404439 6979632 Edgescut
1.60% 5.42% 7.56% 2.00% 11.6% 12.7% Max. imbalance
6.37 9.87 12.1 2.79 7.93 8.17 Time(seconds)

Sgi 1M
131417 3984616 5717904 133236 3887558 5747958 Edgescut
1.46% 5.00% 5.00% 0.33% 8.74% 9.83% Max. imbalance
7.05 7.99 8.42 6.10 25.2 30.8 Time(seconds)

Ten-b
365490 4377504 5672840 354393 4337095 5725184 Edgescut
0.54% 4.65% 4.99% 0.63% 7.15% 7.75% Max. imbalance
1.64 1.90 2.01 3.32 17.1 20.8 Time(seconds)

Thermal2
1290 32837 49497 1077 32545 47185 Edgescut

0.00% 4.53% 4.46% 0.46% 6.93% 7.59% Max. imbalance
0.50 0.56 0.60 0.34 1.62 1.81 Time(seconds)

Torso
11320 114436 156181 10126 113099 157246 Edgescut
2.83% 4.61% 4.94% 1.14% 8.37% 9.51% Max. imbalance
0.20 0.24 0.25 0.31 1.25 1.44 Time(seconds)

Geometric mean 55357 891198 1243358 49832 831423 1183434 Edgescut
Average 1.09% 4.76% 5.08% 0.81% 7.99% 8.82% Max. imbalance
Geometric mean 1.58 1.88 2.03 1.99 8.49 9.92 Time (seconds)

Table3: Partitioningstatisticsfor ParMETISandPT-SCOTCH on 64 processes(
	������

).
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Numberof ParMETIS PT-SCOTCH
Partitions �

2 � ����� 2 � ��� �
Matrices �

Algor-big
447753 6252550 7927361 425736 6435014 8085763 Edgescut
0.95% 5.00% 5.00% 0.82% 13.2% 14.0% Max. imbalance
0.41 0.56 0.68 1.98 7.62 8.30 Time(seconds)

Alsim-b
3145 84722 118210 � � � Edgescut

0.00% 4.55% 4.86% � � � Max. imbalance
1.17 1.38 1.48 � � � Time(seconds)

Audikw 1
112311 5710116 7524868 104535 5790781 7707901 Edgescut
0.26% 5.31% 5.31% 0.84% 12.6% 12.6% Max. imbalance
1.08 1.40 1.57 1.58 8.98 9.56 Time(seconds)

G3 circuit
1878 78502 105678 1332 55433 80242 Edgescut

0.00% 3.74% 3.43% 1.92% 9.05% 9.57% Max. imbalance
0.60 0.69 0.70 0.30 1.49 1.62 Time(seconds)

Lmco
144141 10920589 14247071 � � � Edgescut
0.11% 5.25% 5.26% � � � Max. imbalance
0.50 0.85 1.07 � � � Time(seconds)

Mstamp-2c
412146 5508116 7063156 384759 5700756 7317206 Edgescut
0.29% 5.12% 5.20% 1.02% 10.6% 10.7% Max. imbalance
0.34 0.49 0.60 1.86 8.54 7.55 Time(seconds)

Nastran-b
96904 4773917 6611421 92358 4669752 6598890 Edgescut
0.14% 5.16% 5.28% 0.29% 10.1% 11.1% Max. imbalance
2.32 2.28 3.06 2.11 11.4 12.4 Time(seconds)

Nd24k
730119 8684320 11333968 � � � Edgescut
1.29% 10.9% 27.3% � � � Max. imbalance
6.33 10.4 11.1 � � � Time(seconds)

Sgi 1M
135873 7651743 10200306 128457 7729759 10351402 Edgescut
1.21% 5.03% 5.70% 2.00% 15.7% 16.9% Max. imbalance
2.80 3.38 3.72 2.47 12.5 13.4 Time(seconds)

Ten-b
366462 7319344 9400789 346923 7489539 9753346 Edgescut
1.07% 5.02% 5.19% 1.37% 15.0% 15.0% Max. imbalance
0.53 0.72 0.89 2.11 10.3 11.3 Time(seconds)

