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Abstract— Multiple-antenna  systems have been shown to angular spread and multipath components in an orthogonal

achieve very high spectral efficiencies. In this paper, we d&e  frequency-division multiplexing (OFDM) system are pregeh

simple single-integral expressions for the ergodic and oage in Sect. V. and conclusions are drawn in Sect. VI
capacity of a diversity system in correlated Ricean fading Y o

channels, where the channel coefficients are assumed to be
known to the receiver only. For illustration purpose, we present Il. SYSTEM MODEL

numerical results showing the effect of channel correlatio, . . . . . .
Ricean components, angular spread and multipath componestin We consider a single-input multiple-output (SIMO) divéysi

an orthogonal frequency-division multiplexing (OFDM) sysgem. ~ System with /N receive antennas. The channel is modeled as

Index Terms— Ergodic capacity, outage capacity, correlated a multivariate circularly symmetric CGRV
fading channels, wireless SIMO systems, expected logarith of N
hermitian quadratic form in complex Gaussian random variables. b~ Ne(pn, Znn), @)

with mean vectorp, = E{h} and covariance matrix
Shh = E{ h—p,)(h— H} By defining the transmitted
|. INTRODUCTION ‘b (h=pap,)( .'{’Lh) y gt )
. ) signal x and an additive complex Gaussian noise vector
ULTIPLE-antenna concepts have received considerale  Ar.(0, 3,.,), the system can be described as
attention in the recent history of wireless commu-
nication systems. Significant increases in spectral efffagie y =zh+n, (2)
can by a_chleved by explomng the random_nes_,s n mUIt'pa\m‘nerey represents the vector of observations atheeceive
propagation. Relevant literature, however, is limited &y .
i ) S antennas. We assun&,, to be non-singular and furthermore
specific fading channel characteristics to keep the armlysl : . .
L perfect channel-state information (CSI) at the receivet,no
tractable. A common assumption is to model the propagati | at the transmitter
coefficients between transmit and receive antennas asi-ident . : . . .
. I - Conditioned onh, the maximum mutual information be-
cally and independently distributed (i.i.d) zero-mean ptar . . . o
. . . weenz andy is achieved using a complex Gaussian input
Gaussian random variables (CGRV) [1], which corresponds ?stribution Ne(0,£,) and is known to be [1]
a rich scattering environment. In practical scenarios, dva#, r A Cs

the coefficients are correlated and have nonzero mean keecaus I(X;Y|h) = log (hHAh =+ 1) , (3)
of limited scattering, insufficient antenna spacing or Jafe ) . N . .
sight components. where A = £,3 . is a hermitian positive definite matrix.

In this paper, we investigate a diversity system in coreslat For the next two sections devoted to compute the ergodic
Ricean fading channels, where the channel coefficients &aPacity and the outage capacity, we put forward the foligwi
assumed to be known to the receiver only. Related work k§own results. The tern) = h'' Ah represents a hermitian
either restricted to Rayleigh fading channels [1], [2],di.i Quadratic form in CGRV with probability density function
Ricean channels [3] [4, App. J] or uses chi-square [5] 6PDF)/q(q). Althoughfq(q) can only be expressed as infinite
asymptotic approximations to compute the ergodic capacifgries [6], its (two-sided) Laplace transform can be wmitte
The contributions of this paper are an exact single-integ@mpact form as [7]

expressic_)n for_the ergodic cap_acity and, for non-ergoddxpeh Do (s) = By {exp (75hHAh)}
nels, a single-integral expression for the outage capacity ° .
The remainder of the paper is organized as follows. The sys- _exp(—spp AT+ sZnnA) " py)
tem model is introduced in Sect. Il. Single-integral expi@ss det I+ sZnhnA]
for the ergodic and outage capacity are subsequently dkirive N oxp( —s\ilvi \2)
Sect. Il and Sect. 1V, respectively. Numerical exampleaghhi = H ﬂ, (4)
lighting the effect of channel correlation, Ricean compusge i=1 (1+sA)

S. Furrer and P. Coronel are with the IBM Zurich Research tatboy, Where the last representation follows from to the eigende-
Saumerstrasse 4, 8803 Riischlikon, Switzerland (enfai@surich.ibm.com; compositionX,,A = VAV so thatA is the diagonal

pco@zurich.ibm.com). matrix of non-negative eigenvalues, i = 1,..., N, and the
D. Dahlhaus is with the Communication Technology Labosat(@TL), 9 g es, R

2 i
Swiss Federal Institute of Technology, 8092 Zurich, Switzel (email: [€TM Aslvs|” in the exponent corresponds to th¢h diagonal
dahlhaus@nari.ee.ethz.ch). element of the matri®V e, pu,,FAV 1,



