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1 Definition

Direct methodsfor solving linear systemsof the form
�������

arebasedon computing
�����
	

, where
�

and
	

arelower anduppertriangular, respectively. Computingthe triangularfactorsof thecoefficient matrix�
is alsoknown asLU decomposition. Following the factorization,the original systemis trivially solved by

solving the triangularsystems
���
���

and
	������

. If
�

is symmetric,then a factorizationof the form�
�������
or

�
���������
is computedvia Cholesky factorization, where

�
is a lower triangularmatrix (unit

lower triangularin the caseof
�����������

factorization)and
�

is a diagonalmatrix. Onesetof common
formulationsof LU decompositionandCholesky factorizationfor densematricesareshown in Figures1 and2,
respectively. Note thatothermathematicallyequivalentformulationsarepossibleby rearrangingthe loopsin
thesealgorithms.Thesealgorithmsmustbeadaptedfor sparsematrices,in whicha largefractionof entriesare
zero. For example,if

��� ��� �"!
in thedivision stepis zero,thenthis operationneednot beperformed.Similarly,

theupdatestepscanbeavoidedif either
�#� �$� �"!

or
�#� �%�'&$!

(
��� &(� �"!

if
�

is symmetric)is zero.
When

�
is sparse,the triangularfactors

�
and

	
typically have nonzeroentriesin many morelocations

than
�

does. This phenomenonis known as fill-in , and resultsin a superlineargrowth in the memoryand
time requirementsof a directmethodto solve a sparsesystemwith respectto thesizeof thesystem.Despite
a high memoryrequirement,direct methodsareoften usedin many real applicationsdueto their generality
androbustness.In applicationsrequiringsolutionswith respectto severalright-handsidevectorsandthesame
coefficient matrix,directmethodsareoftenthesolversof choicebecausetheone-timecostof factorizationcan
beamortizedoverseveral inexpensive triangularsolves.

2 Discussion

The direct solutionof a sparselinear systemtypically involves four phases.The two computationalphases,
factorizationandtriangular solutionshavealreadybeenmentioned.Thenumberof nonzerosin thefactorsand
sometimestheir numericalpropertiesarefunctionsof the initial permutationof the rows andcolumnsof the
coefficientmatrix. In many parallelformulationsof sparsefactorization,thispermutationcanalsohaveaneffect
on loadbalance.Thefirst stepin thedirectsolutionof a sparselinearsystem,therefore,is to applyheuristics
to computeadesirablepermutationthematrix. Thisstepis known asordering. A sparsematrix canbeviewed
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1. beginLU Decomp(
�

, ) )
2. for

�*�,+-� )
3. for

���.�0/1+-� )
4.

�#� �$� �"!2�,��� ��� �"!43'�#� �%� �"!
; /* divisionstep,computescolumn

�
of

�
*/

5. end for
6. for

&#�.�0/1+-� )
7. for

���.�0/5+-� )
8.

��� ���'&$!0�,�#� �$�'&$!761�#� �$� �"!98:��� �;�'&$!
; /* updatestep*/

9. end for
10. end for
11. end for
12. endLU Decomp

Figure1: A simplecolumn-basedalgorithmfor LU decompositionof an ) 8 ) densematrix
�

. Thealgorithm
overwrites

�
by

�
and

	
suchthat

�<�=��	
, where

�
is unit lower triangularand

	
is uppertriangular. The

diagonalentriesafterfactorizationbelongto
	

; theunit diagonalof
�

is notexplicitly stored.

asthe adjacency matrix of a graph. Orderingheuristicstypically usethe graphview of the matrix andlabel
the verticesin a particularorderthat is equivalent to computinga permutationof the coefficient matrix with
desirableproperties.In thesecondphase,known assymbolicfactorization, thenonzeropatternof the factors
is computed.Knowing thenonzeropatternof thefactorsbeforeactuallycomputingthemis usefulfor several
reasons.Thememoryrequirementsof numericalfactorizationcanbepredictedduringsymbolicfactorization.
With thenumberandlocationsof nonzerosknown beforehand,asignificantamountof indirectaddressingcan
beavoidedduringnumericalfactorization,thusboostingperformance.In a parallelimplementation,symbolic
factorizationhelps in the distribution of dataand computationamongprocessingunits. The orderingand
symbolicfactorizationphasesarealsoreferredto aspreprocessingor analysissteps.A fifth phaseof iterative
refinementis sometimesusedafterthesolutionphaseto improve theaccuracy of thesolution.

