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Abstract. Trust region algorithms are strongly convergent, typically restricting the step to lie within a spherical
trust region. Structured trust region algorithms attempt greater efficiency by allowing differing trust region radii
in different partially separable subspaces. However, the unpredictable shape of this trust region takes away some
convergence strength for naive implementations. Restrictions on the step have been proposed in earlier work to
correct this.

We propose a trust region radius update mechanism that depends on the change in gradient direction between
iterations and thus avoids restrictions on the step. To simplify the analysis, we limit ourselves to the unconstrained
problem, and show first and second order global convergence. We also make the simplification that the range spaces
are defined by canonical basis vectors.

Key words. trust region algorithm, partial separability, unconstrained, global convergence, structured problem,
nonlinear programming, large-scale programming



1. Introduction. Partial separability is a form of sparsity in systems that are composed of
loosely-connected subsystems. Large optimization problems often have such a structure. A nonlinear
function f(z), z € R™ is defined to be partially separable if it can be written as

fl@) =Y filx),
=1
where each f;(z), i = 1,...,p, is a nonlinear function with a large invariant subspace. The functions
fi(xz), i=1,...,p, are known as element functions.

Trust region algorithms build a quadratic model of the objective function in each iteration and
solve the model for an approximate minimum within a region known as the trust region. Typically,
this region is a sphere defined by a radius, restricting the length of the step equally in all directions.

For a partially separable objective function, if a different radius defines a separate trust region
for each of the various element functions, longer steps may be possible in the range spaces of the
more accurately modeled element functions. A family of structured trust region algorithms have
been proposed to investigate this possibility in [1].

The robustness of the basic trust region mechanism is affected by structuring. This well-known
mechanism is: when the trust region size decreases, the function behavior is more accurately pre-
dicted by its exact quadratic model. If we look more carefully, we find this is not true for all
directions, only for some such as the negative gradient direction, major directions of negative cur-
vature, or the Newton direction, where the quadratic model dominates over higher order terms in
the Taylor series expansion of the objective.

With a spherical trust region, only the good directions are ever taken, but a structured trust
region shape may become skewed against these good directions, especially after a successful step is
taken. For example, the trust region shape may allow only a relatively tiny step in the direction of
the negative gradient, while allowing a long step in a direction orthogonal to it.

Conditions on the step were proposed in [1] in order to deal with this problem. Ideally, the trust
region update mechanism should naturally take care of it by biasing the trust region shape towards
the good directions. The method we propose here does just this, avoiding any conditions (beyond a
conventional sufficient decrease condition) on the step. At the heart of the algorithm is an update
mechanism that takes into account the change of gradient direction when an iterative step is taken.

The above problem does not affect the first order convergence results in [1] that show lim inf oy, =
0, where ay, is a first order criticality measure. The extra conditions in [1] come into play only later,
in the proof of limy_, o, a = 0. (In [1], a sufficient decrease condition is used that the exact minimum
of the model in the iterative subproblem cannot always attain. Thus, an additional restriction on
the step is hidden within it.) This implies that in the limit the algorithms would move between
points with differing gradient values. Expanding the trust region shape to favor some of the good
directions described above, so as to compensate for the new slope conditions at the each iterate, we
ensure moving away from noncritical points towards the critical points in the limit.

Thus, our proposed trust region update mechanism has two parts: a normal structured update
based on model accuracy, on top of which there is an extra gradient-based increase in the elemental
trust region radii in each iteration. We only have proofs for the unconstrained case so far, since the
analysis here is complicated. The subproblem we use in the theory here has a ‘box’ trust region
configuration rather than a more general structure, due to an assumption that each elemental trust
region has a range space defined by canonical basis vectors.

We describe the algorithm in the next section. First and second order convergence results are
obtained in the following two sections.

2. The gradient-dependent algorithm. We begin with basic definitions and assumptions.
The unconstrained nonlinear minimization problem which we address is:

(P)  min f(z),

where f: R" — R is partially separable.

The problem (P) is solved iteratively, with zy as the given starting point. In each iteration,
flzr+s)—f(zk),k =0,1,2,...is modeled in terms of its gradient and Hessian. The model, denoted
by my(s), is approximately minimized at si. The trust regions of the elements are then updated, and
S0 is zp. An iteration where xy 1 = ) + s, is called a successful iteration. Otherwise, xy11 = xy,
and the iteration is called unsuccessful.

