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1 Definition

Direct methodsfor solving linear systemsof the form Az = b arebasedon computingA = LU, whereL
andU arelower anduppertriangular respectiely. Computingthe triangularfactorsof the coeficient matrix
A is alsoknown asLU decomposition Following the factorization,the original systemis trivially solved by
solving the triangularsystemsLy = b andUx = y. If A is symmetric,thena factorizationof the form
A= LLT or A = LDL" is computedvia Cholesk factorization whereL is a lower triangularmatrix (unit
lower triangularin the caseof A = LDL" factorization)and D is a diagonalmatrix. One setof common
formulationsof LU decompositiorandCholesly factorizatiorfor densematricesareshavn in Figuresl and2,
respectrely. Notethatothermathematicallyequivalentformulationsare possibleby rearranginghe loopsin
thesealgorithms.Thesealgorithmsmustbe adaptedor sparsanatricesjn which alarge fractionof entriesare
zero. For example,if A[j, ] in thedivision stepis zero,thenthis operationneednot be performed.Similarly,
the updatestepscanbe avoidedif either A[j, ] or Ali, k] (A[k, 4] if A is symmetric)is zero.

When A is sparsethe triangularfactors and U typically have nonzeroentriesin mary morelocations
than A does. This phenomenoris known asfill-in, andresultsin a superlineargrowth in the memoryand
time requirement®f a directmethodto solve a sparsesystemwith respecto the size of the system.Despite
a high memoryrequirementdirect methodsare often usedin mary real applicationsdueto their generality
androbustnessin applicationgequiringsolutionswith respecto severalright-handsidevectorsandthe same
coeficient matrix, directmethodsareoftenthe solversof choicebecausehe one-timecostof factorizationcan
beamortizedover severalinexpensve triangularsolves.

2 Discussion

The direct solution of a sparsdinear systemtypically involves four phases.The two computationabhases,
factorizationandtriangular solutionshave alreadybeenmentioned.The numberof nonzerosn thefactorsand
sometimegheir numericalpropertiesare functionsof the initial permutationof the rows and columnsof the
coeficientmatrix. In mary parallelformulationsof sparsdactorizationthis permutatiorcanalsohave aneffect
on loadbalance.Thefirst stepin the directsolutionof a sparsdinear system therefore s to apply heuristics
to computea desirablepermutatiorthe matrix. This stepis known asordering A sparseanatrix canbeviewed



1. beginLU_Decomp(A, n)

2 fori=1,n

3 forj=i+1,n

4 Alj, i) = A[j,14]/Ali, d]; I* division step,computesolumn: of L */
5. end for

6 fork=i+1,n

7 forj=i+1n

8 Alj, k] = Alj, k] — Alj,1] x Ali, k]; I* updatestep*/
9. end for

10. end for

11. endfor

12. end LU _Decomp

Figurel: A simplecolumn-basealgorithmfor LU decompositiorof ann x n densematrix A. Thealgorithm
overwritesA by L andU suchthat A = LU, whereL is unit lower triangularandU is uppertriangular The
diagonalentriesafterfactorizationbelongto U; the unit diagonalof L is notexplicitly stored.

asthe adjaceng matrix of a graph. Orderingheuristicstypically usethe graphview of the matrix andlabel
the verticesin a particularorderthatis equivalentto computinga permutationof the coeficient matrix with
desirableproperties.In the secondphase known assymbolicfactorization the nonzeropatternof the factors
is computed.Knowing the nonzeropatternof the factorsbeforeactuallycomputingthemis usefulfor several
reasonsThe memoryrequirement®f numericalfactorizationcanbe predictedduring symbolicfactorization.
With the numberandlocationsof nonzerosknown beforehand,a significantamountof indirectaddressingan
be avoidedduring numericalfactorization thusboostingperformanceln a parallelimplementationsymbolic
factorizationhelpsin the distribution of dataand computationamongprocessingunits. The orderingand
symbolicfactorizationphasesarealsoreferredto aspreprocessingr analysissteps.A fifth phaseof iterative
refinements sometimesisedafterthe solutionphaseo improve theaccurag of the solution.