Thermal2
1129 70447 100101 1126 71706 99916 Edgescut

0.00% 4.69% 4.43% 2.00% 10.3% 10.9% Max. imbalance
0.59 0.71 0.71 0.21 1.10 1.17 Time(seconds)

Torso
13509 213203 281944 9941 214744 285206 Edgescut
1.57% 4.87% 5.13% 0.21% 10.1% 11.2% Max. imbalance
0.29 0.35 0.43 0.25 1.15 1.19 Time(seconds)

Geometricmean 52173 1581794 2100704 46672 1541061 2068988 Edgescut
Average 0.61% 4.88% 4.96% 1.16% 11.8% 12.4% Max. imbalance
Geometricmean 0.72 0.89 1.04 1.00 4.90 5.15 Time (seconds)

Table4: Partitioningstatisticsfor ParMETISandPT-SCOTCH on 256processes(
	�� ��! � ).
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Figure2: ParMETISandPT-SCOTCH comparisonfor graphbisection.

5%. However, a closerlook at Table5 would reveal that thestatisticsareskewedby a singlebadcase:graph
nd24k, whichhasonly 72000verticesandwouldhaveveryfew verticesperpartitionin a1024-waypartitioning.
Figure2 shows similar statisticsfor graphbisection(2-way partition)on numberof MPI processesincreasing
from 16 to 1024. This figure, alongwith Table2, shows that partition quality obtainedby PT-SCOTCH is
slightly betterthanthatobtainedfrom ParMETISfor smallnumberof partitions(irrespective of thenumberof
MPI processes).

2.2 Heuristic versusmanual partitions for a model problem

In this section,we considerpartitioningregularunweighted3-D graphswith a7-pointcubicstencil,where
eachvertex is connectedto its immediateneighborsin bothdirectionsalong " , # , and $ axes. Tables6 and7
comparethe edge-cutsof partitionsgeneratedby ParMETIS with balancedmanualpartitionscreatedsimply
by introducingcuttingplanesalongeachdimensionto maintainloadbalanceandto maintainthebestpossible
aspectratioof of thedimensionsof thepartitions.

It canbeobservedthattheratio of thesizesof cutsproducedby ParMETISto thosegeneratedmanuallyis
closeto 1.5for awiderangeof graphsizes,partitionsizes,andnumberof MPI processes.Theratiodeteriorates
slightly asthesizeof thegraphincreases,andimprovesvery slightly asthenumberof partitionsincreases.In
fact, a closeobservation revealsthat the ratio is almostconstantfor a given averagenumberof verticesper
partition. Table7 shows that when the numberof MPI processesis kept constantat 32 and the numberof
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Numberof ParMETIS PT-SCOTCH
Partitions �

2 � ����� 2 � ��� �
Matrices �

Algor-big
475753 10074683 12667459 419560 10490912 13142764 Edgescut
0.80% 5.29% 5.86% 1.56% 14.4% 15.8% Max. imbalance
0.32 0.57 0.96 1.80 6.16 6.20 Time(seconds)

Alsim-b
3773 171165 239776 2458 143195 206839 Edgescut

0.55% 4.80% 4.68% 0.49% 9.34% 9.24% Max. imbalance
2.30 2.59 2.87 1.81 5.73 5.85 Time(seconds)

Audikw 1
109746 9745613 12534227 113211 9954688 12761406 Edgescut
0.11% 5.58% 7.21% 1.46% 14.8% 16.1% Max. imbalance
0.81 1.15 2.36 1.26 6.32 6.36 Time(seconds)

G3 circuit
2156 140353 188705 1483 114184 161962 Edgescut

0.00% 4.24% 5.92% 2.00% 9.47% 9.93% Max. imbalance
1.26 1.04 1.49 0.58 1.85 1.89 Time(seconds)

Lmco
136665 18519743 23575523 130270 18840372 24082589 Edgescut
0.48% 7.02% 7.48% 1.00% 16.4% 17.6% Max. imbalance
1.77 1.50 2.84 1.15 7.11 7.17 Time(seconds)