The [>-norm is used throughout this paper, unless otherwise specified.

The following basic assumptions are needed on f:



Assumption 2.1. The function f is bounded below on the set £ := {z : f(z) < f(zo)}-

Assumption 2.2. Fach f;, i = 1,...,p, and hence f, is twice continuously differentiable on
an open set containing L.

Assumption 2.3. There exists a positive constant xg > 1 such that ||V2f(z)|| < xu and
IV2fi(@)|| < xm, i=1,...,p, on an open set containing L.

Define g;, := V f(zr). Let By be an approximation to the Hessian V2 f(zy).
DEFINITION 2.4. The overall model my(s) of f(zy + s) — f(xy) is defined as:

1
my(s) := gi's + §STBkS,

Each element function is modeled, in terms of the first three terms of its Taylor series. Let
gik = Vfi(zy). Let B, be an approximation to V? f;(z),) such that Y7 B; = By.
DEFINITION 2.5. The elemental model for f;(z; + s) — fi(xy) is defined as follows:

1
ml’k(s) = gij:ks + §STBi’kS.

If an iteration is unsuccessful, so that xy41 = z, then By = By, and B; ;41 = B, for all ¢,
so that the overall and elemental models are unchanged.

Hessian approximation and Rayleigh quotient. Several different assumptions related to
the Hessian approximations By, have been used by earlier authors. We adopt the one used in [1],where
it has been explained to be weaker than assuming that Bj, is uniformly bounded.

DEFINITION 2.6. The generalized Rayleigh quotient of a function f at x along s # 0 is defined
to be:

2”2 @ +5) — f(x) - V()73

w(f,z,s) =

s

Because of the assumption that V2f is bounded, we have |w(fi,z,s)| < Ly for all i if x and
x + s lie in £, where Lj, > 1 is a positive constant. We define a version of the generalized Rayleigh
quotient of my:

DEFINITION 2.7.

(21) Bu =1+ max (max(w(mg,0,5,)l, max (k(miq,0,5,)))-c

Given these definitions, the assumption is:
Assumption 2.8. 3.7 2- = +oo.

The trust region structure. We define A; % =1,...,p to be the trust region radii for the p
element functions. These are updated in each iteration, and together define the overall trust region
structure in the following manner:

DEFINITION 2.9. The null space N of a function f(zx) is defined to be the set {v | f(z +v) =
f@)}.

DEFINITION 2.10. The range space R of a function f(x) is defined to be the subspace orthogonal
to N in R™.

Let R; denote the range space of an element function f;,¢ = 1,...,p. Elemental models m;
have the same range space R; as f;, for all i, k. We simplify the trust region subproblem by making
an assumption on the range spaces.

Assumption 2.11. Fach R; is a coordinate subspace, i.e., the span of some sete;,j € q;, where
¢ C {1,...,n} and e; denotes the jth unit vector, j =1,...,n.



The partial separability assumption for f implies that for the most part, each e; is contained in
only a few of the R;’s. We define:

pji={i:eje R} C{i=1,...,p},

where pj,7 = 1,...,n maps a particular coordinate index j onto the set of elements which use it.
Notice that the reverse transformation from an element to a set of coordinates is given by g;.
Now, each elemental trust region is given by the following constraint:

1Pr; (sk)lloo < Aik,

where Pg,(s) denotes the projection of a vector s onto R;. Because we use the oo-norm, the
elemental trust region constraints intersect to give upper and lower bounds on each coordinate,
together defining a box-shaped owverall trust region.

We can now fully state the subproblem (SP) to be solved in each iteration:

1
(SP)  minmy(s) = gl's+ §STBks
Is;| <AL, j=1,...,n,

where sj,7 =1,...,n is the jth component of the step s, and Ai = min;e,; Aj g is the trust region
radius for coordinate j, and is defined as the minimum of the elemental trust region radii that affect
that coordinate.

Having solved for sg, the minimizing value of s, we update each elemental trust region radius
twice. In the first update, separation criteria divide the elements into one of three classes depending
on how accurately each element function f; is modeled. Also, depending on how accurately the
overall function f is modeled, the iteration is put into one of three classes. The combination is used
to update the radii. The second update is to expand some of the elemental trust regions from the
previous update, depending on the change in the gradient.