Of the four phasesnumericalfactorizationtypically consumeghe mostmemoryandtime. Many appli-
cationsinvolve factoringseveral matriceswith differentnumericalvaluesbut the samesparsitystructure. In
suchcasessomeor all of the resultsof the orderingandsymbolicfactorizationstepscanbereused.This is
alsoadwantageousor parallelsparsesolversbecausgarallelorderingandsymbolicfactorizationaretypically
lessscalable Amortizationof the costof thesestepsover several factorizationstepshelpsmaintainthe overall
scalability of the solver closeto thatof numericalfactorization. The parallelizationof the triangularsolvesis
highly dependenbn the parallelizationof the numericalfactorizationphase.The parallelformulation of nu-
mericalfactorizationdictateshow the factorsare distributed amongparalleltasks. The subsequentriangular
solutionstepamustuseaparallelizatiorschemehatworksonthis datadistribution, particularlyin adistributed-
memoryparallelervironment. Givenits prominentrole in the paralleldirect solutionof sparsdinear system,
thenumericalfactorizationphases the primaryfocusof this article.

The algorithmsusedfor preprocessingndfactoringa sparsecoeficient matrix dependon the properties
of the matrix, suchassymmetry diagonaldominancepositve definitenessetc. However, therearecommon
elementsn mostsparsdactorizationalgorithms.Two of these hamelytaskgraphsandsupernodesarekey to



1. beginCholesk (4, n)

2 fori=1,n

3 Aliyi) = /Ali, 1];

4, forj=i+1,n

5. Alj, i) = A[j,14]/Al4, d]; I* division step,computesolumn: of L */
6 end for

7 fork=i+1,n

8 forj=k,n

9. Al k] = Alj, k] — Alj,1] x Alk,1]; I* updatestep*/
10. end for

11. end for

12.  endfor

13. end Cholesly

Figure2: A simplecolumn-basedlgorithmfor Cholesly factorizationof ann x n densesymmetricpositive
definitematrix A. Thelowertriangularpartof A is overwrittenby L, suchthatA = LL”.

thediscussiorof parallelsparsematrix factorizationof all typesfor bothpracticalandpedagogicateasons.

2.1 Taskgraph modelof sparsefactorization

A parallelcomputatioris usuallythe mostefficientwhenrunningat the maximumpossibleevel of granularity
thatensures goodload-balancemongall the processorsDensematrix factorizationis computationallyrich
andrequiresO(n?) operationdor factoringann x n matrix. Sparsefactorizationinvolves a muchsmaller
overall numberof operationgerrow or columnof the matrix thanits densecounterpart.The sparsityresults
in additionalchallengesaswell asadditionalopportunitiego extract parallelism.The challengesrecentered
aroundfinding waysof orchestratinghe unstructuredcomputationsn aload-balancedashionandof contain-
ing theoverhead®f interactionbetweerparalleltasksin thefaceof arelatively smallnumberor operationger
row or columnof the matrix. Theaddedopportunityfor parallelismresultsfrom thefactthat, unlike the dense
algorithmsof Figuresl and2, the columnsof the factorsin the sparsecasedo not needto be computedone
afterthe other Notethatin the algorithmsshavn in Figuresl and2, row andcolumn: areupdatedby rows
andcolumnsl ... — 1. In the sparsecase column: is updatedby a columnj < ¢ only if U[j,4] # 0, anda
row i is updatedoy arow j < i only if L[i, j] # 0. Therefore asthe sparseactorizationbegins, the division
stepcanproceedn parallelfor all columns: for which Afi, j] = 0 and A[j,4] = 0 for all j < 7. Similarly, at
ary stagein the factorizationprocesstherecould be large pool of columnsthatarereadyof the division step.
Any unfactoredcolumni would belongto this pooliff all columns;j < i with anonzeroentryin row i of L and
all rows j < i with anonzeroentryin columnsi of U have beenfactored.

A taskdependenc graphis an excellenttool for capturingparallelismand the variousdependenciem
sparsematrix factorization. It is a directedagyclic graph(DAG) whoseverticesdenotetasksandthe edges
specifythe dependencieamongthetasks.A taskis associateavith eachrow andcolumn(columnonly in the
symmetriccase)of the sparsamnatrix to befactored.Thevertex i of thetaskgraphdenoteghetaskresponsible
for computingcolumns of L androw ¢ of U. A taskis readyfor executionif andonly if all taskswith incoming
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Figure3: A structurallysymmetricsparsematrix andits eliminationtree. An X indicatesanonzeroentryin the
original matrix anda box denotesfill-in.

edgedo it have completed.Taskgraphsareoftenexplicitly constructealuringsymbolicfactorizationto guide
thenumericalfactorizationphase This permitsthe numericafactorizatiorto avoid expensve searchef order
to determinewhich tasksarereadyfor executionat ary given stageof the parallelfactorizationprocess.The
taskgraphscorrespondingo matriceswith a symmetricstructurearetreesandareknown aseliminationtrees
in the sparsamatrix literature.

