
�����������
	 �������������������� ��� ���
��� � � � � � � ������ !��  � � � �  !"
# ��!�� $

%'&)(�&)*,+.-0/1%'&)2435+�6

798;:=<�<?>A@CB,DFE�8�GHD
8HIKJL>NM�OP<LOPQSR I�THDPUVM�JLOP8�8L>AW XZY5R IKJ
[ >A\4DF@]T^OP8�G_MVD
8�X`I]@]OPR 8
IZa`8�<�ELI

b]c�d e c�f`gih�jKk�l�m k�n�o f p�c�l�qsrAt o m o uSv�h�wxu l�k�f q�y
p z`c�n�k�u c�m k�u {
| k�uS}�t ~�l�c�f�c�l�qL� l�| k�u �Fc m t k�l
bKu k�e o d d t l�~
�K���)����u t e �
}�m o u l���c�u m d m u h��
� ��� �������F����u t e ����}��St m � o u f c�l�q
��������� �������������]� ���]� � �������   �
y � ¡�v9¢So d o c�u e �
����u t e �s¢So d o c�u e �Lz`c�n�k�u c�m k�u {
������£F¢P¤��d e ��f t ¥�k�l
}��St m � o u f c�l�q
¦�§ ������¨ § ��  ��� � ��©��  �� ©

ª « ¬�« �® ¯x¯�« ° �± « ² ³ �« ´�µxµ ´��« ¶ ®
�· ¸ ¹`º » ¼ ½ º ¾�· ¿ ¹`À » » Á]¹ Â À Ã�¸ ¾ ¾ » ÄKÅ ½ º�¼ Â À Æ ¸ Ç ¿ ¾ ¸ ½ Á]½ Â ¾ ¹ ¸ Ä »`½ Å�« ²�¬s¿ Á Ä�È�¸ Æ Æ ¼ º ½ À ¿ À Æ É�À »`Ç ½ ¼ É º ¸ Ê · ¾ » Ä�¸ Å�¿ Ç Ç » ¼ ¾ » Ä�Å ½ º�¼ Â À Æ ¸ Ç ¿ ¾ ¸ ½ Á Ë�« ¾�· ¿ ¹À » » Á�¸ ¹ ¹ Â » Ä]¿ ¹�¿`± » ¹ » ¿ º Ç ·`± » ¼ ½ º ¾�Å ½ º » ¿ º Æ É�Ä ¸ ¹ ¹ » Ã�¸ Á ¿ ¾ ¸ ½ Á�½ Å�¸ ¾ ¹�Ç ½ Á ¾ » Á ¾ ¹ Ë�« Á�Ì ¸ » Èx½ Å�¾ · »�¾ º ¿ Á ¹ Å » º�½ Å�Ç ½ ¼ É º ¸ Ê · ¾�¾ ½�¾ · »�½ Â ¾ ¹ ¸ Ä »`¼ Â À Æ ¸ ¹ · » º Í¸ ¾ ¹�Ä ¸ ¹ ¾ º ¸ À Â ¾ ¸ ½ ÁK½ Â ¾ ¹ ¸ Ä »K½ Å�« ²�¬?¼ º ¸ ½ º�¾ ½S¼ Â À Æ ¸ Ç ¿ ¾ ¸ ½ ÁK¹ · ½ Â Æ ÄxÀ »�Æ ¸ Ã�¸ ¾ » Ä�¾ ½S¼ » » º�Ç ½ Ã�Ã�Â Á ¸ Ç ¿ ¾ ¸ ½ Á ¹`¿ Á Ä�¹ ¼ » Ç ¸ Î Ç�º » Ï Â » ¹ ¾ ¹ ËSÐ Å ¾ » º�½ Â ¾ ¹ ¸ Ä »¼ Â À Æ ¸ Ç ¿ ¾ ¸ ½ Á Í º » Ï Â » ¹ ¾ ¹�¹ · ½ Â Æ Ä]À »�Î Æ Æ » Ä�½ Á Æ É�À É�º » ¼ º ¸ Á ¾ ¹�½ º�Æ » Ê ¿ Æ Æ É�½ À ¾ ¿ ¸ Á » Ä`Ç ½ ¼ ¸ » ¹�½ Å ¾ · »�¿ º ¾ ¸ Ç Æ »�Ñ » Ë Ê Ë Í ¼ ¿ É Ã�» Á ¾�½ Å�º ½ É ¿ Æ ¾ ¸ » ¹ Ò Ë�° ½ Ã�»�º » ¼ ½ º ¾ ¹¿ º »�¿ Ì ¿ ¸ Æ ¿ À Æ »�¿ ¾�· ¾ ¾ ¼ Ó Ô Ô Ä ½ Ã�¸ Á ½ Ë È�¿ ¾ ¹ ½ Á Ë ¸ À Ã�Ë Ç ½ Ã�Ô Æ ¸ À º ¿ º É Ô ¶ É À » º Ä ¸ Ê Ë Á ¹ Å Ô · ½ Ã�» Ë
Õ?Ö^×ÙØiÚ�Û Ú�Ü�Ý Þ ßàiá â Ü�ã�Ú�äæå àPç Û è é äæå�êxÚ�é ë é ä�ì?å�íPÚ á ß�é�å�îFÜ�é ï ÜLå�ðAñ ò�ñ�ó0Ü�è Û ô�äæå�ð]ô�õ�ö�ô�å�÷ ç Ý é Þ ß