To check the accuracy of fit between functions and models, the following terms will be used:

Ofe = f(ar) — f(zr + s1),
Ofiw = filzr) — filzr + sk),

5mk = —mk(sk),
omi . = —mj 1 (Sk),
Tk = 0 fr/0my,

Tik = 0 fik/0m k.

Separation criteria. The elemental trust region update is done in two stages, as described
in the introduction. In the first stage, we update according to the following separation criterion (a
way to classify the model accuracy for the element functions), and this stage is in common with the
approach in [1], although they use a different separation criterion.

We assign each iteration a parameter 73. If 7, > ps then 7, = 2, if uy < rp < po then 7, =1,
and otherwise 7, = 0.
2.12. Parallel separation criterion. Let 0 < py < puo < 1.
If 5fz,k Z 6mi,k — (1_—1)“2)(5777,]C then Til,k = 2,
(=

if 6 fir < Omig — Tul)tSmk then Ti{k =0,

1 _
else Tik = 1.

We calculate 7; ; = 7 + T},k, and update the elemental trust region radii as follows.

Let 0 <y <712 <1< y3 <.

If Tik =4 then Ai,k+1 = [1574]Ai,k7

if Tik = 3 then Ai’k+1 = [L'YB]Ai,k;

if Tik = 2 then Ai’k+1 = Ai,k;

if Tik = 1 then Ai’k+1 = [’)/2, 1],

if Tik =0 then Ai,k—i—l = [71,72]Ai,k-

The following result is of interest. It shows that in an unsuccessful iteration at least one elemental
trust region radius will decrease, and that, less crucially for proving convergence, in a successful
iteration at least one elemental trust region radius must increase.
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LEMMA 2.13. For the criteria described above, if all Ti{k > 1 then 1, > 1. And if all Ti{k <1,
then 1, < 1.

Proof. We prove only the first assertion. The proof of the second assertion is similar.

If 7}, > 1 for all i, then

55 > S (G, — L)
D 0fik =Y (Omik ) dmy).
i=1 i=1

So, d fr > dmy, — (1 — p1)dmy, and thus § fr > p1dmy. d

The gradient expansion. The gradient-based expansion of elemental trust region radii is a
second stage of update applied to all the elemental trust region radii. As motivated in the introduc-
tion, we want to allow the algorithm to step away from non-critical points in the limit, by letting
the trust region size expand towards the negative gradient direction at the new point.

We first define a function gL  of the overall gradient gy, that is the subvector, or ‘piece’ of gy
that corresponds to the coordinates associated with the ith element function.

DEFINITION 2.14. The partial elemental gradient ggyk € Rl%!, is defined to be the subvector of

gr such that gi is a component of g; ;. if and only if j € g;.
Let I* denote the set of elements which have ||g; ;[loc = |gklloo-
Let ¢* denote an element ¢ in I* which has the smallest A; ;.
The update can now be stated:

sl

(22) Ai’k+1 = max
||g£*,k||oo

i*7k:Ai,k+1)v i=1,...,p.

This update increases the trust region size of an element whose partial gradient is large in

!
relation to ||gl ;llco = ||gk|loc. We used I* because the update A; 41 = max(%AM, Ajgs1)
? ik lloo

is not practical (since the denominator of the ratio of gradient subvectors may be equal to zero).
The oo-norm of the subvectors is needed for Lemma, 3.3, which we could not prove with the [;-norm
of the subvectors.

Sufficient decrease condition. Trust region algorithms do not need an exact solution to the
subproblem to converge. Approximate solutions, that guarantee sufficient decrease in the value of
the model, do just as well. One such sufficient decrease condition on the approximate step, that is
quite typical of the ones existing in the literature, is in [4]:

llgl
;Ak)v
|| Bl

omy, > K||gx|| min(

where Ay is the single trust region radius.
The gradient-dependent algorithm requires the following sufficient decrease condition.

. A
2.3 dmyp > Kk  max 7] min &,A{
(2.3) k= ie 17___7n}(|gk| (|bi]| )
where, dmy = —my(sg), 0 < Kk < 1, gi; is the jth coordinate of gz, and bij is the jth diagonal

element of the matrix By,.

We now show that such a decrease is achievable.