Figure3 shawvs the eliminationtreefor a structurallysymmetricsparsamatrix andFigure4 shaws thetask
DAG for a structurallyunsymmetriamatrix. Onceataskgraphis constructedthenparallelfactorization(and
evenparalleltriangularsolution)canbeviewedastheproblemof schedulinghetasksontoparallelprocessesr
threads Staticschedulings generallypreferredn a distributed-memoryenvironmentanddynamicscheduling
in ashared-memorgrvironment. Theshapeof thetaskgraphis afunctionof theinitial permutatiorof rowsand
columnsof thesparsanatrix, andis thereforedeterminedy theoutcomeof theorderingphase Figure5 shavs
theeliminationtreecorrespondingo the samematrix asin Figure3(a), but with a differentinitial permutation.
Thestructureof thetaskDAG usuallyaffectshow effectively it canbe scheduledor parallelfactorization.For
example,it may be intuitively recognizablgo readerghat the eliminationtreein Figure 3 is moreamenable
to parallelschedulingthanthe tree correspondindo a different permutationof the samematrix in Figure5.
Figure6 illustratesthatthe matricesin Figures3 and5 have the sameunderlyinggraph. The only difference
is in thelabelingof the verticesof the graph,which resultsin a differentpermutatiorof the rows andcolumns
of the matrix, differentamountof fill-in, anddifferentshape®f taskgraphs.In generallong andskinry task
graphsresultin limited parallelismanda long critical path. Shortandbroadtaskgraphshave a high degreeof
parallelismandshortercritical paths.

Sincethe shapeandhencethe amenabilityto efficient parallelschedulingof the taskgraphis sensitve to
ordering,heuristicsthat resultin balancedandbroadtask graphsare preferredfor parallelfactorization. The
bestknown orderingheuristicin this classis callednestedlissection Nesteddissectioris basedn recursvely
computingbalancedisectionsof a graphby finding small vertex separatorsThe verticesin the two discon-
nectedpartitionsof the graphare labeledbeforethe verticesof the separator The sameheuristicis applied
recursvely for labelingthe verticesof eachpartition. The orderingin Figure3 is actuallybasedon nesteddis-
section.Notethatthevertex set6, 7, 8 formsaseparatqrdividing thegraphinto two disconnectedomponents,
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Figure4: An unsymmetricsparsamatrix andthe correspondingaskDAG. An X indicatesa nonzeroentryin
theoriginal matrix anda box denotesafill-in.

0,1,2and3, 4, 5. Within thetwo componentsyertices2 and5 arethe separatorsandhencehave the highest
labelin theirrespectie partitions.

2.2 Supemodes

In sparsematrix terminology a setof consecutie rows or columnsthat have the samenonzerostructureis
looselyreferredto asa supernode.The notion of supernodess crucial to efficientimplementatiorof sparse
factorizationfor alarge classof sparsenatricesarisingin realapplications.

Coeficientmatricesn mary applicationshave naturalsupernodedn graphterms,therearesetsof vertices
with identicaladjaceng structuresGraphdik e this canbe compressedy having onesuperverte representhe
whole setof verticeswith the sameadjaceng structuresWhenmostverticesof a graphbelongto supernodes
andthe supernodesgreof roughly the samesize (in termsof the numberof verticesin them)with an average
sizeof, say m, thenit canbe shavn thatthe compressedraphhasO(m) fewer verticesand O(m?) fewer
edgeghanin the original graph. It canalsobe shavn that an orderingof original graphcanbe derived from
anorderingof the compressedjraph,while preservingthe propertiesof the ordering,by simply labelingthe
verticesof the original graphconsecutiely in the order of the supernodesf the compressedraph. Thus,
the spaceandthe time requirement®f orderingcanbe dramaticallyreduced. This is particularly useful for
parallel sparsesolvers becauseparallel ordering heuristicsoften yield orderingsof lower quality thantheir
serial counterparts.For matriceswith highly compressiblegraphs,it is possibleto computethe orderingin
serialwith only a smallimpacton the overall scalabilityof the entiresolver becaus@rderingis performedon
agraphwith O(m?) fewer edges.