�����������
	����������������������������
� �! �#"$������������% &('�� ����)*�
+�#	, ��#���
�-���&.�,	,�#� �#�(/.�������

b`c�d e c�f`gih�j�k�l�m k�n�o f p�c�l�qLrxt o m o uSv�h�wxu l�k�f q�y
p 021!3 4 5 176 4 5 8�9 4 5�:�; < =>17?217=>@BA = 9 4 5 CD176 ; 4 =FE#5 4 G H I I ; =,< J�KML>N�O2P.5 ; G Q!J�:,6 H 5 =�R�175 6 I 6 5 S�T J�U
N�V W.X7Y7Z

O2P.5 ; G Q!J�:,R�; 6 [ H 5 ? 17=>@

y A \#]_^�H I H 175 G Q!J�O2P.5 ; G Q`^�H I H 175 G Q`021!3 4 5 176 4 5 8 J�W!W.X7aB^-bP!I G Q.? ; c.4 =.J�:�R�; 6 [ H 5 ? 17=�@

��d�&.�,	,���>�
w.�Fo m ��k�qx| k�u�e k��De���m t l�~��,e,e�o u`n�k���l�q�d�k�lAe c!e�c�e t m {x| k�u�cSe f c�d d�k�|�m t �Fo � t l7f�c�u t c�l�m�t l�q�o e k��De�k�d c�n�f o
g l�t m osd m c m oLe ��c�l�l�o f dFt dDe�u o d o l�m o q�h � m
o h�m o l�q�d
c?u o d ��f mF| k�u g l�t m o � t l,e���mF�Fo �Fk�u {�f o d dFe ��c�l�l�o f d
| u k��ji k l h#mx���Fo u t e c�f�u o d ��f m dSc�u o�e�u k f�t q�o qs| k�u�d o f o e m o q�e ��c�l�l�o f dS��c f�t l�~F�Fo �Fk�u {sc�l�qLe k�l�d m u c�t l�m
n n�t l�c�u {�o�t l,e���m h

p q>r s t>u>v w x�u2y t2t z { {7v w | } ~�� ���
w y � |2q2�2� � � � � � � � � �



� a`8
I]@]DLG�E�Q�I]R D
8
� l �Fc�l�{0e k��F�i��l�t e c m t k�l d {�d m o �Fd
m ��o�e ��c�l�l�o fxt ds�Fk�q�o f o q c�d
cæn�t l�c�u {�� t l,e���msf t l�o c�u
e ��c�l�l�o f
�St m � g l�t m o � f o l�~�m �F�Fo �Fk�u {Fc�l�q
c�q�q�t m t f�o��S��t m o��xc���d d t c�l
l�k�t d o n w�����m�o h � ��c�l�l�o f d�k�|�m ��t dKm {,e�o
c�u t d o���| k�uSt l�d m c�l�e o ��t ls�Fc�~�l�o m t exu o e k�u q�t l�~P�S��o u oAm ��oic�e m ��c�f�e ��c�l�l�o f`t dSo ����c�f t � o qsm kFcFd k�� e c�f f o q
e�c�u m t c�f�u o d e�k�l�d o n bK¢�o�m c�u ~�o m�e�k�f {�l�k��Ft c�f�i � l h]rAo d e�t m o�m ��o t u��St q�o d e�u o c�qP��d o���m ��o�e c7e�c�e t m {ik�|�d ��e �
e ��c�l�l�o f dSt dS��l�¥�l�k �Sl�hS� l e�c�u m t e ��f c�u ��m ��oie c!e�c�e t m {Lt dS��l�¥�l�k �Sl�o f�o lL| k�uSe ��c�l�l�o f d��St m �L�Fo �Fk�u {
�	� k�h
wæf k ��o u�n�k���l�qAk�lxm ��oKe c!e�c�e t m {A��c�d�n�o o lAe k�l 
 o e m ��u o qin�{P}���c��Fc�t�c�l�qiz�c�u k�t c�i £ l h`¡�{Al����Fo u t e c�f