Of the four phases,numericalfactorizationtypically consumesthe mostmemoryandtime. Many appli-
cationsinvolve factoringseveral matriceswith differentnumericalvaluesbut the samesparsitystructure. In
suchcases,someor all of the resultsof the orderingandsymbolicfactorizationstepscanbe reused.This is
alsoadvantageousfor parallelsparsesolversbecauseparallelorderingandsymbolicfactorizationaretypically
lessscalable.Amortizationof thecostof thesestepsover several factorizationstepshelpsmaintaintheoverall
scalabilityof thesolver closeto thatof numericalfactorization.Theparallelizationof thetriangularsolvesis
highly dependenton theparallelizationof thenumericalfactorizationphase.Theparallelformulationof nu-
mericalfactorizationdictateshow the factorsaredistributedamongparalleltasks.The subsequenttriangular
solutionstepsmustuseaparallelizationschemethatworksonthisdatadistribution,particularlyin adistributed-
memoryparallelenvironment.Givenits prominentrole in theparalleldirectsolutionof sparselinearsystem,
thenumericalfactorizationphaseis theprimaryfocusof thisarticle.

The algorithmsusedfor preprocessingandfactoringa sparsecoefficient matrix dependon theproperties
of thematrix, suchassymmetry, diagonaldominance,positive definiteness,etc. However, therearecommon
elementsin mostsparsefactorizationalgorithms.Two of these,namelytaskgraphsandsupernodes, arekey to
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1. beginCholesky (
�

, ) )
2. for

�*�,+-� )
3.

�#� �%� �"!2� �#� �%� �"!
;

4. for
���.�0/1+-� )

5.
�#� �$� �"!2�,��� ��� �"!43'�#� �%� �"!

; /* divisionstep,computescolumn
�

of
�

*/
6. end for
7. for

&#�.�0/1+-� )
8. for

���,&(� )
9.

��� ���'&$!0�,�#� �$�'&$!761�#� �$� �"!98:��� &(� �4!
; /* updatestep*/

10. end for
11. end for
12. end for
13. endCholesky

Figure2: A simplecolumn-basedalgorithmfor Cholesky factorizationof an ) 8 ) densesymmetricpositive
definitematrix

�
. Thelower triangularpartof

�
is overwrittenby

�
, suchthat

�>�,�
���
.

thediscussionof parallelsparsematrix factorizationof all typesfor bothpracticalandpedagogicalreasons.

2.1 Task graph modelof sparsefactorization

A parallelcomputationis usuallythemostefficientwhenrunningat themaximumpossiblelevel of granularity
thatensuresa goodload-balanceamongall theprocessors.Densematrix factorizationis computationallyrich
andrequires?A@B)DC�E operationsfor factoringan ) 8 ) matrix. Sparsefactorizationinvolves a muchsmaller
overall numberof operationsper row or columnof thematrix thanits densecounterpart.Thesparsityresults
in additionalchallenges,aswell asadditionalopportunitiesto extractparallelism.Thechallengesarecentered
aroundfinding waysof orchestratingtheunstructuredcomputationsin a load-balancedfashionandof contain-
ing theoverheadsof interactionbetweenparalleltasksin thefaceof arelatively smallnumberor operationsper
row or columnof thematrix. Theaddedopportunityfor parallelismresultsfrom thefactthat,unlike thedense
algorithmsof Figures1 and2, the columnsof the factorsin thesparsecasedo not needto be computedone
after theother. Note that in thealgorithmsshown in Figures1 and2, row andcolumn