While thenaturalsupernodem thecoeficientmatrix, if any, canbeusefulduringordering,it isthepresence
of supernodef thefactorsthathave the biggestimpacton the performancef the factorizationandtriangular
solutionsteps.Althoughtherecanbe multiple waysof definingsupernodeg matriceswith anunsymmetric
structure the mostusefulform involves groupsof indiceswith identicalnonzeropatternin the corresponding
columnsof L androws of U. Evenif thereareno supernode the original matrix, supernode thefactors
are almostinevitable for matricesin mostreal applications. This is dueto fill-in. Examplesof supernodes
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Figure5: A permutatiorof the sparsematrix of Figure3(a)andits eliminationtree.

in factorsinclude indices6-8 in Figure 3(a), indices2-3 and 7-8 in Figure 4(a), andindices4-5 and 6—8
in Figure5. Somepractitionerspreferto artificially increasethe size(i.e., the numberof memberrows and
columns)of supernodesy paddingthe rows and columnsthat have only slightly differentnonzeropatterns,
sothatthey canbe megedinto the samesupernode The supernodef the factorsaretypically detectedand
recordedasthey emepe during symbolicfactorization. In the remainderof this chapterthe term supernode
refersto asupernoden thefactors.

It canbe seenfrom thealgorithmsin Figuresl and?2 thattherearetwo primary computationsn a column-
basedfactorization: the division stepand the updatestep. A supernode-basesbarsefactorizationtoo has
the sametwo basiccomputationsteps,except that theseare now matrix operationson row/column blocks
correspondingo thevarioussupernodes.

Supernodegsmpartefficiency to numericalfactorizationandtriangularsolvesbecausehey permitfloating
pointoperationgo beperformedon densesubmatricesnsteadof individual nonzerosthusimproving memory
hierarchyutilization. Sincerows andcolumnsin supernodesharethe nonzerostructure,indirectaddressing
is minimized becausdhe structureneedsto be storedonly oncefor theserows and columns. Supernodes
help to increasethe granularity of tasks,which is useful for improving computationto overheadratio in a
parallelimplementation. The task graphmodel of sparsematrix factorizationwas introducedearlier with a
taskk definedasthefactorizationof row andcolumnék of the matrix. With supernodesa taskcanbe defined
as the factorizationof all rows and columnsassociatedvith a supernode. Actual task graphsin practical
implementation®f parallelsparsesolversarealmostalwayssupernodalaskgraphs.

Note that someapplications suchaspower grid analysis,in which the basisof the linear systemis not a
finite-elemenor finite-differencediscretizatiorof a physicaldomain,cangive riseto sparseamatriceshatincur
very little fill-in duringfactorization.Thefactorsof thesematricesmayhave very smallsupernodes.

2.3 An effective parallelization strategy

Thetaskgraphsfor sparsematrix factorizationhave sometypical propertiesthat make schedulingsomevhat
differentfrom traditionalDAG schedulingNotethatthetaskgraphscorrespondingo irreduciblematriceshave
adistinctroot; i.e., onenodethat hasno outgoingedges.This correspondso the last (rightmost)supernode
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Figure6: An illustration of the duality betweergraphvertex labelingandrow/columnpermutationof a struc-
turally symmetricsparsematrix. Grid (a), with verticeslabeledbasedon nesteddissection,s the adjaceng
graphof thematrixin Figure3(a)andgrid (b) is the adjaceng graphof the matrixin Figure5(a).