IIl. ERGODIC CAPACITY aIms

M
If the transmission time is long enough to reveal the long- Lo
term ergodic properties of the channel, a capacity in the o
Shannon sense exists and is given by #ngodic capacity ,/ Qs R/ Qo
defined as [1] ! :
, | Q Res
Ce=En{l(X;Y|h)}. (5) XX >
. . . . ' : Q) Qs
The non-linear log function complicates the evaluationhaf t Y A 6
expectation. The characteristic function bfX; Y |h) in (3) N e e
is given b \
is giv y | . O
U;(j€) = Erfexp (j€I)] = Ex [(hHAh + 1)ﬂ ) L]
The ergodic capacity (5) can then be evaluated by Fig. 1. Contour integral irs-plane.
.d .
Co = ~j V1G] _,
d &= ' Assessment of the integration in (10) alofig, Q4 and Qg
— lim _j—Eh{(hHAh+ 1)_(6‘35)}‘ . (7) using an upper bound argument shows that for any finite
emto T dg £=0 ¢, we havelimp ... Kg, = 0, limp_.. Ko, = 0 and

where we introduced aa € R+, which allows us to rewrite lims—o Ko, = 0, so that (11) simplifies to
(7) using the gamma integral

ngm Ko, + Ko, + Ko, =0. (14)
1 [ 50
i p— 2"lexp(—zq)dz, Re(t)>0 8

1 L'(t) /o p(==0) ®) ® Furthermore, owing to (10) and (13K, is related toKq,

and the substitutions= ¢ — j¢ andg = h!Ah + 1 as by ‘ .
, Kaq, = — exp (j2me¢) [KQI - 27UKQI] . (@15)

Co— i *d peiet En{exp(—zh"Ah)}
B Einﬁo/o “Jae T(e—j€) ’g:o exp (2) “  whereKq, represents the integral
. < 4h(e)—log () En{exp(—zhHAh B
= lim / 40) EE ) Enfexp( )}dz 9) Ko, :/ _ 1 2q(s) s. (16)
e—+0 Jo  T(e)z exp (2) " Ja, T'(e) s'=cexp(s)

Here I'(.) and «(.) represent Euler's gamma and psBy substitution ofKq. in (14) by (15) and solving foiKg,,
function [8, Egs. (8.310), (8.360)], respectively. Thenter we obtain

En {exp (—zh"Ah)} can be interpreted as the Laplace trans- s
form of the PDF fq(q) shown in (4), if z is replaced by lim Kq, = lim —— | Ko, +—2—% | (17)
s = a+ jw. R—s0 R—oc1—exp (j2e) exp(—j2me)

| I_D.irect eVﬁIuatioln of (9) is no;feasible ovr;/‘ijnghto the slinguBy an auxiliary calculation, we redo the analysis steps ¢11)
arities on the real axes. Instead, we expartd the complex (14) shown above for the contour integral (16) to furtherngho

domains and resort to a contour integration that
- 1 -
P(e)—log(s) Pq(s) Ko, = ———————Kao,. (18)
Kqo= d 10 ! — j 3
Q /Q T() st exp (s) s (10) 1 — exp (j2me)

In the limit asR — oo andy — 0, by combining (18) and

6 . . .
along the patif2 = >, {2; as shown in Fig. 1. It is chosen (17) and the definition of our contour integrals (10) and (16)
such that) < ¢ < min; 1/X;, the integrand in (10) is analytic e get the expression

within 2 and we conclude that N
Teraee 27 exp(j2me
6 lim Ko — v(9)—log ()~ FEEHES @q(s)
o =) Ko =0 S I(e) s [1 — exp (j2me)] exp(s)
i=1 5—0 —eljco (19)
wherefio, represents ine integral along the path Our goal rhe remaining limite — +0 exists, and we finally obtain

Is to find an expression for the desired single-integral expression for the ergodi@aciyp

Cp = lim lim Ko,. (12) (12)
0—0 e Dg(s)
. . 1 —
Note that we define the complex logarithog (s) such that Cg = 97 / (y=jm+1og(s)) Dol ds  (20)
its singular branch lies on the positive real axis, i.e. for m_c_joo s exp (s)

s =|s|exp (j¢), we define : : .
with region of convergence (ROQ) < ¢ < min; 1/); and

log (s) =log|s| +jo, 0<¢<2m. (13) ~ = 0.577216 denoting Euler's constant.



IV. OUTAGE CAPACITY V. APPLICATION AND NUMERICAL RESULTS

If the transmission time is not long enough to reveal the The remaining integration in the ergodic capacity expoessi
long-term ergodic properties of the fading channel, theceph  (20) and the outage capacity expression (23) can easily be
of outage capacitys evoked, in which the capacity is viewedevaluated using numerical methods [9]. In the following, we
as a random variable. The outage capaCltyis the capacity use the Gauss—Chebyshev quadrature [10] to evaluate these
guaranteed fof100 — p) % of the channel realizations expressions and Monte Carlo simulations for verificatioe. W

PriC<Cnl = »% 21 consider a SIMO system employlng OFDM_over a broadband
_ r[C=Col _ pre _ o (21) channel that follows the model introduced in [11], [12].
and can be achieved by assuming coding within one channejye assume the channel impulse response to consist of
realization, but the length of this block goes to infinity 8® 7, equally spaced taps resulting from different uncorrelated
averaging). clusters. Thus, the channel’s frequency response is giyen b

Next we derive a single-integral expression for the cumula- L

tive distribution function (CDF) (21). With h() — Z hyexp (—j2m0l), 0<6<1, (29)
Pr(C<Co] =Pr[I (X;Y]h) <log(exp (Co))] 1=0
=Pr [hHAh +1—exp(Co) <0], (22) where thel-th tap h; is an N x 1 vector representing the

we can again solve the problem in the Laplace domain usiFngponse of the receive antenna array to the impinging wave.