�
areupdatedby rows

andcolumns
+GF'F'FH�G6I+

. In thesparsecase,column
�

is updatedby a column
�KJL�

only if
	�� �$� �4!NM�PO

, anda
row

�
is updatedby a row

�QJI�
only if

�R� �;� �S!TM�=O
. Therefore,asthesparsefactorizationbegins,thedivision

stepcanproceedin parallelfor all columns
�

for which
�#� �%� �S!U�VO

and
�#� �$� �"!U�VO

for all
�WJX�

. Similarly, at
any stagein thefactorizationprocess,therecouldbelargepool of columnsthatarereadyof thedivision step.
Any unfactoredcolumn

�
wouldbelongto thispool iff all columns

�#J.�
with anonzeroentryin row

�
of

�
and

all rows
�#J.�

with anonzeroentryin column
�

of
	

have beenfactored.
A task dependency graphis an excellent tool for capturingparallelismand the variousdependenciesin

sparsematrix factorization. It is a directedacyclic graph(DAG) whoseverticesdenotetasksand the edges
specifythedependenciesamongthetasks.A taskis associatedwith eachrow andcolumn(columnonly in the
symmetriccase)of thesparsematrix to befactored.Thevertex

�
of thetaskgraphdenotesthetaskresponsible

for computingcolumn
�

of
�

androw
�

of
	

. A taskis readyfor executionif andonly if all taskswith incoming
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Figure3: A structurallysymmetricsparsematrixandits eliminationtree.An X indicatesanonzeroentryin the
original matrixandaboxdenotesafill-in.

edgesto it have completed.Taskgraphsareoftenexplicitly constructedduringsymbolicfactorizationto guide
thenumericalfactorizationphase.Thispermitsthenumericalfactorizationto avoid expensivesearchesin order
to determinewhich tasksarereadyfor executionat any given stageof theparallelfactorizationprocess.The
taskgraphscorrespondingto matriceswith a symmetricstructurearetreesandareknown aseliminationtrees
in thesparsematrix literature.

Figure3 shows theeliminationtreefor a structurallysymmetricsparsematrix andFigure4 shows thetask
DAG for a structurallyunsymmetricmatrix. Oncea taskgraphis constructed,thenparallelfactorization(and
evenparalleltriangularsolution)canbeviewedastheproblemof schedulingthetasksontoparallelprocessesor
threads.Staticschedulingis generallypreferredin adistributed-memoryenvironmentanddynamicscheduling
in ashared-memoryenvironment.Theshapeof thetaskgraphisafunctionof theinitial permutationof rowsand
columnsof thesparsematrix,andis thereforedeterminedby theoutcomeof theorderingphase.Figure5 shows
theeliminationtreecorrespondingto thesamematrixasin Figure3(a),but with adifferentinitial permutation.
Thestructureof thetaskDAG usuallyaffectshow effectively it canbescheduledfor parallelfactorization.For
example,it may be intuitively recognizableto readersthat theeliminationtreein Figure3 is moreamenable
to parallelschedulingthanthe treecorrespondingto a differentpermutationof the samematrix in Figure5.
Figure6 illustratesthat thematricesin Figures3 and5 have thesameunderlyinggraph. Theonly difference
is in thelabelingof theverticesof thegraph,which resultsin a differentpermutationof therows andcolumns
of thematrix, differentamountof fill-in, anddifferentshapesof taskgraphs.In general,long andskinny task
graphsresultin limited parallelismanda long critical path.Shortandbroadtaskgraphshave a high degreeof
parallelismandshortercritical paths.