Mstamp-2c
413838 8987618 11280209 371628 9277671 11628226 Edgescut
0.72% 5.54% 7.36% 0.89% 14.1% 16.9% Max. imbalance
0.45 0.78 1.07 1.73 5.47 5.47 Time(seconds)

Nastran-b
98559 9004369 12076573 88893 8962402 12093880 Edgescut
0.04% 5.65% 6.47% 0.78% 16.0% 17.2% Max. imbalance
7.69 8.06 8.11 1.44 7.31 7.42 Time(seconds)

Nd24k
723707 12348960 13154160 694100 11994364 13097836 Edgescut
1.34% 39.4% 39.4% 2.06% 18.0% 22.3% Max. imbalance
6.55 10.9 11.0 2.70 6.40 6.42 Time(seconds)

Sgi 1M
145908 13429147 17272737 132912 13698648 17561488 Edgescut
1.24% 5.87% 6.41% 0.59% 13.6% 14.9% Max. imbalance
9.44 8.80 10.1 1.71 7.86 7.95 Time(seconds)

Ten-b
380961 11941106 15030032 359883 12312997 15521890 Edgescut
0.03% 5.37% 5.75% 1.48% 14.5% 15.2% Max. imbalance
0.46 0.84 1.38 1.70 7.47 7.61 Time(seconds)

Thermal2
1212 141401 197978 1102 148107 203343 Edgescut

0.01% 4.31% 4.06% 0.93% 11.8% 11.9% Max. imbalance
2.05 2.32 2.42 0.51 1.44 1.47 Time(seconds)

Torso
12347 365929 469777 10310 369946 475324 Edgescut
0.71% 5.38% 5.89% 0.39% 14.0% 15.1% Max. imbalance
0.52 0.72 1.01 0.42 1.47 1.47 Time(seconds)

Geometric mean 57919 2905685 3733212 50590 2857623 3699231 Edgescut
Average 0.50% 8.20% 8.87% 1.14% 13.9% 15.2% Max. imbalance
Geometric mean 1.51 1.90 2.59 1.23 4.61 4.67 Time (seconds)

Table5: Partitioningstatisticsfor ParMETISandPT-SCOTCH on1024processes(
	�����% � � ).
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partitions& is increased,thenthe ratio improvessomewhat fasterthanwhatwe observe in Table6. This shows
thatthepartitionqualitydeclinesvery slightly with increasingnumberof MPI processes.

Cube(' ), Graph(')( )
32-way 64-way 128-way 256-way 512-way 1024-way

Dimensions

'+* 128
168722 232199 305206 396226 508356 635988 Metis
114688 *147456 212992 278528 *344064 475136 Manual

')(,* 2097152 1.47 1.57 1.43 1.42 1.48 1.34 Ratio

'+* 256
692838 941707 1264127 1665213 2137405 2722783 Metis
458752 *589824 851968 1114112 *1376256 1900544 Manual

')(,* 16777216 1.51 1.60 1.48 1.49 1.55 1.43 Ratio

'+* 448
2119976 2951874 3982187 5207300 6758690 8601565 Metis
1404928 *1806336 2609152 3411968 *4214784 5820416 Manual

')(,* 89915392 1.51 1.63 1.53 1.53 1.60 1.48 Ratio

'+* 576
3543317 4946173 6743418 8787701 11267256 14477239 Metis
2322432 *2985984 4313088 5640192 *6967296 9621504 Manual

')(,* 191102976 1.53 1.66 1.56 1.56 1.62 1.50 Ratio

Table6: A comparisonof thebest(smallestpossible)andParMETISedge-cutsfor unweighted3-D graphswith
a7-pointcubicstencil.Thenumberof BG/Pnodesusedis thesameasthenumberof partitions.A ‘*’ indicates
anoptimalpartition.