in the matrix. The numberof memberrows and columnsin supernodesypically increasesway from the
leaves andtowardsthe root of the taskgraph. The reasonis that a supernodeaccumulatedill-in from all its
predecessolis thetaskgraph.As aresult,the portionsof the factorsthatcorrespondo taskgraphnodeswith
alarge numberof predecessorendto getdenser Dueto their larger supernodeshe tasksthatarerelatively
closeto theroottendto have morework associateavith them. On the otherhand,the width of the taskgraph
shrinkscloseto theroot. In otherwords,atypicaltaskgraphfor sparsematrixfactorizationtendsto have alarge
numberof smallindependentaskscloserto theleaves,but a smallnumberof large taskscloserto theroot. An
idealparallelizationstratgy thatwould matchthe characteristicef the problemis asfollows. Startingout, the
relatively plentiful independentasksat or nearthe leaveswould be scheduledo parallelthreadsor processes.
As taskscomplete pthertasksbecomeavailable andwould be scheduledimilarly. This could continueuntil
thereare enoughindependentasksto keepall the threadsor processedusy Whenthe numberof available
paralleltasksbecomesmallerthanthe numberof availablethreador processeghentheonly way to keepthe
latterbusywould beto utilize morethanoneof thempertask. The numberof threadsor processeworking on
individual taskswould increaseasthe numberof paralleltasksdecreasesEventually all threadsor processes
would work ontheroottask. The computatiorcorrespondingo theroot taskis equvalentto factoringadense
matrix of the sizeof theroot supernode.

2.4 Sparsefactorization formulations basedon task roles

Sofarin thisarticle,thetaskshave beendefinedsomevhatambiguously Therearemultiple waysof definingthe
tasksprecisely which canresultin differentparallelimplementation®f sparsematrix factorization.Clearly,
a taskis associatedvith a supernodeand is responsiblefor computingthat supernodeof the factors;i.e.,
performingthe computationequivalentto the division stepsin the algorithmsin Figuresl and2. However, a
taskdoesnot own all the datathatis requiredto computethefinal valuesof its supernode’ rows andcolumns.
Thedatafor performingthe updatestepson a supernodenay be contritutedby mary othersupernodesBased
on the tasks’responsibilities sparseL U factorizationhastraditionally beenclassifiedinto three cateyories,
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Figure7: Theleft-looking (a), right-looking (b), andCrout(c) variationsof sparse_U factorization.Different
patternsindicatethe partsof the matrix that are read, updated,and factoredby the task correspondingo a
supernodeBlank portionsof the matrix arenot accessety this task.

namelyleft-looking right-looking and Crout Thesevariationsare illustratedin Figure 7. The traditional
left-looking variantusesnonconformingsupernodesadeup of columnsof both L. andU, which arenot very
commonin practice.In this variant,a taskis responsibldor gatheringall the datarequiredfor its own columns
from othertasksand for updatingandfactoringits columns. The left-looking formulationis rarely usedin

modernhigh-performanceparsealirectsolvers. In theright-looking variationof sparsd_U, ataskfactorsthe
supernodé¢hatit ownsandperformsall theupdateshatusethedatafrom this supernodeln the Croutvariation,
atasksis responsibldgor updatingandfactoringthe supernodéhatit owns. Only the right-lookingandCrout
variantshave symmetriccounterparts.

A fourth variation, known as the multifrontal method incorporateselementsof both right-looking and
Croutformulations.In the multifrontal method the taskthat owns a supernodeomputests own contrikution
to updatingthe remainderof the matrix (like the right-looking formulation), but doesnot actually apply the
updates. Eachtaskis responsiblefor collecting all relevant precomputedipdatesand applying themto its
supernodglike the Crout formulation) beforefactoringthe supernode.The supernodedataand its update
contrikution in the multifrontal methodis organizedinto smalldensematricescalledfrontal matrices Integer
arraysmaintaina mappingof the local contiguousindicesof the frontal matricesto the globalindicesof the
sparseactormatrices.Figure8 illustratesthe completesupernodamultifrontal Cholesly factorizationof the
symmetricmatrix shavn in Figure3(a). Notethat,sincerows andcolumnswith indices6—8form a supernode,
therewould be only onetask (Figure 8(g)) correspondingo thesein the supernodataskgraph(elimination
tree).

Whenataskis readyfor execution,it first constructsts frontal matrix by accumulatingontritutionsfrom
the frontal matricesof its childrenandfrom the coeficient matrix. It thenfactorsits supernodewhich is the
portionof thefrontal matrix thatis shadedn Figure8. After factorizationtheunshadegbortion (this submatrix
of afrontalmatrixis calledthe updatematrix) is updatedbasedbn the updatestepof thealgorithmin Figure2.
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Figure8: Frontalmatricesanddatamovementamongthemin the supernodainultifrontal Cholesly factoriza-
tion of thesparsamatrix shavn in Figure3(a).

Theupdatematrix is thenusedby the parenttaskto constructits frontal matrix.