Sincetheshape,andhencetheamenabilityto efficient parallelschedulingof thetaskgraphis sensitive to
ordering,heuristicsthat result in balancedandbroadtaskgraphsarepreferredfor parallelfactorization.The
bestknown orderingheuristicin thisclassis callednesteddissection. Nesteddissectionis basedonrecursively
computingbalancedbisectionsof a graphby finding small vertex separators.Theverticesin the two discon-
nectedpartitionsof the graphare labeledbeforethe verticesof the separator. The sameheuristicis applied
recursively for labelingtheverticesof eachpartition. Theorderingin Figure3 is actuallybasedon nesteddis-
section.Notethatthevertex set6, 7, 8 formsaseparator, dividing thegraphinto two disconnectedcomponents,
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Figure4: An unsymmetricsparsematrix andthecorrespondingtaskDAG. An X indicatesa nonzeroentry in
theoriginalmatrixanda boxdenotesafill-in.

0, 1, 2 and3, 4, 5. Within thetwo components,vertices2 and5 aretheseparators,andhencehave thehighest
labelin their respective partitions.

2.2 Supernodes

In sparsematrix terminology, a setof consecutive rows or columnsthat have the samenonzerostructureis
looselyreferredto asa supernode.The notion of supernodesis crucial to efficient implementationof sparse
factorizationfor a largeclassof sparsematricesarisingin realapplications.

Coefficientmatricesin many applicationshavenaturalsupernodes.In graphterms,therearesetsof vertices
with identicaladjacency structures.Graphslike thiscanbecompressedby having onesupervertex representthe
wholesetof verticeswith thesameadjacency structures.Whenmostverticesof a graphbelongto supernodes
andthesupernodesareof roughly thesamesize(in termsof thenumberof verticesin them)with anaverage
sizeof, say, [ , thenit canbe shown that the compressedgraphhas ?\@B[]E fewer verticesand ?\@B[K^-E fewer
edgesthanin theoriginal graph. It canalsobeshown thatanorderingof original graphcanbederived from
an orderingof the compressedgraph,while preservingthe propertiesof the ordering,by simply labelingthe
verticesof the original graphconsecutively in the orderof the supernodesof the compressedgraph. Thus,
the spaceandthe time requirementsof orderingcanbe dramaticallyreduced.This is particularlyuseful for
parallel sparsesolvers becauseparallel orderingheuristicsoften yield orderingsof lower quality than their
serialcounterparts.For matriceswith highly compressiblegraphs,it is possibleto computethe orderingin
serialwith only a small impacton theoverall scalabilityof theentiresolver becauseorderingis performedon
agraphwith ?A@B[ ^ E feweredges.

While thenaturalsupernodesin thecoefficientmatrix,if any, canbeusefulduringordering,it is thepresence
of supernodesin thefactorsthathave thebiggestimpacton theperformanceof thefactorizationandtriangular
solutionsteps.Althoughtherecanbemultiple waysof definingsupernodesin matriceswith anunsymmetric
structure,themostusefulform involvesgroupsof indiceswith identicalnonzeropatternin thecorresponding
columnsof

�
androws of

	
. Evenif thereareno supernodesin theoriginal matrix, supernodesin thefactors

arealmostinevitable for matricesin most real applications.This is due to fill-in. Examplesof supernodes
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Figure5: A permutationof thesparsematrixof Figure3(a)andits eliminationtree.

in factorsinclude indices6–8 in Figure3(a), indices2–3 and7–8 in Figure4(a), and indices4–5 and 6–8
in Figure5. Somepractitionersprefer to artificially increasethe size(i.e., the numberof memberrows and
columns)of supernodesby paddingthe rows andcolumnsthat have only slightly differentnonzeropatterns,
so that they canbemergedinto thesamesupernode.Thesupernodesin the factorsaretypically detectedand
recordedasthey emerge during symbolicfactorization.In the remainderof this chapter, the term supernode
refersto asupernodein thefactors.

It canbeseenfrom thealgorithmsin Figures1 and2 thattherearetwo primarycomputationsin acolumn-
basedfactorization: the division stepand the updatestep. A supernode-basedsparsefactorizationtoo has
the sametwo basiccomputationsteps,except that theseare now matrix operationson row/column blocks
correspondingto thevarioussupernodes.