LEMMA 2.15. There exists a step sy for which (2.3) holds for any constant 0 < k < %

Proof. Consider first the decrease obtained when we minimize the model along the direction
dji, = —sgn(gi)ej for a given j. Let s} be the minimizer of my(s) over s = td;;, such that t < Ai.
Then my(s) = —sgn(gi)tngej + %eJTBke]- = —t|gi| + gbij_ When bij >0, t* = LgT:’;.‘ minimizes
m(s).

‘2

.. y j
If b > 0 and t* < Ay, then 87 = t*djp,, and mk(s;) == 2915”
k

. . . . J . . . .. J
8% = Aydjr, and my(sF) < —|gi|Ai+%(Afc)2|Z—’z‘ = —1|g]|A}, since A} < t* implies that b)) < li—’i‘.
NOW if bij < 0, then t2b£j < 0 and so my(s) < —t|g£|. Choosing t = Ai, we get mp(s}) <
—19i| A

. If b7 > 0 and t* > AJ, then




Afc)) To obtain the result, we choose

2.4 S = ar min  my(s?).
(24) k gje{l,...,n} k(s3)

COROLLARY 2.16. There exists a step for which the following sufficient decrease condition holds
for any 0 < k < %:

J
2.5 omy > Kk max J| min @,AJL .
(2.5) k Z je{l,...,n}(|g’”| (ﬂk 7))

Proof. Suppose we choose s, = s} as in (2.4). Then 3 > |b§;j|, so that (2.3) implies (2.5). O

The above proofs show that the exact solution to (SP) will always satisfy each of the two
sufficient decrease conditions above. The condition (2.5) is used to prove the first order results. (It
allows more flexibility in the choice of step than (2.3) allows.) In the third section we will use (2.3)
to prove our second order results. The results that hold with (2.5) would continue to hold with (2.3),
since the latter implies the former.

2.17. The gradient-dependent algorithm. Given 0 < u; < pus < 1, a feasible xo, and
starting values for the trust region sizes such that A; o > ||gol|, for all i =1,...,p, the kth iteration
takes the following form:

1. Find an approximate solution sj to the subproblem (SP) that satisfies a sufficient decrease

condition.

2. Evaluate f(zy + si) and hence 7.

3. Update the trust region radii according to one of the separation criteria, such as (2.12).

4. If ri, < py then xpy1 = xy and the iteration ends here.

Else xp41 = xp, + s, calculate gi41, Br+1 and go on to step 5.

5. Reset the trust region radii according to (2.2).

We have now stated the assumptions, the structure of the trust region and how it is updated in
each iteration, the sufficient decrease conditions we will use and finally, the algorithm. We now go
on to our convergence results.

3. First Order Convergence. We will show that every limit point of the sequence of z;’s
generated by the algorithm must be a critical point. The step must satisfy the sufficient decrease
condition (2.5). The parallel separation criterion is used for the first trust region update stage.

We begin by a lemma that gives an upper bound to the difference between the change in the
model and the change in the function for a given step.

LEMMA 3.1. If Assumption 2.8 holds, then there exists a constant L > 1 such that for each

k=0,1,2,..., |0fx — dmy| < LBellskl|?, and for each i = 1,...,p, |06fir — dmik| < LBk|lsikl?,
where s; 1, is the projection of s, onto the range space R;.
Proof.

0 fx — dmi| = |f(2x) — fewr + sk) —m(0) + m(sy)]

1 1
lgi sk + §||Sk||2w(f, Thy Sk) — G4 Sk — §||3k||2w(mk:073k)|

1

1
< S(Ln + Br)llskll?

2

1
< §(Lh + 1) Bk |k l®
< LB|lskll?,

where L := %(Lh + 1) and Lj, < xg is an upper bound on the generalized Rayleigh quotient of f
for any choice of z and s.
The proof for the elemental differences |§f; x — dmi | < LBkl|sik|* is similar. a
. . 2 j
LEMMA 3.2. If, for any j = 1,...,n, A}, < c1lg}|/Bk, where ¢; = (17‘;%, and if A;p < %}
for some i € pj, then A; i1 > Ajg.



Proof. Notice ¢; < 1 (all terms in the numerator are less than or equal to 1, all terms in the
denominator are greater than or equal to 1). Hence A] <c |gk|/,8k implies that min( 3% lg" AJ) = Ai.