NotethatFigure8 illustratesa symmetricmultifrontal factorizationhence thefrontal andupdatematrices
aretriangular For generalLU decompositionthesematriceswould be squareor rectangular In symmetric
multifrontal factorizationa child’s updatematrix in the eliminationtreecontritutesonly to its parents frontal
matrix. The taskgraphfor generalmatricesis usually not a tree, but a DAG, asshavn in Figure4. Apart
from the shapeof the frontal and updatematrices,unsymmetricpatternmultifrontal methoddiffers from its
symmetriccounterpartin two otherways. First, an updatematrix can contritute to more than one frontal
matrices. Secondly the frontal matricesreceving datafrom an updatematrix canbelongto the contrikuting
supernode ancestorgnot necessarilyparentsjn thetaskgraph.

The multifrontal methodis often the formulation of choicefor highly parallelimplementationsof sparse
matrix factorization. This is becausef its naturaldatalocality (mostof the work of the factorizationis per
formedin thewell-containeddensdrontal matricesyandthe easeof synchronizatiorthatit permits.In general,
eachsupernodés updatedoy multiple othersupernodesndit canpotentiallyupdatemary othersupernodes
during the courseof factorization. If implementednaively, all theseupdatesmay require excessie locking
and synchronizatiorin a shared-memorgrvironmentor generateexcessie message-tréi€ in a distributed
ervironment. In the multifrontal method the updatesareaccumulatecndchanneledlongthe pathsfrom the



leavesof thetaskgraphto its theroot. Thisgivesamanageablstructureo thepotentiallyhaphazardhteraction
amongthetasks.

Recallthat the typical supernodabkparsefactorizationtask graphis suchthat the size of tasksgenerally
increasesandthe numberof paralleltasksgenerallydiminisheson the way to the root from the leaves. The
multifrontal methodis well suitedfor both taskparallelism(closeto the leaves)anddataparallelism(closeto
theroot). Largertasksworking on large frontal matricescloseto the root canreadily employ multiple threads
or processeso perform paralleldensematrix operationswhich not only have well understooddata-parallel
algorithms but alsoa well developedsoftwarebase.

2.5 Pivoting in parallel sparseLDL* and LU factorization

Thediscussionn thisarticlesofar hasfocussednthescenaridan whichtherows andcolumnsof thematrixare
permutedduringthe orderingphaseandthis permutatiorstaysstaticduringnumericalfactorization While this
assumptions valid for a large classof practicalproblemsthereareapplicationghatwould generatenatrices
that could encountera zeroor a very small entry on the diagonalduring the factorizationprocess.This will
causethe division stepof the LU decompositioralgorithmto fail or to resultin numericalinstability For
nonsingulamatricesthis problemcanbesolvedby interchangingows andcolumnsof thematrix by aprocess
known aspartial pivoting Whena smallor zeroentryis encounteredt A[i, | beforethe division step,then
row 7 is interchangedvith anotherow j (i < j < n) suchthat A[j, i] (whichwould occupy thelocation A[i, 7]
aftertheinterchangejs sufiiciently greaterin magnitudecomparedo otherentriesA[k,i] (i < k < n, k # 7).
Similarly, insteadof row i, columni couldbe exchangedwith a suitablecolumnj (i < j < n). In symmetric
LDLT factorization bothrow andcolumni areinterchangedimultaneouslyith a suitablerow-columnpair
to maintainsymmetry

Until recently it wasbelievedthatdueto unpredictableehangesn the structureof thefactorsdueto partial
pivoting, a priori orderingand symbolic factorizationcould not be performed,and thesestepsneededo be
combinedwith numericalfactorization. Keepingthe analysisand numericalfactorizationstepsseparatéhas
substantiaperformanceand parallelizationbenefits,which would be lost if thesestepsare combined. For-
tunately modernparallel sparsesolversare ableto performpartial pivoting and maintainnumericalstability
without mixing the analysisandnumericalsteps.The multifrontal methodpermitseffective implementatiorof
partialpivoting in parallelandkeepsts effectsaslocalizedaspossible.