Supernodesimpartefficiency to numericalfactorizationandtriangularsolvesbecausethey permitfloating
pointoperationsto beperformedondensesubmatricesinsteadof individualnonzeros,thusimproving memory
hierarchyutilization. Sincerows andcolumnsin supernodessharethenonzerostructure,indirect addressing
is minimized becausethe structureneedsto be storedonly oncefor theserows and columns. Supernodes
help to increasethe granularityof tasks,which is useful for improving computationto overheadratio in a
parallel implementation.The taskgraphmodelof sparsematrix factorizationwas introducedearlierwith a
task

&
definedasthefactorizationof row andcolumn

&
of thematrix. With supernodesa taskcanbedefined

as the factorizationof all rows and columnsassociatedwith a supernode.Actual task graphsin practical
implementationsof parallelsparsesolversarealmostalwayssupernodaltaskgraphs.

Note that someapplications,suchaspower grid analysis,in which thebasisof the linear systemis not a
finite-elementor finite-differencediscretizationof aphysicaldomain,cangive riseto sparsematricesthatincur
very little fill-in duringfactorization.Thefactorsof thesematricesmayhave very smallsupernodes.

2.3 An effective parallelization strategy

The taskgraphsfor sparsematrix factorizationhave sometypical propertiesthat make schedulingsomewhat
differentfrom traditionalDAG scheduling.Notethatthetaskgraphscorrespondingto irreduciblematriceshave
a distinct root; i.e., onenodethat hasno outgoingedges.This correspondsto the last (rightmost)supernode
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Figure6: An illustrationof theduality betweengraphvertex labelingandrow/columnpermutationof a struc-
turally symmetricsparsematrix. Grid (a), with verticeslabeledbasedon nesteddissection,is the adjacency
graphof thematrix in Figure3(a)andgrid (b) is theadjacency graphof thematrix in Figure5(a).

in the matrix. The numberof memberrows and columnsin supernodestypically increasesaway from the
leavesandtowardsthe root of the taskgraph. The reasonis that a supernodeaccumulatesfill-in from all its
predecessorsin thetaskgraph.As a result,theportionsof thefactorsthatcorrespondto taskgraphnodeswith
a largenumberof predecessorstendto getdenser. Dueto their largersupernodes,thetasksthatarerelatively
closeto theroot tendto have morework associatedwith them.On theotherhand,thewidth of thetaskgraph
shrinkscloseto theroot. In otherwords,atypical taskgraphfor sparsematrixfactorizationtendsto havealarge
numberof smallindependenttaskscloserto theleaves,but asmallnumberof largetaskscloserto theroot. An
idealparallelizationstrategy thatwouldmatchthecharacteristicsof theproblemis asfollows. Startingout, the
relatively plentiful independenttasksat or neartheleaveswould bescheduledto parallelthreadsor processes.
As taskscomplete,othertasksbecomeavailableandwould bescheduledsimilarly. This couldcontinueuntil
thereareenoughindependenttasksto keepall the threadsor processesbusy. Whenthe numberof available
paralleltasksbecomessmallerthanthenumberof availablethreadsor processes,thentheonly way to keepthe
latterbusywouldbeto utilize morethanoneof thempertask.Thenumberof threadsor processesworkingon
individual taskswould increaseasthenumberof paralleltasksdecreases.Eventually, all threadsor processes
wouldwork on theroot task.Thecomputationcorrespondingto theroot taskis equivalentto factoringadense
matrixof thesizeof theroot supernode.

2.4 Sparsefactorization formulations basedon task roles

Sofarin thisarticle,thetaskshavebeendefinedsomewhatambiguously. Therearemultiplewaysof definingthe
tasksprecisely, which canresult in differentparallelimplementationsof sparsematrix factorization.Clearly,
a task is associatedwith a supernodeand is responsiblefor computingthat supernodeof the factors; i.e.,
performingthecomputationequivalentto thedivision stepsin thealgorithmsin Figures1 and2. However, a
taskdoesnot own all thedatathatis requiredto computethefinal valuesof its supernode’s rows andcolumns.
Thedatafor performingtheupdatestepson asupernodemaybecontributedby many othersupernodes.Based
on the tasks’ responsibilities,sparseLU factorizationhastraditionally beenclassifiedinto threecategories,
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Figure7: Theleft-looking (a), right-looking(b), andCrout(c) variationsof sparseLU factorization.Different
patternsindicatethe partsof the matrix that are read,updated,and factoredby the taskcorrespondingto a
supernode.Blankportionsof thematrix arenotaccessedby this task.