e k��De�c�u t d k�l��Kt mP��c�dPn�o o læk�n�d o u f�o q�i £7l�m ��c mP| k�uie ��c�l�l�o f dP�St m �.d �Fc�f fK�Fo �Fk�u {?m ��ose k�l 
 o e m ��u o q
}���c��Fc�t � z`c�u k�t cSf k ��o uKn�k���l�q n }�z�z`¡�o]k�lPm ��o�e c7e�c�e t m {Pe k�t l�e t q�o d]�St m �Pm ��oSt l�| k�u �Fc m t k�liu c m oSk |�m ��o
e ��c�l�l�o f��S��o u o�m ��oKt l,e���m]t d`cS���  � ¡�o u l�k���f f t�d o ����o l�e o�k f�o u�m ��o�n�t l�c�u {At l,e���m]c�f e���c�n�o m�i �7l h]� lFi � l ��t m
t d�q�o �Fk�l�d m u c m o qFm ��c m�m ��t d�d k � e c�f f o q
d {��F�Fo m u t eSt l�| k�u �Fc�m t k�lFu c m oxe c�l
n�oxe k��De���m o q
o h�c�e m f {F�St m �
d m c�l�q�c�u q
| k�u ��c�u qsd ���P� e�u k�q���e m�m u o f f t d�e�u k�e o d d t l�~Pk�|`d t �P��f c m o qFe ��c�l�l�o f�k���m e���m�q�c�m c�hKwxd d ���Ft l�~
m ��oAt l,e���m d�m kFn�oA~�o l�o u c�m o qLn�{sc�lsk!e�m t �Ft � o qsvLc�u ¥�k fLd k���u e o ��l�k�l�� d {��F�Fo m u t ext l�| k�u �Fc m t k�l
u c m o d
c�u oAk�n�m c�t l�o qsc�d���o f f�i ����� l h
� l?m ��t d�e�c!e�o ux��oFq�o u t f�oFc�l.�,e,e�o uAn�k���l�q.k�l�m ��oFe ��c�l�l�o f�e c!e�c�e t m {��S��k�d oFe c�f e ��f c m t k�l�e k��P�

e�f o h�t m {sq�o e�o l�q�dSk�l
m ��ox�Fo �Fk�u {
f o l�~ m ���4k�|�m ��oAe ��c�l�l�o f�c�l�qsk�l
cDe�c�u c��Fo m o u��æ�S��t e �
�St f f�n�o
t l�m u k�q���e o q�h

� M�JLOP8�8L>AW [ DLGL>AWæOP8�G��=DPI]OiI]R D
8
��t �Fo � t l7f�c�u t c�l�mSt l�q�o e k��De�k�d c�n�f o g l�t m oPd m c m oPe ��c�l�l�o f d n � } � oSc�u oiq�o g l�o q?t l � ��h���h �
k�|�i � l h��.o
e k�l�d t q�o uAc
e f c�d dxk�| � } � dS�S��t e �?e c�l�n�oPu o e�u o d o l�m o q?c�dx| k�f f k �Sdxn�{�c
m u o f f t d��St m ��� d m c m o d hiz�o m
� � n�o
m ��o
d m c�m o
c�| m o uim t �Fo������ � n�oFm ��ost l,e���mPc�mim t �Fo����� � n�oFm ��osn�u c�l�e � ��d o q c mPm t �Fo!���
" n  � oSn�oim ��oPc�d d k�e t c m o q�k���m e���mAd {��in�k�fKc mxm t �Fo#����c�l�q�� g l�c�f f {���f o m�$ � n�oim ��oPl�k�t d {�k���m e���mic mm t �Fo%�s�St m �Lm ��oi| k�f f k �St l�~Fu o f c m t k�l�d & � � �(' n � � ) p * � � o �� � �(+ n � � ) p * � � oSc�l�q,$ � � " n  � o.-0/ � ��S��o u o�1 / �32 t dAc�l.c�q�q�t m t f�oi�S��t m oFl�k�t d o n w���m�o�e�u k�e o d d n d o oF�,e,e�o uiu t ~���mMe�c�u mik�| � t ~�h�k7o h
����o
e�u o d o l�m o q0�Fo m ��k�qæ��k�u ¥�dP| k�uim ��t dF~�o l�o u c�fSd e o l�c�u t k.n���m
��o u os��os�St f f�| k�e ��dFk�læm t �Fo � t l7f�c�u t c�l�m
e ��c�l�l�o f dP�St m �æ�Fo �Fk�u {.m ��c�mFc�u osd e�o e t g o q n�{ c,4Au k�l�o e ¥�o uFq�o f m c�u o d e�k�l�d o�5 n 6 oik�|xk�u q�o u!� �
�S��k�d o
t l,e���mit die k�l�d m u c�t l�mAm kLn�oFn�t l�c�u {��]t h o�h!� � �87�k
k�u�� � �9-Mk��`c�l�q?m ��oFl�k�t d oFt diw��:��mAh����oiu o d ��f m t l�~Pm u o f f t d���c�d��;�)� <,d m c�m o dxc�l�qL~�t f�o lLm ��oit l,e���mxd o ����o l�e o%= n 6 o ��m ��oPk���m e���mAe c�l
m ��o lLn�ox�Su t m m o lsc�d?> n 6 o@�:5 n 6 o = n 6 oA-CB n 6 o n d o oA�,e,e�o u�f o | m�e�c�u mSk | � t ~�h>k o ���S��o u o 6 t d�m ��o
q�o f c {�k7e�o u c�m k�u hPgS|�e k���u d o �`c�l�{�e ��c�l�l�o f`�St m ���Fo �Fk�u {��He c�l�c�f d k
n�oPu o e�u o d o l�m o q?n�{�c
m u o f f t d
��c f�t l�~�� <�DKd m c m o dx�S��o u o!�:E�FG� h
wSdAm {,e�t e c�f]o h�c��De�f o dx��oP�St f f]��d o%53HJI p n 6 o�� n k�7 6 o K3L �

g(D)
{xk}

{zk}

{γ(uk)} {yk}

+1

−1

xk; γ(uk)

branch b
(1)