We substitute this into the sufﬁcient decrease condition (2.5) to get dmy, > /<;|gk|AJ
Let i € p; such that A; < . From Lemma 3.1, dm; ;, — 0 fip < [0mip — 0 fik]| < LBkA2

)
Lﬁk(q) < LBy ?’“ ‘S‘m]’“‘ < (=nz) ”2 6mk, substituting in AJ < c1|gk|/ﬁk and the value of ¢;. Thus,
looking at steps 3 and 5 of the algorlthm, by the parallel separation criterion, the ith element is not
a candidate for reduction in its trust region size. So we have A; p11 > Ay . d

- LEMMA 3.3. For the sequence of iterates generated by the algorithm
A > eivilgrl/Br, for all j=1,...,n .

Proof. This will be proved by induction. Notice that A}’s satisfy the lemma by our choice of
A;p in Algorithm 2.17. We assume that this lemma holds for iteration k¥ and will now prove it will
hold for iteration & + 1. . _

If the iteration is unsuccessful (zyp41 = %) and A} > ci|g}|/fr for some j, then for all i €

i, Nigr1 > Mok > 71A£ > 7101|9i|/ﬂk > 71C1|gi+1|/5k+1 since Igil = |gi+1| and f is an
increasing sequence, and the lemma holds.
If the iteration is unsuccessful and A] < cl|gk|/6k for some j, then for i € p;, there are two
.7
possibilities. First, A; < . Applying Lemma 3.2, Al k+1 > A . Or second, A;p > 1’“, which
implies that A; 41 > 71 Ahk > Ai. And so either way, A’

Hence, Aiﬂ > 7lc1|g£+1|/5k+1, as before.
Else, if the iteration is successful (zxy+1 = zj + s) then (2.2) we update the elemental trust
regions so that A; 11 > ”qu; ’““HH‘”A . Note that for all j € ¢f, Ay > Ai > c171|g£|/6k
k
(by the induction hypothesis). Hence, A x > c171(|g;« glloo/Bk- From the update expression

given above, A; py1 > cl'yl||g§’k+1||oo/ﬁk > c171|gi;+1|/6k+1 forall j € g and i = 1,...,p. So,
Af g = minjep; Ajprr > c1vilgr |/ Brtr. O

J
fr1 = Milicp; A g1 > mingep; Ajp = Ag.

THEOREM 3.4. If the algorithm has infinitely many successful iterations, then

lim ||gx[l = 0.
k—o0

Proof. Suppose that limsup,_, . |lgr]| > 0. Then there exists an infinite subsequence {I}
of successful iterates and a j such that for some ¢ > 0, |gl| > €. For each successful itera-

tion, 0f; > pidm; > um|gl|m1n(|g" Aj) from (2.5). Therefore by Lemma 3.3 we get df; >

€ Cime€

b1 KE mln(B 5 ) = pKy1ci€?/Br. But Assumption 2.8 now implies that f is unbounded below

and we have arrived at a contradiction. Thus, limsup_,, ||gx|| = 0. O

THEOREM 3.5. If the algorithm has finitely many successful iterations, then there is a single
limit point x., such that g(z.) = 0.

Proof. From step 4 of the algorithm, a finite number of successful iterations means zj, is un-
changed for k large enough, and that z,. = x;, where [ — 1 is the index of the last successful iteration.
Now we assume (for a proof by contradiction) ||g(z«)|| > 0. Hence, there exists an € > 0 for which
|gZ| = € for some j. By Lemma 3.3, there must then exist e; > 0 satisfying Al > €1 /By for all k > 1,
and therefore (from (2.5)), also an €2 > 0 such that for all k£ >

(3.1) dmy > €/ Bk

Since iteration [ —1 is followed by only unsuccessful iterations and in each such iteration at least
one A; ; reduces (from Lemma 2.13), limg_,o A; ; = 0 for at least one ¢ € {1,...,p}. We now show
that our assumption ||g(z.)|| > 0 contradicts this.

First note that, because the overall and elemental models are unchanged after the (I—1) iteration,
all subsequent 3;’s are bounded: for k > I, 8 < max(8;, max;(||Bi,| + 1), | Bil| + 1).