namely left-looking, right-looking, and Crout. Thesevariationsare illustratedin Figure 7. The traditional
left-looking variantusesnonconformingsupernodesmadeup of columnsof both

�
and

	
, which arenot very

commonin practice.In thisvariant,a taskis responsiblefor gatheringall thedatarequiredfor its own columns
from other tasksand for updatingand factoringits columns. The left-looking formulation is rarely usedin
modernhigh-performancesparsedirectsolvers. In theright-lookingvariationof sparseLU, a taskfactorsthe
supernodethatit ownsandperformsall theupdatesthatusethedatafrom thissupernode.In theCroutvariation,
a tasksis responsiblefor updatingandfactoringthesupernodethat it owns. Only theright-lookingandCrout
variantshave symmetriccounterparts.

A fourth variation, known as the multifrontal method, incorporateselementsof both right-looking and
Crout formulations.In themultifrontal method,thetaskthatownsa supernodecomputesits own contribution
to updatingthe remainderof the matrix (like the right-looking formulation),but doesnot actuallyapply the
updates. Eachtask is responsiblefor collecting all relevant precomputedupdatesand applying them to its
supernode(like the Crout formulation) beforefactoringthe supernode.The supernodedataand its update
contribution in themultifrontal methodis organizedinto smalldensematricescalledfrontal matrices. Integer
arraysmaintaina mappingof the local contiguousindicesof the frontal matricesto theglobal indicesof the
sparsefactormatrices.Figure8 illustratesthecompletesupernodalmultifrontal Cholesky factorizationof the
symmetricmatrixshown in Figure3(a).Notethat,sincerowsandcolumnswith indices6–8form asupernode,
therewould be only onetask(Figure8(g)) correspondingto thesein the supernodaltaskgraph(elimination
tree).

Whena taskis readyfor execution,it first constructsits frontalmatrix by accumulatingcontributionsfrom
the frontal matricesof its childrenandfrom thecoefficient matrix. It thenfactorsits supernode,which is the
portionof thefrontalmatrix thatis shadedin Figure8. After factorization,theunshadedportion(thissubmatrix
of a frontalmatrix is calledtheupdatematrix) is updatedbasedontheupdatestepof thealgorithmin Figure2.
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Figure8: Frontalmatricesanddatamovementamongthemin thesupernodalmultifrontal Cholesky factoriza-
tion of thesparsematrix shown in Figure3(a).

Theupdatematrix is thenusedby theparenttaskto constructits frontalmatrix.
NotethatFigure8 illustratesasymmetricmultifrontal factorization;hence,thefrontal andupdatematrices

aretriangular. For generalLU decomposition,thesematriceswould be squareor rectangular. In symmetric
multifrontal factorization,a child’s updatematrix in theeliminationtreecontributesonly to its parent’s frontal
matrix. The taskgraphfor generalmatricesis usuallynot a tree,but a DAG, asshown in Figure4. Apart
from the shapeof the frontal andupdatematrices,unsymmetricpatternmultifrontal methoddiffers from its
symmetriccounterpartin two other ways. First, an updatematrix can contribute to more than one frontal
matrices.Secondly, the frontal matricesreceiving datafrom an updatematrix canbelongto thecontributing
supernode’s ancestors(notnecessarilyparents)in thetaskgraph.