Cube(' ), Graph(')( )
32-way 64-way 128-way 256-way 512-way 1024-way

Dimensions

'-* 256
692838 918806 1216633 1589311 2036719 2577758 Metis
458752 *589824 851968 1114112 *1376256 1900544 Manual

')(,* 16777216 1.51 1.56 1.43 1.43 1.48 1.36 Ratio

Table7: A comparisonof thebest(smallestpossible)andParMETISedge-cutsfor unweighted3-D graphswith
a7-pointcubicstencil.32 BG/Pnodesareusedfor eachpartition.A ‘*’ indicatesanoptimalpartition.

2.3 Conclusionsfr om partitioning experiments

Theresultsin Sections2.1indicatethatPT-SCOTCH outperformsParMETISin termsof partitionquality for a
smallnumberof partitions.However, for a largenumberof partitions,ParMETISis theonly practicaloption.

The resultsin Section2.2 indicatethat, at least for a 3-D model problem, the quality of the partitions
generatedby theparallelmultilevel heuristicsis worsethantheoptimalpartitioningby only asmallfactor, and
that this factorstaysmoreor lessconstantover a wide rangeof graphsizes,MPI processes,andnumberof
partitions.
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Matrices
ParMETIS PT-SCOTCH PWSSMP PWSSMP

uncompressed compressed
Time Opcount Time Opcount Time Opcount Time Opcount

Algor-big 32.7 4.21e+13 - - 228. 2.34e+13 83.4 2.31e+13
Alsim-b 36.8 1.31e+11 33.0 2.43e+11 68.9 1.52e+11 72.0 1.57e+11
Audikw 1 44.8 6.02e+12 43.2 5.99e+12 68.6 5.05e+12 19.6 5.20e+12
G3 circuit 10.1 6.46e+10 10.2 6.84e+10 17.7 6.94e+10 18.9 6.95e+10
Lmco 41.7 4.09e+12 34.3 4.05e+12 88.1 3.11e+12 24.4 3.27e+12
Mstamp-2c 30.4 2.80e+13 25.2 1.98e+13 154. 1.62e+13 27.8 1.62e+13
Nastran-b 59.7 3.20e+12 66.3 3.16e+12 87.6 2.70e+12 29.5 3.76e+12
Nd24k 71.2 2.04e+12 14.1 2.11e+12 131. 2.06e+12 143. 1.97e+12
Sgi 1M 77.1 8.98e+12 80.7 8.71e+12 107. 7.40e+12 34.1 7.84e+12
Ten-b 42.7 4.98e+13 36.3 3.59e+13 179. 2.91e+13 41.0 2.90e+13
Thermal2 8.64 1.64e+10 5.61 1.77e+10 12.8 1.75e+10 14.4 1.76e+10
Torso 6.34 1.40e+11 2.45 1.44e+11 5.50 1.27e+11 6.44 1.27e+11

Geom.mean 29.8 1.40e+12 21.6 1.41e+12 56.2 1.12e+12 28.4 1.25e+12

Table8: Orderingstatisticsfor ParMETIS,PT-SCOTCH, andPWSSMPon 16processes(
	������

).

3 Parallel SparseMatrix Ordering

In this section,we comparethetime andquality of parallelfill-reducingorderingproducedby ParMETIS,PT-
SCOTCH, andparallelWSMP on thesetof matricesdescribedin Table1. ParMETISandPT-SCOTCH use
a distributedmultilevel strategy to computevertex separatorsof thegraphof thematrix to generatea nested-
dissection[5] type permutationof thevertices.On thecontrary, parallelWSMP generatesa vertex separator
sequentially. It first computesa nodebisectorof theentiregraphon a singleMPI process.Thetwo subgraphs
aresubsequentlyprocessedindependentlyin parallelandtheprocesscontinuesrecursively. Notethatthereare
two potentialdisadvantagesof this approach.First, only limited speedupfrom parallelismcanbe expected
becauseasignificantamountof computationthatgoesinto finding thefirst separatoris performedsequentially,
andtheparallelismincreasesgraduallyasthesizeof thesubgraphsdecreases.Thesecondproblemis that this
approachrequirestheentiregraphto bestoredon a singleprocessto computethefirst separator, andhenceis
not scalablewith respectto memory, althoughthis maynot bea problemfor highly compressiblegraphs(see
next paragraph).