−1

+1

branch b
(4)

sk−1 sk

branch b
(2)

branch b
(3)

(b(3), b(2))

(b(4), b(3))

(b(2), b(3))

(b(2), b(4))

uk; φ̃(s̃k−1, uk)

(b(1), b(1))

(b(1), b(2))

(b(4), b(4))

(b(3), b(2))

(b(3), b(1))

(b(2), b(4))

(b(1), b(2))

(b(4), b(4))

(b(4), b(3))

s̃k−1 s̃k

(b(1), b(1))

(b(2), b(3))

(b(3), b(1))

� t ~���u o`kJ& � ��c�l�l�o fK�Fk�q�o f n �,e,e�o uif o | mMe�c�u m o �`d o e m t k�l?k |�cLe ��c�l�l�o fKm u o f f t dS�St m �M�:E@��k n �,e,e�o u
u t ~���m�e�c�u m o ��d o e m t k�lLk |`m ��oAl�o � m u o f f t dK�St m ���:EN� kic�l�q��C� � n f k ��o u�e�c�u m o h

k



c�l�q#5 H3I y n 6 o�� n k@7 6 K��!o K � JK � &]m ��oxl�k�u �Fc�f t � c�m t k�lF��c�d�n�o o lse ��k�d o lsd ��e �Fm ��c�m�m ��oxd ����k |�m ��od ����c�u o q�4Au k�l�o e ¥�o uSq�o f m cFu o d e�k�l�d oit d�k�l�o�h
����o u oPc�u oim ��oA| k�f f k �St l�~�� m u t f�t c�f �F�,e,e�o uxn�k���l�q�dS| k�uSm ��oie c7e�c�e t m {�k |�d ��e �?e ��c�l�l�o f d h � t u d m f {��

t mxt dS�,e,e�o uSn�k���l�q�o q�n�{Lm ��oif k�~�c�u t m ���,k |Km ��oid t � oik�|]m ��oit l,e���mxc�f e���c�n�o m ��t lsm ��oie c�d oPk |Kn�t l�c�u {
t l,e���m dxm ��t dxt dBkFn�t m � e ��c�l�l�o fK��d o h
}�o e k�l�q�f {��]t mAt dx�,e,e�o uAn�k���l�q�o q?n�{�m ��oFe c!e�c�e t m {?k |�m ��oPd c��Fo
e ��c�l�l�o f��St m �Pc�u n�t m u c�u {Pe k�l�m t l���k���dKt l,e���mKk |�m ��o�d c��Fo�f�c�u t c�l�e o ��t m d]d k�f ��m t k�lPt d]~�t f�o lPn�{Pm ��o���d ��c�f
��c m o u � g f f t l�~ic�u ~����Fo l�mMi  l

��� >A@KR 	AOiI]R D
8;DFU I]JL> :=<�<?>A@5B,DFE�8�G
� t u d mF��oLe k�l�d t q�o u g l�t m o � t l,e���m
e k�l�m t l���k���d � k���m e���ms�Fo �Fk�u {�f o d dFe ��c�l�l�o f d h z`o m�
 n $� �>oPn�osm ��o
e�u k�n�c�n�t f t m {Lq�o l�d t m {Lk�|Ku o e o t f�t l�~!$s�S��o l�d o l�q�t l�~#�`h � k�uxc�l�{ e�u k�n�c�n�t f t m {sq�o l�d t m {�� n � o�k f�o uSm ��o
k���m e���msc�f e���c�n�o m ��m ��o�e c!e�c�e t m { t d
�,e,e�o u
n�k���l�q�o q0n�{����=�Fc h�� 6�� 
 n � � �2o � � � n � o � n m ��t d
t d
c
e k�l�d o ����o l�e oPk | ��| k�u�o h�c��De�f o ��m ��oAe k��F�Fo l�mxk�l e�h2k ���Pk�|�i k l ��k�uSc�dScF~�o l�o u c�f t � c m t k�l
k�|]bKu k�n�f o �
��h k �Pk�lFe�hA�� ��| h�t l-i � l o h
� k�f f k �St l�~ � ��hN��h �Pk�|#i � l ��m ��oAe c!e�c�e t m {sk |]c�lst l�q�o e k��De�k�d c�n�f o g l�t m oAd m c m oAe ��c�l�l�o f�t d�~�t f�o lLn�{