Now let k be the first iteration after the (I—1)st where A; ;. < ¢2/fk, where ¢y := 71((17:%)1/2,
for some i. Without loss of generality we can choose ez small enough so that A;; > cz/f; for all

i and so k > [. Thus, A; 1 < Ajp/71 < 5. Now omjj1 — 0fip—1 < L,kalAik,l (from

Lemma 3.1) < L%’;i:écg (substituting for A; ;1) < % (from the definition of ¢3) < (l;uz)(Smk
2 .
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(from (3.1)). Thus, A; < c2/B is not possible for any ¢ = 1,...,p or k > [. But recall that jj is
bounded. Hence limy_, A; ; = 0 cannot hold for any ¢, giving us a contradiction. a

4. Second order convergence. We begin with changes in our assumptions from the first order
theory. For Algorithm 2.17, we find that only the weaker second order results from among the ones
proved for unstructured trust region algorithms, as in [4], can be proved. We could not show that
there always exists a step such that the sufficient decrease condition (2.3) for first order convergence,
and (4.3) required for the stronger second order results, could be simultaneously satisfied. We then
make a change in the algorithm to prove the stronger results.

All the assumptions (Assumptions 2.1-2.3, 2.8 and 2.11) in the first order theory stand. We
must strengthen our assumptions on the second derivative as follows: We assume that the exact
second derivative is available to us.

Assumption 4.1. By = V?f(zy) and By = V2 fi(zr), i =1,...,p.

Thus, Assumption 2.3 about the boundedness of the exact second derivatives now applies to By:
Assumption 4.2. There ezists a positive constant xp > 1 such that ||Bg|| < xp and ||B; x| <
xB, i =1,...,p, for all k.

We also require:
Assumption 4.3. V?2f; . is Lipschitz continuous with a constant L. for alli=1,...,p.

This allows us the following version of Lemma 3.1

LEMMA 4.4. If Assumptions 2.8 and 4.2 hold, |§fr — dmyi| < L||sk||* and |6fir — dmis| <
L||sikl? for alli=1,...,p and all k, where L := %(Lh +xB) > 1, where xg is an upper bound on
|1 Br|| and || B; k|-

The proof of this lemma is similar to that of Lemma 3.1.

We can guarantee (simply by choosing the best among the coordinate direction steps and a step
sy such that ||sg|| = Amin,r = minj<;<p A; i along a direction of sufficient negative curvature) that
both (2.3) and the following condition are satisfied:
(41) 5mk Z —HlAkA2

min,k>

where k; is a small positive constant and A is the minimum eigenvalue of the second derivative of
f at xp. Further, if the step described above happens to lie along one of the coordinate directions
and |[sgl| < Amin,k, We reset s; to be the the above step plus an additional step along a negative
curvature direction that is a non-ascent direction for the model at the intermediate point, until we
reach the edge of the trust region, thereby ensuring that:

(42) ||Sk|| Z Amin,k-

Notice that, (4.2) also holds for the exact minimizer of the subproblem (SP), whenever a direction
of negative curvature exists. We now prove a theorem resembling standard results for trust region
algorithms, in particular, as in [4].

THEOREM 4.5. Suppose at each iteration sy satisfies conditions (2.3) and (4.1), with ||sg|| >
Amin when A\ < 0. With the parallel separation criterion, for the sequence {xr} generated by
Algorithm 2.17:

(a) The sequence {gr} converges to zero.

(b) If {x1} is bounded then there is a limit point x. with V?f. positive semidefinite.

Proof.

(a) We need to show that the first order results still hold when the requirement on sy is the

sufficient decrease condition (2.3) rather than (2.5).
We start by showing a slightly different Lemma 3.2: defining c; as before, we show that

if Ai < cl|gi| and A;p < % for some i € pj, then A;ry1 > A . The proof is similar
to that of Lemma 3.2. Due to the uniform boundedness of V?f(z;), Lemma 4.4 can be

used now instead of Lemma 3.1. Since Lc; < 1 and L > |b§;’|, where L = %(Lh + xB) is as
defined in Lemma 4.4, we have A} < cigi| < Leilgg /|3 | < |gil/[b3’| which implies that
min(lbgT:’;-‘, Afg) = Ai. We substitute this into (2.3) to get dmy, > n|gi|Ai. Using the result
of Lemma 4.4, for ¢ € p; such that A;; < é—% we have 0m; — 0fir < LAik < L(i—fc)2 <