Someof the matricesin our test suite have graphswith multiple degreesof freedomper node. Paral-
lel WSMP orderingcanautomaticallydetectthis and take this into accountto reducememoryand time re-
quirementsof ordering. On theotherhand,the usermustexplicitly supplycompressedgraphinformationto
ParMETISandPT-SCOTCH. In ourexperiments,we have usedParMETISandPT-SCOTCH with theoriginal
uncompressedgraphs,andParallelWSMPwith thegraphcompressionoptionturnedbothoff andon. Default
valuesfor all otherparameterswereusedwith the exceptionof matchingtype for ParMETIS,which wasset
to PARMETIS MTYPE GLOBAL. Settingthis to thedefault valueof PARMETIS MTYPE LOCAL resulted
in someimprovementin runtime and somedeteriorationin the quality of ordering. Tables8–11 show the
parallelorderingresultsfor the four caseson 16 to 1024BG/P nodes.The last row of eachtableshows that
geometricmeansof thecolumnvaluesfor all thosematricesthatall thepackageswereableto reorder. Figure3
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Matrices
ParMETIS PT-SCOTCH PWSSMP PWSSMP

uncompressed compressed
Time Opcount Time Opcount Time Opcount Time Opcount

Algor-big 44.4 3.47e+13 17.5 4.08e+13 140. 2.29e+13 76.4 2.28e+13
Alsim-b 20.3 1.24e+11 - - 58.0 1.46e+11 61.3 1.46e+11
Audikw 1 66.6 5.55e+12 17.1 5.86e+12 92.3 5.07e+12 18.8 5.17e+12
G3 circuit 16.0 6.21e+10 7.18 6.71e+10 14.4 7.10e+10 15.7 7.09e+10
Lmco 80.1 3.96e+12 17.2 4.08e+12 77.4 3.23e+12 23.3 3.19e+12
Mstamp-2c 51.6 2.21e+13 14.6 1.93e+13 141. 1.61e+13 27.2 1.62e+13
Nastran-b 58.9 2.89e+12 27.2 3.27e+12 84.3 2.78e+12 27.2 3.68e+12
Nd24k 99.0 2.03e+12 8.52 2.10e+12 130. 2.03e+12 129. 2.10e+12
Sgi 1M 71.8 7.91e+12 30.2 8.37e+12 97.8 7.33e+12 31.4 7.62e+12
Ten-b 47.6 4.40e+13 20.5 4.99e+13 209. 2.91e+13 39.6 2.88e+13
Thermal2 10.5 1.71e+10 2.44 1.82e+10 11.5 1.72e+10 13.0 1.74e+10
Torso 16.1 1.19e+11 1.48 1.49e+11 4.93 1.33e+11 5.87 1.33e+11

Geom.mean 41.7 2.14e+12 11.0 2.31e+12 58.2 1.90e+12 26.6 1.97e+12

Table9: Orderingstatisticsfor ParMETIS,PT-SCOTCH, andPWSSMPon 64processes(
	������

).

Matrices
ParMETIS PT-SCOTCH PWSSMP PWSSMP

uncompressed compressed
Time Opcount Time Opcount Time Opcount Time Opcount

Algor-big 189. 2.67e+13 8.93 2.57e+13 212. 2.34e+13 72.2 2.33e+13
Alsim-b 45.6 1.07e+11 - - 58.4 1.35e+11 61.4 1.36e+11
Audikw 1 207. 5.06e+12 8.29 5.75e+12 90.0 4.94e+12 18.7 5.17e+12
G3 circuit 39.6 6.16e+10 5.03 7.17e+10 14.1 6.85e+10 15.4 6.83e+10
Lmco 272. 3.06e+12 8.24 3.79e+12 73.2 3.08e+12 23.1 3.25e+12
Mstamp-2c 175. 1.61e+13 7.84 2.74e+13 139. 1.62e+13 26.4 1.62e+13
Nastran-b 173. 2.61e+12 11.1 3.48e+12 83.8 2.78e+12 27.4 3.61e+12
Nd24k 103. 2.04e+12 6.91 2.10e+12 140. 2.10e+12 150. 2.10e+12
Sgi 1M 215. 7.10e+12 13.3 8.81e+12 132. 7.54e+12 31.9 7.59e+12
Ten-b 169. 3.96e+13 10.8 3.60e+13 202. 2.88e+13 40.1 2.87e+13
Thermal2 28.8 1.66e+10 1.38 1.64e+10 11.1 1.73e+10 12.6 1.68e+10
Torso 18.3 1.20e+11 1.30 1.38e+11 4.88 1.29e+11 5.82 1.29e+11