(4) and by interchanging inverse Laplace transform and Pﬁgrthermore, each tap can _be decomposed into direct and
integration obtain specular components according to

c+joo o R — 1 1/2¢
PrC<Co] = 1 / exp(sexp(Co)) (I)Q((S)) ds. (23) h, = \/072 (\/ T h; + 4/ Trm 3, hz) ; (30)

2mj s exp(s
emgee wheres?, x; and 211/2 denote the power delay profile, the
where the ROC is given by < c. Alternatively, the evaluation Ricean K-factor and the receive spatial correlation matrix
of Pr(C>Cp] =1—-Pr[C<Cp] leads to for tap [, respectively. The direct component vector is
—ctjoo fixed and has unit energy entries, wherdads a zero mean
Pr(C> Co) = 1 / exp(sexp(Co)) Pq(s) ds, (24) COmplex Gaussian random vector ~ Nc(0,1). As the taps
27 _ s exp(s) are assumed Gaussian, the channel’s frequency response at a
—c—joo

given frequency is a CGRV. Assuming that only the first tap
with ROC 0 < ¢ < min; 1/);, which turns out to achieve has a line-of-sight component, the distribution is conmdiet
faster convergence in the remaining numerical integrafibe  determined by

relation to (23) is determined by shifting the integratidnps

L—1
to the left half-plane ofs while correcting for the residue of 5 Ko - s 1
i h(6) ~ \/ ho, — 31
the simple pole at zero. (0) ~ Ne ( TN TRy @ ; T D)

The mean capacity (ergodic capacity) can be derived from

the CDF above using partial integration and is wide-sense stationary in the frequency domain. We as-
o sume a uniform linear antenna array at the receiver and ese th

Cg = / Co (Lpr [CSCOD dCo correlation model considered in [11] to determine the ma#i
0 dCo 3%, For small cluster angle spreads, the correlation function

— Co Pr[C<Co) "X’ -~ /oo Pr[C < Co] dCo, (25) Fle?'f}/veen receive antennas andm’ can be approximated as
0

which, owing to the properties of densities, leads to p(6n,0,09) ~ exp (—j2mnd cosd — L(2mndog sinf)?),

Cg = /0 (1 -Pr[C<Co]) dCo. (26)  wheren = m—m/, § is the antenna spacing in wavelengths,
. . . is the mean angle of arrival ang denotes the angular spread.
Applying the identity [8, Eq. 3.327] Thus, the entries of the spatial correlation matrix are givg

. > exp (st
—Ei(-s) = /1 Lt(s) dt (S0 = P(6(m —m), 01, 00.,2). (32)

= /Ooexp(s exp (Co)) dCo, Re{s} < 0 (27) We_ use the_ single-integral expressions _derived above to ex-
0 amine the impact of some parameters in the channel model

and inserting (24) in (26), we finally get on information rates. For an analysis of the influence of the
—ctjoo propagation environment on the capacity of general MIMO
1 —Ei(—s) ®g(s) systems, the reader is referred to [12]. In what follows, we
Cp = — ———=ds (28) ; 5 .
2 s exp(s) assume uncorrelated noi$e,, = o;I and normalize the
—emgeo energy of the channeElL:_O1 o? = 1 so that the SNR can

with ROC defined by) < ¢ < min; 1/);. Note that (28) has be defined ap = &,/02.
a similar structure as (20), but a different and more complexFirst, we consider a flat-fading environment, where the
weighting function. channel consists of a single purely specular tap. The mean
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Fig. 2. 10%-outage capacities for different numbers of ivecantennas, Fig. 4.

N € {2,4}, and angular spreads? € {0.01,0.05,0.09}.
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Fig. 3. Impact of the angular spreagy on ergodic and 10%-outage

capacities. The receiver h@ = 4 antennas.

angle of arrival is fixed af = 7 /2, antenna spacing = 1/2,
and different values of angular spreagl are considered. The
resulting 10% outage capacities are plotted versus SNR '[g]
Fig. 2 for N = 2 and N = 4 receive antennas. Clearly, the
angular spread plays an important role from the perspecfive
mutual information: a 4-antenna system can be outperformé@

3 4
Co [bps/Hz]

Tail behavior of the mutual information for diffetenumbers of
multipath tapsl, RiceanK -factor ko and N =4 antennas at SNR=10dB.

VI. CONCLUSIONS

In this paper, simple single-integral expressions haven bee
derived for the ergodic and outage capacities of a divessity

tem in correlated Ricean fading channels, where the channel

coefficients are assumed to be known to the receiver only. The
capacity expression have been used in numerical examples to
evaluate the effect of channel correlation, Ricean compisne
angular spread and multipath components in an OFDM-based
receive diversity system.
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