� � f t �� ��� d �,e� �  ! �Ft l" #
k
$&% n ' � p � ( �p � )+*�� � * o

� f t �� ��� d �,e� �  ! �Fc7h" #
k
$ % n ' � p � ( � p � ) * � � * o � n k o

� l�m o u e ��c�l�~�t l�~
m ��o�� d �,e,�
c�l�qLm ��o�� �Fc h��
t l��@��h n k oSc�l�q���d t l�~Fm ��oic�n�k f�oin�k���l�q�t l�~Fm o e ��l�t ����o��
m ��oFe c7e�c�e t m {?k�|�cLe ��c�l�l�o fK�St m �.�Fo �Fk�u {?u o e�u o d o l�m o q n�{.csm u o f f t dS�St m �æ� <�D�d m c m o dit dAm ��o u o | k�u o
�,e,e�o u�n�k���l�q�o qsn�{

�-� f t �� ��� �Fc7h.  !
k
$ 6�� 
 �p n � � / � p o � � � � p n � o � *

�S��o u oAm ��oi�Fc7h�t �Ft � c m t k�l
t d�k f�o uSc�f f2e�k�d d t n�f oAn�u c�l�e ��d o ����o l�e o d0/ � p k�|Kf o l�~�m � $ d m c�u m t l�~Fc mSm t �Fo� o u k�h��.o��St f f�e c�f f�m ��oS�Fc7h�t �Ft � t l�~xn�u c�l�e �
d o ����o l�e oSm ��o1� ��k�u d m � e c�d o �in�u c�l�e �
d o ����o l�e o�h2� � p n � o]t dc�l�{Be�u k�n�c�n�t f t m {iq�o l�d t m {Fk f�o uKm ��o�k���m e���mKd o ����o l�e o43 � p k |�f o l�~�m � $ h&
 �p n 3 � p � / � p o]t d`m ��o�e�u k�n�c�n�t f t m {q�o l�d t m {sk�|]u o e o t f�t l�~53 � p �S��o lL~�k�t l�~im ��u k���~��sm ��oAn�u c�l�e �Ld o ����o l�e o6/ � p h�¡�o e c���d oA��oi��c f�oiw���mA���oAe c�l
�Su t m o6
 �p n 3 � p � / � p o@�87 � � 9 p 
 n $ � �  � o h� l.m ��osd o ����o f���os��d o
m ��o
c�n�n�u o f�t c m t k�l�d5� n 3;: D: o#�<�4=;> D> n 3: D: oA| k�uPc$e�u k�n�c�n�t f t m {?q�o l�d t m {æc�l�q� n 3;: D: � 3;?.D? o@�@�4=;> D>A =2B DB n 3;: D: � 3;?.D? oK| k�u�cPe k�l�q�t m t k�l�c�f�e�u k�n�c�n�t f t m {Fq�o l�d t m {�hK� |CED�kAc�l�q1C E D�kxm ��o l13: D:t d#f�k�t q+��t |�m ��oif k ��o u�t l�q�o h1CAk |;3;: D: t d�d �Fc�f f o u�m ��c�lLk�l�o�����oid o m43;: D: �@3: Dp h�}�t �Ft f c�u�u o f c�m t k�l�d���k�f q| k�u�/: D: h�gx��u�c7e,e�u k�c�e �st d�m kP�Fk�q�o f�m ��oAk���m e���mSc�d�m ��oS| k�f f k �St l�~Me�u k�q���e m��St m �Fe�c�u c��Fo m o u��0F kJ&
� n 3�o��@� n $ p o � � n $ y � $ p o � � � � n $ � � 3 � ) p� )�F o

� �G
� 9 p
� n $ � � 3 � ) p� )HF o �

�



����o l
k
$ 6 � 
 �p n � � / � p o � � � � p n � o �
� k$ � �  !�� � A .  ! � � f k�~�� 7 � � 9 p 
 n $ � �  � o7 � � 9 p � n $ � � 3 � ) p� )HF o �
	
� k$

��
� 9 p
� �  !�� � A .  ! � � f k�~�� 
 n $ � �  � o� n $ � � 3 � ) p� )�F o �	

� k$
��
� 9 p
� ��� � � � � A . �� � � � � f k�~�� 
 n $ � �  � o� n $ � � 3 � ) p� )�F o �	

� k$
��
� 9 p�� n / �� )HF o@� k$ ��

� 9 p��� n �� � ) p *  � o *
�S��o u oA��oA��c f�oit l�m u k�q���e o q �� � ) p �@/ � ) p� )HF h��.oAc�f d kF��d o qsm ��oAq�o g l�t m t k�l� n / �� )HF o�� �� n �� � ) p *  � o�0� � �� � � � � A . �� � � � � f k�~ � 
 n $ � �  � o� n $ � � 3 � ) p� )�F o �	