Geom.mean 109. 1.91e+12 6.15 2.20e+12 61.4 1.89e+12 26.7 1.95e+12

Table10: Orderingstatisticsfor ParMETIS,PT-SCOTCH, andPWSSMPon 256processes(
	�� ��! � ).
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Matrices
ParMETIS PT-SCOTCH PWSSMP PWSSMP

uncompressed compressed
Time Opcount Time Opcount Time Opcount Time Opcount

Algor-big 255. 2.26e+13 7.23 3.38e+13 169. 2.29e+13 79.5 2.31e+13
Alsim-b 142. 1.03e+11 10.2 1.81e+11 59.6 1.34e+11 62.6 1.34e+11
Audikw 1 248. 4.93e+12 5.33 5.54e+12 64.6 4.97e+12 19.8 5.11e+12
G3 circuit 62.5 5.15e+10 4.65 8.41e+10 14.7 6.57e+10 16.1 6.54e+10
Lmco - - 5.91 3.67e+12 74.8 3.00e+12 23.2 3.19e+12
Mstamp-2c 212. 1.60e+13 6.69 1.74e+13 141. 1.61e+13 27.5 1.62e+13
Nastran-b 327. 2.54e+12 6.67 3.27e+12 75.9 2.64e+12 27.9 3.48e+12
Nd24k - - - - 139. 2.03e+12 144. 2.10e+12
Sgi 1M 389. 7.13e+12 7.76 9.25e+12 95.5 7.16e+12 32.5 7.54e+12
Ten-b 298. 2.91e+13 7.83 3.27e+13 148. 2.86e+13 41.1 2.86e+13
Thermal2 60.3 1.32e+10 1.65 1.78e+10 11.4 1.71e+10 12.9 1.68e+10
Torso 18.7 1.20e+11 1.58 1.33e+11 5.16 1.28e+11 6.13 1.28e+11

Geom.mean 148. 1.23e+12 5.14 1.61e+12 49.3 1.34e+12 25.8 1.39e+12

Table11: Orderingstatisticsfor ParMETIS,PT-SCOTCH, andPWSSMPon 1024processes(
	�����% � � ).

summarizestheseresultsgraphically.
The resultsin Tables8–11 and Figure 3 show that all orderingpackageshave limitations. PWSMPis

robust (no failuresin any of the tests),andgeneratesgoodquality orderingsin reasonabletime; however, as
statedearlier, its parallelorderingstrategy is not scalablein termsof eitherorderingtime or memory. Having
said that, it seemsto have a fairly memory-frugalimplementationrelative to PT-SCOTCH (which runs out
of memoryfor onetestcaseon 16 nodes)andParMETIS (which runsout of memoryfor two testcaseson
1024nodes). In termsof orderingquality, PWSMPwithout graphcompressiongeneratesorderingswith the
leastoperationcounton 16 and64 nodes.ParMETIScatchesup asthe numberof nodesincrease,matching
PWSMP’squalityon256nodesandexceedingit on1024.However, this improvementin qualityof ParMETIS
comesat thecostof runtimethatincreaseswith thenumberof nodes.PT-SCOTCH orderingis thefastestandis
theonly onethatgetsmeaningfulspeedups.However, Thefactorizationoperationcountof orderinggenerated
by PT-SCOTCH is consistentlyworsethanthatof PWSMPby roughly20%.
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