The multifrontal methodis often the formulationof choicefor highly parallel implementationsof sparse
matrix factorization.This is becauseof its naturaldatalocality (mostof thework of the factorizationis per-
formedin thewell-containeddensefrontalmatrices)andtheeaseof synchronizationthatit permits.In general,
eachsupernodeis updatedby multiple othersupernodesandit canpotentiallyupdatemany othersupernodes
during the courseof factorization. If implementednaively, all theseupdatesmay requireexcessive locking
andsynchronizationin a shared-memoryenvironmentor generateexcessive message-traffic in a distributed
environment.In themultifrontal method,theupdatesareaccumulatedandchanneledalongthepathsfrom the
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vesof thetaskgraphto its theroot. Thisgivesamanageablestructureto thepotentiallyhaphazardinteraction
amongthetasks.

Recall that the typical supernodalsparsefactorizationtaskgraphis suchthat the sizeof tasksgenerally
increasesandthe numberof parallel tasksgenerallydiminisheson the way to the root from the leaves. The
multifrontal methodis well suitedfor bothtaskparallelism(closeto the leaves)anddataparallelism(closeto
theroot). Largertasksworking on large frontal matricescloseto theroot canreadilyemploy multiple threads
or processesto performparalleldensematrix operations,which not only have well understooddata-parallel
algorithms,but alsoawell developedsoftwarebase.

2.5 Pivoting in parallel sparse}�~�} �
and }�� factorization

Thediscussionin thisarticlesofarhasfocussedonthescenarioin whichtherowsandcolumnsof thematrixare
permutedduringtheorderingphaseandthispermutationstaysstaticduringnumericalfactorization.While this
assumptionis valid for a largeclassof practicalproblems,thereareapplicationsthatwould generatematrices
that could encountera zeroor a very small entry on the diagonalduring the factorizationprocess.This will
causethe division stepof the LU decompositionalgorithm to fail or to result in numericalinstability. For
nonsingularmatrices,thisproblemcanbesolvedby interchangingrowsandcolumnsof thematrixby aprocess
known aspartial pivoting. Whena small or zeroentry is encounteredat

�#� �%� �"!
beforethedivision step,then

row
�

is interchangedwith anotherrow
�

(
�*J.�#� ) ) suchthat

��� ��� �"!
(whichwouldoccupy thelocation

��� �%� �4!
aftertheinterchange)is sufficiently greaterin magnitudecomparedto otherentries

�#� &(� �"!
(
�*J,&#� ) ,

&�M�.�
).

Similarly, insteadof row
�
, column

�
couldbeexchangedwith a suitablecolumn

�
(
��JI��� ) ). In symmetric����� �

factorization,bothrow andcolumn
�

areinterchangedsimultaneouslywith a suitablerow-columnpair
to maintainsymmetry.

Until recently, it wasbelievedthatdueto unpredictablechangesin thestructureof thefactorsdueto partial
pivoting, a priori orderingandsymbolic factorizationcould not be performed,and thesestepsneededto be
combinedwith numericalfactorization. Keepingthe analysisandnumericalfactorizationstepsseparatehas
substantialperformanceandparallelizationbenefits,which would be lost if thesestepsarecombined. For-
tunately, modernparallelsparsesolversareableto performpartial pivoting andmaintainnumericalstability
without mixing theanalysisandnumericalsteps.Themultifrontalmethodpermitseffective implementationof
partialpivoting in parallelandkeepsits effectsaslocalizedaspossible.

Beforecomputingafill-reducingordering,therowsor columnsof thecoefficientmatrixarepermutedsuch
that the absolutevalueof the productof the magnitudeof the diagonalentriesis maximized. Specialgraph
matchingalgorithmsareusedto computethis permutation.This stepensuresthat thediagonalentriesof the
matrix have relatively large magnitudesat the beginning of factorization. It hasbeenobserved that oncethe
matrix hasbeenpermutedthis way, in mostcases,very few interchangesarerequiredduringthefactorization
processto keepit numericallystable.As aresult,factorizationcanbeperformedusingthestatictaskgraphand
thestaticstructuresof thesupernodesof

�
and

	
predictedby symbolicfactorization.Whenan interchange

is necessary, the resultingchangesin thedatastructuresareregistered.Sincesuchinterchangesarerare,the
resultingdisruptionandtheoverheadis usuallywell contained.