� 7�� n B � o.7æ� �
�� � � � � A . �� � � � � f k�~2� n $ � � 3 � ) p� )HF o � �
�`k d e�o e t | { � n $ � � 3 � ) p� )�F oL��o t l�m u k�q���e o?m ��o�e�u k�n�c�n�t f t m { q�o l�d t m {��� n 3 �� )HF o h � t m ���� n 3 � ) p� )�F o:���� � �� n 3 �� )�F o ����oie c�lsq�o g l�o0� n $ � � 3 � ) p� )�F o@���� n 3 �� )�F o K��� n 3 � ) p� )HF o�d ��e �sm ��c m

�� n �� � ) p *  � o� 7�� n B � o.7æ� �
�� � � � � A . �� � � ��� f k�~ �� n 3 �� )�F o �-æ� � �� � � � � A . �� � � � � f k�~!�� n 3 � ) p� )HF o � � n �7o
�.o
e ��k�k�d o �� �� )HF n � oid ��e �æm ��c m �� �� )�F n 3 F�" pp o%� �� F�" pp n 3 F�" pp oA| k�uic�f f23 F�" pp hæ������d ��n�o e c���d osk |m ��oPm t �Fo � t l!f�c�u t c�l�e oPk |�m ��oFe ��c�l�l�o fK��o
��c f�o � n / �� )HF o � � n / F�" pp o � �� n �� � ) p *  � o�� �� n �� F *  F�" p o| k�uic�f f@�C- k�� ��� $ t l�q�o e�o l�q�o l�m f {.k |�m ��o
e ��u u o l�mBf�c�f ��oFk�| $ hL�xo l�e oF��o
e c�l.n���t f q.cLl�o �m u o f f t d��St m �L�3< D � � F d m c�m o d��St m �Ld m c m o �� � c | m o u�m t �Fo ����c�l�qLcFn�u c�l�e �Ln�o m ��o o l �� � ) p �8/ � ) p� )HF c�l�q�� � �-/ �� )HF�" p �St m �L�Fo m u t e �� n �� � ) p *  � o n d o oPf k ��o u�e�c�u mAk | � t ~�h
k o h�mSk�m oAm ��c�mSm ��oim u o f f t dSd o e m t k�l�dn�o e k��Fo�t q�o l�m t e c�f�c | m o u@�?m t �Fo�d m o e�d�c mKm ��oSf c m o d m h � k�uKcAd e�o e t g e4/ � p � 6$n 
 �p n � � / � p o � � � � p n � o o]o ����c�f dm ��oPe ���P��f c m t f�oP�Fo m u t ePc�f k�l�~Fm ��oPe k�u u o d e�k�l�q�t l�~Fe�c�m ��t lLm ��oPl�o �)m u o f f t d hA� lLm ��oPe c�f e ��f c m t k�lLk |�� n �� � ) p *  � oA��osc7e,e�u k h�t �Fc m o
m ��oso h,e�o e m c�m t k�l�f�c�f ��o dFt læ�@��h n �!oin�{æd m k�e ��c�d m t esc f�o u c�~�t l�~�h � k�u�� n 3 F�" pp oA��os�Fc {.m c�¥�osc�l�{æ�P��f m t � q�t �Fo l�d t k�l�c�f]q�o l�d t m {.��o
��c�l�m &s��o
m c�¥�o
m ��o
k���m e���mFq�o l�d t m {

k |�m ��o!�C- kFm u o f f t dAd o e m t k�l�dPk |�m ��o
e ��c�l�l�o f��Fk�q�o fK�St m �æ� <�D�d m c m o dic�l�q.k!e�m t �Ft � o q?n�u c�l�e ��t l�~
e�u k�n�c�n�t f t m t o dAc�di~�k m m o l?t l(i ���`�7l hL����oDf�c�f ��o dik | �� F�" pp n � oAe c�l.n�o
o #
e t o l�m f {.e c�f e ��f c�m o q?��d t l�~�c
�Fk�q�t g o q`f�o u d t k�lsk�|`m ��oAd ���P� e�u k�q���e mSc�f ~�k�u t m ���sh
� k�uAm ��o
| k�f f k �St l�~Le k�l�d t q�o u c�m t k�l?��osl�o ~�f o e mim ��o
t l�t m t c�f@� m u o f f t dAd o e m t k�l�dPt l?m ��o
l�o �,m u o f f t d

�S��t e �.c�u oFl�k�mPu o f o f�c�l�mi| k�uAm ��o
e c�f e ��f c�m t k�l?k�|�m ��oF�,e,e�o uPn�k���l�q�h�� l?m ��o
u o �Fc�t l�t l�~
m u o f f t d �]c�f f
d o e m t k�l�dPc�u o
t q�o l�m t e c�f�c�l�qæt l�q�o e�o l�q�o l�mFk |Sm ��o
e ��u u o l�mBf�c�f ��o
k�| $ h � t l�q�t l�~sm ��o�� ��k�u d m � e c�d o �d o ����o l�e o1/ � p | k�u $�$&% t dAl�k ��o ����t f�c�f o l�mim k g l�q�t l�~sm ��oFd o �Ft � t l g l�t m oBe�c�m ��/ � p t l�m ��t dil�o �

£



m u o f f t d`�St m �Pm ��o�f c�u ~�o d m��Fo m u t e�k�u]o ����t f�c�f o l�m f {i�St m �im ��oSf c�u ~�o d m n m t �Fo � o`c f�o u c�~�o��Fo m u t e�e�o u]m u o f f t d
d o e m t k�l�h��.oxc�u ~���oSm ��c m�t |�m ��oS��k�u d m � e c�d oxd o ����o l�e oit dK��l�t ����o ��t m��P��d m�n�o�e�o u t k�q�t e��St m �
cBe�o u t k�q
f o l�~�m �
l�k m�f c�u ~�o u]m ��c�ls� < D "HF hK����t d�t d�n�o e c���d oxt lFm ��oxl�o � m u o f f t dKc�f f�d o e m t k�l�d�c�u oSt q�o l�m t e c�f ��d ��e �
m ��c m�t |���oxc�u oxt lFcid e�o e t g exd m c m oxc m�c�l�{Fm t �Fo�d m o e���c�f ��c {�d�m ��oSd c��FoSn�u c�l�e �st d]m c�¥�o l
m kAm ��oxl�o h�m
m t �FoAd m o e�hAwxdSm ��o u oPc�u oP� <�D "HF d m c�m o d ����oP�i��d mAu o m ��u lLm kFm ��oPd c��Foid m c�m oPc | m o uSc�mx�Fk�d mA�3< D ",F
m t �Fo
d m o e�d hæ�`k�q�o m o u �Ft l�o
m ��t dPf c�u ~�o d m n m t �Fo � oAc f�o u c�~�os�Fo m u t eDe�o uim u o f f t did o e m t k�l.��ose c�læ��d o
cs�Fk�q�t g o qLjAt m o u n�t n �Fc7h�� d ���`oSc�f ~�k�u t m ���shA� |�m ��o u oFc�u oPd o f�o u c�f�e�c m ��dA��c f�t l�~
m ��oPd c��FoPf c�u ~�o d m
n m t �Fo � o]c f�o u c�~�ox�Fo m u t e ��m ��o u oxt d�c�f d kPcMe�o u t k�q�t eSk�l�oxc��Fk�l�~Am ��o ��c�l�qsc�d���oAc�u oxk�l�f {Ft l�m o u o d m o q
t l?m ��o n m t �Fo � oAc f�o u c�~�os�Fo m u t e`e�o uim u o f f t did o e m t k�læc�l�qæl�k mPm ��oFe�c�m �æt m d o f |S��ose c�l�e�u k�e o o q n�{
d o c�u e ��t l�~P| k�u�m ��t d�e�o u t k�q�t e � ��k�u d m � e c�d o �Fd o ����o l�e o�h

��� >AX]E�W I]X
��e,e�o uSn�k���l�q�dSk�l
m ��oie c!e�c�e t m {sk�|`m ��o�53HJI p n 6 o�c�l�q!5JH3I y n 6 o�e ��c�l�l�o f d��St m ���	� kie c�lLn�oAd o o l
t l � t ~�h�������oS��d o q!�:EN� £xc�l�q%�C����h.�.o�c�f d k�e�f k m m o qim ��o�e c7e�c�e t m { n ��c�m o u � g f f t l�~S�,e,e�o uKn�k���l�q�o
| k�u�m ��oid c��FoAe ��c�l�l�o f d��St m �sc�u n�t m u c�u {se k�l�m t l���k���dSt l,e���mSk�|`m ��oAd c��Fo�f�c�u t c�l�e o ��m ��oAf k ��o uSn�k���l�q
n k7e�m t �Ft � o qLt l�| k�u �Fc�m t k�lsu c m o o���c�dSk�n�m c�t l�o qLn�{sm ��oi�Fo m ��k�q e�u o d o l�m o q�t l�i �����7l��St m �Lc
�Fo �Fk�u {
m ��u o oSvLc�u ¥�k fBe�u k�e o d dKc m]m ��o�t l,e���m h � k�u`f c�u ~�o�}.mx¢æm ��o�n�k���l�qPt d]l�k�m`m t ~���mKt lAm ��o�e c�d o�k |N5JH3I p n 6 on ��o u oS�St m �
k f�o u d ��k�k m�� k K n ��-�k o oKn�o e c���d oxm ��o�m u o f f t dKt d�l�k�m�k�n�d o u f�c�n�f o�hK����t d��Fo c�l�d�m ��c m�o f�o l
�St m ��k���mxl�k�t d o���m ��oAe ��c�l�l�o f`d m c m oAe c�l�l�k�mxc�f ��c {�dSn�oiq�o m o u �Ft l�o qLn�{Ld o o t l�~Fk�l�f {sc g l�t m ox�St l�q�k �
k |�m ��oSk���m e���m�d o ����o l�e o n n�o e c���d oSm ��oSc�f f � � o u kAd o ����o l�e oxe c�lFn�oS~�o l�o u c�m o q
t lPm ��kiq�t ��o u o l�m���c {�d o h

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

E
s
/N

0
 [dB]

