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Gate capacitance of cylindrical nanowires with elliptical cross-sections

Amlan Majumdar and Chung-hsun Lin

IBM Research Division, T. J. Watson Research Center, Yorktown Heights, New York 10598

We investigate gate capacitance of cylindrical nanowires with elliptical cross-sections because most
fabricated Si nanowires have elliptical cross sections. We derive an exact result for the capacitance of
confocal elliptical capacitors and an approximate expression for the capacitance of conformal elliptical
capacitors. Using numerical simulations for conformal elliptical capacitors, we show that the analytical
results for the confocal and conformal elliptical capacitors are within 5 % of the numerical values for
eccentricity < 0.85. We also provide correction factors to the analytical results that match the numerical
conformal elliptical capacitances to within 5 % for all values of eccentricity.

For over a decade, there has been a significant amount
of experimental research interest in cylindrical nanowire
(NW) geometry for fabricating metal oxide semiconductor
field effect transistors (MOSFETs).""" This is because the
NW geometry provides better gate control over the channel
region of a short-channel MOSFET than any other MOSFET
geometry.'' ™ An interesting consequence of NW fabrication
is that the NW cross-sections are generally elliptical and not
circular.’ Furthermore, the gate oxide is uniform across the
perimeter, implying that the geometry is that of conformal
ellipses. Since the capacitance of a MOSFET is an important
parameter that not only determines on-state current but also
affects the short-channel characteristics,''* theoretical work
on the capacitance of NWs with confocal and conformal
elliptical ~ cross-sections is required to understand
experimental data from NWs with elliptical cross-sections.

In this letter, we investigate the capacitance of
cylindrical NWs with elliptical cross-sections using
analytical and numerical methods. We derive an exact
analytical expression for the capacitance of confocal
elliptical capacitors and an approximate result for the
capacitance of conformal elliptical capacitors. We use
numerical simulations for conformal capacitors to show that
the analytical capacitance expressions are within 5 % of the
numerical capacitances for eccentricity < 0.85. We also
show that the differences between the analytical and
numerical results increase sharply for eccentricity > 0.85.
Therefore, we provide correction factors to the analytical
results that match the numerical capacitances to within 5 %
for all values of eccentricity.

The elliptical NW geometry is modeled as follows. We
assume that the inner and outer conductors have elliptical
cross-sections. The semi-major and semi-minor axes are
denoted as a;, and b;, for the inner conductor, and a,, and
by for the outer conductor. The eccentricity of the inner

conductor is given by e, =+1-b2 / al and that of the
outer conductor bye,, =+/1-b2, / al, . We define the

elliptical coordinates (u,v) as x = k cosh(u) cos(v) and y = k
sinh(p) sin(v), where (x,y) are Cartesian coordinates and x =
* k are the location of the foci along the x-axis. One should
note that surfaces with constant p are ellipses while those
with constant v are hyperbolae.

We first present exact analytical results for the
capacitance of confocal elliptical capacitors, where the inner
and outer conductors have the same value of . For confocal
elliptical capacitors, of the four geometrical parameters a;,,
bin, aou, and byy, only three are free parameters because
k2 = aizn _bi%l = a(%ut _bgut :
ellipses are not conformal, with the exception being the
special case of a circle. This is because the distance between
the inner and outer conductors of a confocal capacitor,
denoted by 7oy, is a function of angle v and is given by

Tox (v) = \/(aout —a, ) cos’ v+ (b, —b,)*sin’v . Given
that the inner and outer conductors with constant potentials
are ellipses, equipotential surfaces are ellipses while electric

field lines are along the hyperbolae. Therefore, the
electrostatic potential is ¢ = ¢(n) and the electric field is

E= E, n= —(l/h)dd)/du {t, where E, is the component of

electric field along the p direction, {1 is the unit vector along

the p direction, and % =k+/sinh’p+sin’v is the scale

factor for coordinate transformation.'* Using either elliptical
symmetry or conformal mapping'”, one can evaluate ¢ and

E,, which are given by ¢(u)=dlu;y )+ (/27805 ) (0 =1, )

and E, (u, v) = k/2nsokalsinh2 p+sin®v , respectively,

where W, describes the inner conductor, A is the linear
charge density, and gox is the permittivity of the dielectric
between the conductors.

Having obtained the potential and electric-field profiles,
it is straightforward to calculate capacitance. The
capacitance per unit length of cylindrical conductors with
confocal elliptical cross-sections, denoted as Cy |, is given by

One should note that confocal

21E0x
ln( Aout +b0ut J : (1)
Qin + bin
The circular cross-section limit with a;, = b;, = R and ayy =

bou = R + Tox, where R is the radius of the circle, leads to
C, =2meqy /In(l+Toy /R), which is the correct limit for

cylindrical capacitors with circular cross-sections.'®
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FIG. 1. Capacitance per unit length C; of conformal elliptical conductors
versus semi-minor axis of inner conductor b, for different values of semi-
major axis of inner conductor a;,, and dielectric thickness Tox = 1 nm (a)
and 2 nm (b). Symbols: numerical simulations, dashed lines: Eq. (1), and
solid lines: Eq. (3).