Cll!]il 6mk <

) k< (=#2) 51y, and the rest of the proof follows.
b F”‘gk‘ p
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Again, we have a modified Lemma 3.3 where we show A7 > ¢i171gl| (instead of A7 >
c171|gi;|/ Bk, which we had before). The proof applies Lemma 3.2 as modified above, and is
similar to the one given in Section 1, the only change being to replace each mention of S
or f+1 by 1. 3 3

The proof of Theorem 3.4 is changed by replacing Br with |b;7]. But since |b}| is bounded
above by x g, the lower bound p; ke min(—%- B e €) on ¢ f; (from the changed proof) implies

that f is unbounded below, giving us the contradiction we want.
Finally, the proof of Theorem 3.5 is the same as the one stated earlier except that every
mention of 8 or fx—1 in it is replaced by 1.

(b) The proof is by contradiction. Assume that there exists ¢; > 0 such that for all k large
enough, say k > kg, —A\r > €. We will show that this contradicts the assumption that f
is bounded. We begin by showing that Amin > co for all £ > ki (also by contradiction),

where k1 > ko, and ¢o := (1”2)% We choose €; to be small enough that Ayin g, > co.

Now suppose Anin r < ¢2 for the first time on the kth iteration, k& > k;. Consider the ith
element, where Ahk = Amin,k- We have A; 1 < Amin /7 and Amin g—1 > Amin k- From
the mean-value theorem,

|6fik—1 = Omipa| _ lIsix—1l1* maxecpo,1) |V filzr—1 + Esk—1) — V2 filzr1)||
Omp_1 - —Ki A1 A2
Lellsipl?
TS A R
LAY,
- nlelAmmk 1
< Lc?mm,k
YiR1€1
]_ —
< ,U2‘
p

min,k—1

(by Lipschitz continuity and (4.1))

(from (4.2))

Therefore by the parallel separation criterion the ¢th element is not a candidate for reduc-
tion of its trust region, or Apinx < c2 is not possible. If we had only a finite number of
steps where 1, > p1, Amin,x would converge to zero. Since it cannot, we must have an infi-
nite number of successful steps, where Apin x and —A; are bounded away from zero for all
sufficiently large k. Thus, for all subsequent successful steps d f, > p1dmy > piki€; Afnin’k,
which contradicts the boundedness of f.

O

We would have been able to prove the rest of the results that hold for unstructured trust region
algorithms, as in [4], if there was a guarantee that an sj that satisfies both (2.3) and (4.3) below,
exists:

(4.3) Smy > =k Ar|skll?,

where k1 and A are as defined in (4.1) above. We have not been able to find a guarantee that (2.3)
and (4.3) can be simultaneously satisfied.

However, instead of using (4.3), we can switch to the following algorithm which does allow us
to prove some of the stronger second order results. In Algorithm 2.17 we had an extra expansion
dependent on some gradient subvectors. In this one we make one more similar expansion: this one
is dependent on the minimum eigenvalue \; of the second derivative matrix at .

4.6. Gradient-dependent algorithm with a second order adjustment. Given 0 < pu; <
U2 < 1, a feasible xq, and starting values for the trust region sizes such that A; o > max(||gol|, —Xo),
foralli=1,... p, the kth iteration takes the following form:

1. Find an approzimate solution sy to the subproblem (SP) that satisfies the sufficient decrease
conditions (2.8) and (4.1).

2. Evaluate f(zy, + si), and hence ry,.

3. Update the trust region radii according to one of the separation criteria, such as (2.12).

4. If rp, < py then xpyq = xy and the iteration ends here. Else xpy1 = xp + S, calculate g4
and V2 fry1 and go to the next step.

5. Reset the trust region radii according to (2.2).

6. Once again, reset A; p+1 = max(—KaAgpt1, D kr1), where Ky > (17‘;)2%”%.
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The differences between Algorithm 2.17 and the above are: firstly, A; o must fulfill a different
condition; and secondly, there is a new step 6 that involves expansion of elemental trust regions.
Neither of these changes invalidate the first order convergence proved in the last section.

Define )y, := min(0, Ag). Notice that Ay is non-positive. We require the following result to prove
the next two theorems. .