Thefirst line of defenseagainstnumericalinstability is to performpartialpivoting within a frontal matrix.
Exchangingrows or columnswithin a supernodeis local, andif all rows andcolumnsof a supernodecanbe
successfullyfactoredby simplyalteringtheirorder, thennothingoutsidethesupernodeis affected.Sometimes,
a supernodecannotbe factoredcompletelyby local interchanges.This canhappenwhenall candidaterows
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or� columnsfor interchangehave indicesgreaterthanthatof thelastrow-columnpair of thesupernode.In this
case,atechniqueknown asdelayedpivotingisemployed.Theunfactoredrowsandcolumnsaresimplyremoved
from thecurrentsupernodeandpassedonto theparent(or parents)in thetaskgraph.Mergedwith theparent
supernode,theserows and columnshave additionalcandidaterows and columnsavailable for interchange,
which increasesthechancesof theirsuccessfulfactorization.Theprocessof upwardmigrationof unsuccessful
pivotscontinuesuntil they areresolved,which is guaranteedto happenat theroot supernodefor a nonsingular
matrix.

In the multifrontal framework, delayedpivoting simply involves addingextra rows and columnsto the
frontal matricesof theparentsof supernodewith failedpivots. Theprocessis straightforward for thesupern-
odeswhosetasksaremappedonto individual threadsor processes.For the tasksthat requiredata-parallel
involvementof multiple threadsor processes,the extra rows andcolumnscanbe partitionedusingthe same
strategy thatis usedto partitiontheoriginal frontalmatrix.

2.6 Parallel solution of triangular systems

As mentionedearlier, solvingtheoriginalsystemafterfactoringthecoefficientmatrix involvessolvingasparse
lower triangularandasparseuppertriangularsystem.Thetaskgraphconstructedfor factorizationcanbeused
for the triangularsolves too. For matriceswith an unsymmetricpattern,a subsetof edgesof the taskDAG
mayberedundantin eachof thesolve phases,but theseredundantedgescanbeeasilymarkedduringsymbolic
factorization.Justlike factorization,the computationfor the lower triangularsolve phasestartsat the leaves
of thetaskgraphandproceedstowardstheroot. In theuppertriangularsolve phase,computationstartsat the
root andfansout towardsthe leaves(in otherwords,thedirectionof theedgesin thetaskgraphis effectively
reversed).

3 RelatedEntries

� Cholesky factorization

� LU decomposition

� Multifrontal method

� Reordering

4 Bibliographic Notes

Booksby GeorgeandLiu [6] andDuff, Erisman,andReid[5] areexcellentsourcesfor abackgroundonsparse
directmethods.A comprehensive survey by Demmel,Heath,andvanderVorst [4] sumsup thedevelopments
in parallel sparsedirect solvers until the early 1990s. Someremarkableprogresswasmadein the develop-
mentof parallelalgorithmsandsoftwarefor sparsedirectmethodsduringa decadestartingin theearly1990s.
Guptaet al. [9] developedthe framework for highly scalableparallel formulationsof symmetricsparsefac-
torizationbasedon the multifrontal method(seetutorial by Liu [12] for details),andrecentlydemonstrated
scalableperformanceof an industrialstrengthimplementationof their algorithmson thousandsof cores[10].
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Demmel,
�

Gilbert,andLi [3] developedoneof thefirst scalablealgorithmsandsoftwarefor solvingunsymmet-
ric sparsesystemswithout partial pivoting. Amestoy et al. [2, 1] developedparallelalgorithmsandsoftware
that incorporatedpartial pivoting for solving unsymmetricsystemswith (eithernaturalor forced)symmetric
pattern.Hadfield[11] andGupta[7] laid thetheoreticalfoundationfor a generalunsymmetricpatternparallel
multifrontal algorithmwith partialpivoting,with thelatterfollowing up with apracticalimplementation[8].
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