We next investigate the planar limit with a;, >> b;, and
ain >> Tox. In this case, aoy = ai, and by, =~ 4/2Toxa;, » and

therefore, Eq. (1) reduces to C, = ﬁnsoquain /Tox - Fora

planar geometry, the relevant quantity is capacitance per unit
area, which we define as C4, = C;, / P, where P is the
perimeter of the ellipse. The perimeter of an ellipse is P = 4
ay E(en), where E(e) is the complete elliptic integral of
second kind. Since E(e) has no closed form solution, we use
the following well-known approximate form:'’

P= n[3(ain + bin) - \/(3ain + bin )(ain + 3bln)] (2)

For a;, >> b;,, P~ nx/g(x/g —1Da;, . Since Tox is a function

of v for con-focal ellipses, we define an effective oxide
/2

thickness by Toyg = (2/7) ITOX (v)d\/ . The integral in this
0

equation is also a complete elliptic integral of the second
kind, which can be approximated by the result of Ref. 17.

For ay, >> bi,, we obtain Tiyxp zﬁ(ﬁ—l) Tox@in /2 -

Therefore, in the planar limit, we obtain C, ~ €ox / Toxe,
which is the correct value for planar capacitance upon
properly defining the effective oxide thickness.

As mentioned previously, the geometry of fabricated
NWs shows that the inner and outer conductors have a
constant distance between them, that is, the dielectric
thickness 7Tox is constant. This implies that the inner and
outer conductors in fabricated NWs are conformal ellipses.
Conformal ellipses have separate foci and therefore, are not
confocal. Thus, one cannot use conformal mapping or
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FIG. 2. (a) Ratio of numerically-calculated capacitance per unit length to
analytical capacitance per unit length from Eq. (1) (up triangles) and Eq. (3)
(down triangles) of conformal elliptical capacitors versus eccentricity ey, of
the outer conductor. The symbols represent data from Fig. 1 while the lines
are least-square fits to the data given by Egs. (1) and (3). (b) Error between
calculated capacitance per unit length of conformal elliptical capacitors and
corrected analytical capacitance Cpfc; and Ciyfc, versus ey, where Cii,
Cia, fo1, and fc, are given by Egs. (1), (3), (4a), and (4b), respectively.

elliptical symmetry to analytically calculate the capacitance
of conformal elliptical conductors. Therefore, we present a
simple approximate analytical result for the capacitance of
conformal elliptical conductors. The idea is to use C; of
capacitors with circular cross-section with radius R being

dependent on v and given by R(Vv)=a;,/1—e? sin® v . That

is, an approximate value of conformal elliptical capacitance,
n/2
denoted by Ci,, is Cp, =4epx '[dv/ln(l +Tox /R(v)). In
0
order to obtain a closed-form solution, we expand the
integrand to second order in Tox/R(v). Then Cy, is given by

C,~¢ L +7

where P is given by Eq. (2).

We now discuss the results of numerical modeling of
the capacitance of conformal elliptical conductors and
examine the validity of Egs. (1) and (3) for the conformal
case. We performed numerical simulations using Synopsis
Sentaurus Device simulator.'"® We simulated technologically
relevant conformal elliptical structures with a;, and b;, in the
4 to 20 nm range, and Tox = 1 and 2 nm. For conformal
elliptical conductors, we define aqy = ai, + Tox and boy = biy
+ Tox. We show the numerically-computed values of C; of
conformal elliptical capacitors versus b;, as symbols in Fig.
1 for different values of a;,, and Tox = 1 and 2 nm. We also



show Ci; [Eq.(1)] and Ci, [Eq.(3)] for these structures in
Fig. 1 as lines. One should note that even though Eq. (1) was
derived for confocal elliptic conductors, one can always use
it to calculate C; of conformal elliptic conductors.

Figure 1 shows that both Eq. (1) and Eq. (3) are in good
agreement with the numerical capacitance for b;/a;,, > 0.5
and that these equations lead to significant error for by, <<
aip,. We quantify this error in terms of eccentricity e, of the
outer conductor. We plot the ratio of numerical C; to C;
from Egs. (1) and (3) in Fig. 2(a) versus e,,.. We find that for
the error is less than 5% for ey, < 0.85 for Eq. (1) and ey <
0.9 for Eq. (3). For larger values of e, the error increases
sharply with ey, Figure 2(a) also shows that the error
between the numerically-calculated capacitance and
capacitance from Egs. (1) and (3) is a monotonic function of
eout- Therefore, one can define a correction factor to Eqgs. (1)
and (3) to match the numerically-calculated capacitance for
conformal elliptical conductors. We find that the following
functions are fairly good approximations for correction
factors to Cp; [Eq.(1)] and Cp, [Eq.(3)], as shown as lines in
Fig. 2(a):

Sor =1+ (4x107)exp(13.73e,,,) » (4a)
and

fer =1+(6.25x10 %) exp(14.95¢,,,) . (4b)

When we calculate the capacitance of conformal elliptic
capacitors using the correction factors, that is, as Cr; fc; or
C1, fco, we find that the error compared to the numerically-
calculated values of capacitance is less than 5% for all
values of ey, as shown in Fig. 2(b).

In conclusion, we have investigated capacitance of
cylindrical conductors with elliptical cross-sections. We
have derived an exact expression for the capacitance of
confocal elliptical conductors and an approximate result for
the capacitance of conformal elliptical capacitors. Using
numerical simulations for conformal elliptical capacitors, we
have shown that the exact confocal and approximate
conformal elliptical capacitances are within 5 % of the
numerical values for eccentricity < 0.85. We have also
provided correction factors to the analytical results that
match the numerical results to within 5 % for all values of
eccentricity.
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