Beforecomputingafill-reducingordering,therows or columnsof the coeficient matrix arepermutedsuch
that the absolutevalue of the productof the magnitudeof the diagonalentriesis maximized. Specialgraph
matchingalgorithmsare usedto computethis permutation.This stepensureghat the diagonalentriesof the
matrix have relatively large magnitudesat the beginning of factorization. It hasbeenobsered thatoncethe
matrix hasbeenpermutedhis way, in mostcasesyery few interchangesirerequiredduring the factorization
procesgo keepit numericallystable.As aresult,factorizationcanbe performedusingthe statictaskgraphand
the staticstructuresof the supernodesf L andU predictedby symbolicfactorization.Whenaninterchange
is necessarythe resultingchangesn the datastructuresareregistered. Sincesuchinterchangesrerare, the
resultingdisruptionandthe overheads usuallywell contained.

Thefirst line of defenseagainstnumericalinstability is to performpartial pivoting within a frontal matrix.
Exchangingrows or columnswithin a supernodes local, andif all rows andcolumnsof a supernodeanbe
successfullfactoredby simply alteringtheir order thennothingoutsidethesupernodés affected.Sometimes,
a supernodecannotbe factoredcompletelyby local interchanges.This canhappemwhenall candidaterows
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or columnsfor interchangehave indicesgreaterthanthat of the lastrow-columnpair of the supernodeln this
caseatechnique&known asdelayedivotingis emplo/ed. Theunfactoredowsandcolumnsaresimply removed
from the currentsupernodeind passednto the parent(or parents)n the taskgraph. Mergedwith the parent
supernodetheserows and columnshave additional candidaterows and columnsavailable for interchange,
whichincreaseshe chance®f their successfutactorization.The procesof upward migrationof unsuccessful
pivots continuesuntil they areresohed, whichis guaranteedo happerat theroot supernoddor a nonsingular
matrix.

In the multifrontal frameawork, delayedpivoting simply involves adding extra rows and columnsto the
frontal matricesof the parentsof supernodevith failed pivots. The processds straightforvard for the supern-
odeswhosetasksare mappedonto individual threadsor processes.For the tasksthat require data-parallel
involvementof multiple threadsor processesthe extra rows and columnscanbe partitionedusingthe same
stratgy thatis usedto partitionthe original frontal matrix.

2.6 Parallel solution of triangular systems

As mentionecdearlier solvingtheoriginal systemafterfactoringthe coeficient matrix involvessolvingasparse
lower triangularanda sparseauppertriangularsystem.Thetaskgraphconstructedor factorizationcanbe used
for the triangularsolvestoo. For matriceswith an unsymmetricpattern,a subsetof edgesof the task DAG
may beredundantn eachof the solve phasesbut theseredundantedgesanbe easilymarkedduringsymbolic
factorization. Justlik e factorization,the computationfor the lower triangularsolve phasestartsat the leaves
of thetaskgraphandproceeddowardstheroot. In the uppertriangularsolve phase computatiorstartsat the
root andfansout towardsthe leaves(in otherwords,the directionof the edgesn thetaskgraphis effectively
reversed).

3 RelatedEntries

Cholesly factorization

LU decomposition

Multifrontal method

Reordering

4 Bibliographic Notes

Bookshy GeogeandLiu [6] andDuff, ErismanandReid[5] areexcellentsourcegor abackgroundnsparse
directmethods.A comprehense suney by Demmel,Heath,andvanderVorst[4] sumsup the developments
in parallel sparsedirect solvers until the early 1990s. Someremarkableprogresswvas madein the develop-
mentof parallelalgorithmsandsoftwarefor sparsalirect methodsduring a decadestartingin the early 1990s.
Guptaet al. [9] developedthe framework for highly scalableparallel formulationsof symmetricsparsefac-
torizationbasedon the multifrontal method(seetutorial by Liu [12] for details),and recentlydemonstrated
scalableperformancenf anindustrialstrengthimplementatiorof their algorithmson thousand®f cores[10].
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Demmel,Gilbert,andLi [3] developedoneof thefirst scalablealgorithmsandsoftwarefor solvingunsymmet-
ric sparsesystemswithout partial pivoting. Amestqy etal. [2, 1] developedparallelalgorithmsand software
thatincorporatedpartial pivoting for solving unsymmetricsystemswith (eithernaturalor forced) symmetric
pattern.Hadfield[11] andGupta[7] laid thetheoreticafoundationfor a generalunsymmetrigoatternparallel
multifrontal algorithmwith partial pivoting, with thelatterfollowing up with a practicalimplementatior8].
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