LEMMA 4.7. For the sequence of iterates generated by the algorithm, Amin p > —c3Ag, where

3= (- uz)nwll
Proof The proof is by induction. We see that our choice of A;( satisfies this lemma. Now

suppose that the lemma holds for Anin . We will prove it for the (k + 1)th iteration by showing
that A; py1 > —cgApyq for all ¢ = 1,...,p. Note that there is nothing to prove if Ay41 > 0, so we

assume Ap+1 < 0. .
Case 1. The kth iteration is unsuccessful. For all ¢ such that A;; > —c3Ag/v1 we have

Aj kg1 > 71 > —c3Ap = —C3Apt1-
For i such that A“@ < —03)\k/’yl < Amin,k/’)/la

[6fi = Omik] _ _ Lellsil
6mk - nlAkA?nin,k
_LCHAmin,kH
K/l>\k713
S LCC?:;
K171
(1~ p2)
p

(by Lipschitz continuity)

IN

(by our induction assumption)

< (substituting for c3).

Therefore none of these elemental trust region radii would be reduced. Or, A; p4+1 > Ajp > —c3 j\k =
—C3 >‘k+1 -

Case 2. If the iteration is successful then from the new expansion of elemental trust region sizes
in step 6, Aj g1 > —K2App1 > —C3Apt1. O

The stronger second order convergence results can now be stated and proved.

THEOREM 4.8. V2f, is positive semidefinite for all limits points . of the sequence of iterates
{z1} generated by Algorithm 4.6.

Proof. From condition (4.1), for all successful iterations k we have 6 f > puy6mp > — 1k Ap A2 >

min,k
—ulnlcg;\z (applying Lemma 4.7). Thus by the boundedness of f, X must converge to zero. This
implies that V2 f, is positive semidefinite for all limit points .. d

The following theorem is the same as in the other algorithms:

THEOREM 4.9. Let xj, be the sequence generated by Algorithm 4.6 with s satisfying the same
conditions as in Theorem 4.5. If z. is a limit point of {xy} with V2 f(z.) positive definite then {zy}
converges to ., all iterations are eventually successful, and {Amink} is bounded away from zero.

Proof. We first prove that {x} converges to z.. Choose € > 0 and h > 0 so that the minimum
eigenvalue of V2 f(z) is at least € for ||z — x.|| < h. Since the change in the value of the model dm
is nonnegative, we have [|gx|||skll > —gf sk > s} V2 frse > $A\ellsk]|?, where ¢ is the minimum
eigenvalue of V2 fi,. Thus ||z — .|| < h implies that

1
(4.4) Sellsil < llgel

Theorem 3.4 guarantees that {g; } converges to zero, and thus there is an index k; for which [|gx|| <
teh for all k > ky. Hence, (4.4) shows that if ||z, — 2.|| < Lh for k > ki, then ||zg41 — 2.]| < h.
Since g, = 0, from the Taylor series expansion of f about x, we have

f@) = f(z.) = (& — )TV f(@s + E2) (2 — 2.) /2,

where 0 < ¢ < 1. This implies that for $h < ||z — z.|| < h, V?f(z. + £z) is positive definite and
F(@) = f(z2) > €|l — z.||* > £eh®. Thus, there exists an index ko > ki such that ||zg, — .|| < h/2
and f(zk,) < f(z.)+ geh®. Applying (4.4) to zp, and T, 41, We get ||Traq1 — T, || < /2. But then
||mk2+1 :L’*H < h. Now f(il’*) + %fHﬂ?sz - :L‘*||2 < f($k2+1) < f(xkz) < f(:L’*) + %6h27 implying
that ||zg,+1 — z«|| < h/2.
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Hence, ||z — z«|| < h/2 for k > ky. But since h can be chosen arbitrarily small, {z}} converges
to T4.
For the rest,

TR
dmyp > Kk  ma /| min(—£- A7 from (2.3
ez s (allming L AD) - (fom (23)
A

>k max (|g]| min( cimlgil))

T eflian} b7 |
(modified Lemma 3.3, as stated in the proof of Theorem 4.5(a))

> KC max 712
Z KC171 ieht (|gk| )

yeey}
(since L > |b77| implies that ¢; < 1/|b)/|)
KRC17Y1
> ——||gkl”
2
> BOTE o2 (from (4.4) where € is a positive constant).

— 4n

[0fk=0mus| o Lellskll
€1

Sr < , where

Now from Assumption 4.3, for sufficiently large k, |rp — 1| =

2
€ = 241E | Hence |r, — 1| converges to zero. Hence all iterations are eventually successful and

{Amin,k} is bounded away from zero. O
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