[b
its

/c
ha

nn
el

 u
se

]

Water−filling upper bound          
Proposed upper bound               
Optimized information rate         

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

E
s
/N

0
 [dB]

[b
its

/c
ha

nn
el

 u
se

]

Water−filling upper bound          
Proposed upper bound               
Optimized information rate         

� t ~���u o��J& � c7e�c�e t m { n�k���l�q�dF| k�uPm ��o�5JH3I p n 6 o�� n k%7 6 o KJL �?e ��c�l�l�o f n �,e,e�o u`e�c�u m oFc�l�q m ��o
5 HJI y n 6 o@� n k 7 6 K��!o K � JK �Fe ��c�l�l�o f n f k ��o u�e�c�u m oK�St m ���:EN� £Fc�l�q��C��� n d o oic�f d kPm o h�m o h

� >xU�>A@]>A8�Q�>AX
i k li� h � d t d ���c�u
c�l�q
	�h�4F¤k�u l�o u ��A = 9 4 5 CD176 ; 4 =�L>Q�H 4 5 8 h�¡���q�c7e�o d m &?wx¥ c�q��o �Ft c�t 4At c�q��k n bK��n�f t d ���
t l�~L�Sk���d o
k |�m ��o
�S��l�~�c�u t c�l?wSe c�q�o �A{.k�|S}�e t o l�e o d o ��k ���,k�h � k�q�t l�~sm ��o k�u o �FdA| k�uAq�t d e u o m o
�Fo �Fk�u {�f o d d�d {�d m o �Fd h

i � li¢Ah�rih � t q�o e t {�c�l�� � h�rAk�f t f�k���¢Ah��xo u �Fc�l�l���� h��St u m ��c�l�q�� h�}�e k m m ��� w bK¢xvLzæ}�{�d m o �Z| k�u
rAt ~�t m c�f�vsc�~�l�o m t eA¢So e k�u q�t l�~�� �`A K�K�K
.S�:>H ? S���5 H 1 I`U#4 CBCDS �.f�k�f h2k ����e,e�h £�� �� ����	�c�l�h>k ������h

�



i £ lP}�hS}���c��Fc�tSc�l�q0¢Ah�z�c�u k�t c�� � ����o�� l�m o u d {��in�k�fx� l�m o u | o u o l�e o � ��c�l�l�o f &.z�k ��o us¡�k���l�q�dsk�l
� c!e�c�e t m {æc�l�q � ��c�l�l�o f�bKu o e k�q�t l�~?z�k�d d � ��A K�K�K_L.5 17=,I S�4 =�A = 9 4 5 CDSBL>Q�H 4 5 8 ��f�k�f h@������e,e�h
k £���� ��k ���3����}�o e�m h2k ���3��h

i � l�� h��St u m �
U�1 � 1.G ; 6 8D17=�@MA = 9 4 5 CD176 ; 4 =`^�176 H IM4 9���; I G 5 H 6 H V L2; C`HMU
Q,17=,=2H ? I�R�; 6 QD]-H C`4 5 8�h�bK��rm ��o d t d ��}��St d d � o q�o u c�f�� l�d m t m ��m oAk |K�`o e ��l�k�f k�~�{����K���)����u t e ����gxe m k�n�o u�k ������h
i  li�xh�v�h � k f�o uKc�l�q 	�h�wAh�����k��Fc�d �.K#? H C`H =,6 I�4 9�A = 9 4 5 CD176 ; 4 =-L>Q�H 4 5 8 h!mSo ���Kk�u ¥�&.� t f o {��,k ���.k�h
i � li¢Ah �ih �Ac�f f c�~�o u ��A = 9 4 5 CD176 ; 4 = L>Q�H 4 5 8�17=�@�^�H ? ; 1!3 ? H�U#4 CBCBP.=�; G 176 ; 4 =�h�mSo ���Kk�u ¥�&M� t f o {��
k �3����h

i � lirPh�wSu l�k�f q����ih � wAh�z�k�o f t ~�o u �5� gxl m ��oL� l�| k�u �Fc�m t k�l ¢Sc�m oLk |i¡�t l�c�u {�� � l,e���m � ��c�l�l�o f dF�St m �
vLo �Fk�u {�� � c�e e o e�m o q0| k�u`e���n�f t e c�m t k�l c�ms� ��� � ���.k����xo f d t l�¥�t h�w�f�c�t f c�n�f osc�d
� ¡Sv4u o d o c�u e �
u o e�k�u m�¢x��£�£3�,kS��l�q�o u ��������� 	
	���� ©�� ���]�  ¦ ����� ��� � ��©��  ���©�	���� � §�¦�§
� 	�� � ��� § ��� ��� ��� ��	 ��� ©�� h

i � liwih�4Ac f��e t �e�� � � c7e�c�e t m {?k |SvLc�u ¥�k fæ}�k���u e o dik f�o uMmxk�t d { � ��c�l�l�o f d � ��d ��n��Ft m m o q�m k��Az`gx¡��]�
� gAv9�����,k�h




